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CHILDREN! THESE INSTRUCTIONS FORYOU...

For each and every conceptual understanding, a real life context with appropriate
illustrations are given in the textbook. Try to understand the concept through keen
reading of context along with observation of illustration.

While understanding the concepts through activities, some doubts may arise.
Clarify those doubts by through discussion with your friends and teachers,
understand the mathematical concepts without any doubts.

"Do this/Do these" exercises are given to test yourself, how far the concept has
been understood. If you are facing any difficulty in solving problems in these
exercises, you can clarify them by discussing with your teacher.

The problems given in "Try this/try these", can be solved by reasoning, thinking
creatively and extensively. When you face difficulty in solving these problems,
you can take the help of your friends and teachers.

The activities or discussion points given "Think and disicuss" have been given
for extensive understanding of the concept by thinking critically. These activities
should be solved by discussions with your fellow students and teachers.

Different typs of problems with different concepts discussed in the chapter are
given in an "Exercise" given at the end of the concept/chapter. Try to solve these
problems by yourself at home or leisure time in school.

The purpose of "Do this"/do these", and "Try this/try these" exercises is to solve
problems in the presence of teacher only in the class itself.

Wherever the "project works" are given in the textbook, you should complete
them in groups. But the reports of project works should be submitted individually.

Try to solve the problems given as homework on the day itself. Clarify your
doubts and make corrections also on the day itself by discussions with your
teachers.

Try to collect more problems or make new problems on the concepts learnt and
show them to your teachers and fellow students.

Try to collect more puzzles, games and interesting things related to mathematical
concepts and share with your friends and teachers.

Do not confine mathematical conceptual understanding to only classroom. But,
try to relate them with your suroundings outside the classroom.

Student must solve problems, give reasons and make proofs, be able to
communicate mathematically, connect concepts to understand more concepts &
solve problems and able to represent in mathematics learning.

Whenever you face difficulty in achieving above competencies/skills/standards,
you may take the help of your teachers.

Wonderful Circle

Constructing the Nine-Point Circle of a triangle

The circleswhich passes through the feet of the perpendiculars, dropped from the vertices of any
triangle onthe sidesiepposite them, passes also through the midpoints of these sides as well as through
the midpointsiofthe segments which join the vertices to the point of intersection of the perpendiculars.
Do you know all that? This circle is called the Nine-Point Circle. This Nine-Point circle result was
knowndo Leonard Euler 1765, but was rediscovered by German Mathematician Karl Feuerbach in
1822,

Construeting the nine-point circle 1s a good test of your construction skills and your ability.

Just follow the instructions and try this

Step 1 Step 2 Step 3

A B B

Constructa large scalene
triangle on a sheet of white

paper. Label it AABC

{gia_‘\“l 4

B

Construct the midpoints of

BR.CR and AR and label the

points P, P, and P, so that
P, is the midpointof BR and

P, is the midpoint of CR.

This is the wondertful circle. You might have observed that how “compass™ play a major role in

this Geometrical construction.

Construct the altitude to each

side ofthe triangle and label

the points of intersection with

the sides P,, P, and P..
Name the orthocenteras R.

Step 5

Construct the line segments

connecting points P, to P,
P, toP,and P, to P,. They
should all intersect in one

point. Mark that pointas *O’.

Construct the midpoint of each
side of the triangle. Labelthe
points P,, P. and P, sothatP,
is the midpoint of ABand P is
the midpoint of BC.

Step 6

Construct a circle with radius
OP, and center at point O. It
should pass through all nine
pointssPa P P PisPePs

Pe:Por P
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Foreword

Education is a process of human enlightenment and empowerment. Recognizing the
enormous potential of education, all progressive societies have committed themselves to the
Universalization of Elementary Education with an explicit aim of providing quality education
to all. As the next step, universalization of Secondary Education has gained momentum.

The secondary stage marks the beginning of the transition from functional mathematics
studied upto the upper primary stage to the study of mathematics as a discipline. The logical
proofs of propositions, theorems etc. are introduced at this stage. Apart from being a specific
subject, it is to be treated as a concommitant to any subject involving analysis as reasoning.

I'am confident that the children in our state of Telangana learn to enjoy mathematics,
make mathematics a part of their life experience, pose and solve meaningful problems,
understand the basic structure of mathematics by reading this text book.

For teachers, to understand and absorb critical issues on curricular and pedagogic
perspectives duly focusing on learning in place of marks, is the need of the hour. Also coping
with amixed class room environment is essentially required for effective transaction of curriculum
in teaching learning process. Nurturing class room culture to inculcate positive interest among
children with difference in opinions and presumptions of life style, to infuse life into knowledge
is a thrust in the teaching job.

The afore said vision of mathematics teaching presented in State Curriculum Frame
work (SCF -2011) has been elaborated in its mathematics position paper which also clearly
lays down the academic standards of mathematics teaching in the state. The text books make
an attempt to concretize all the sentiments.

The State Council for Education Research and Training Telangana appreciates the hard
work of the text book development committee and several teachers from all over the state
who have contributed to the development of this text book. I am thankful to the District
Educational Officers, Mandal Educational Officers and head teachers for making this possible.
I also thank the institutions and organizations which have given their time in the development
of this text book. I am grateful to the office of the Commissioner and Director of School
Education (T.S.) and Vidya Bhawan Society, Udaipur, Rajastan for extending co-operation in
developing this text book. In the endeavor to continuously improve the quality of our work,
we welcome your comments and suggestions in this regard.

Place : Hyderabad Director
Date : 03 December 2012 SCERT, Hyderabad
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Preface

The Government of Telangana has decided to revise the curriculum of all the subjects
based on State Curriculum Frame work (SCF - 2011) which recommends that children’s life
at schools must be linked to their life outside the school. Right to Education (RTE - 2009)
perceives that every child who enters the school should acquire the necessary skills prescribed
at each level upto the age of 14 years. The introduction of syllabus based on National
Curriculum Frame Work - 2005 is every much necessary especially in Mathematics and
Sciences at secondary level with a national perspective to prepare our students with a strong
base of Mathematics and Science.

The strength of a nation lies in its commitment and capacity to prepare its people to
meet the needs, aspirations and requirements of a progressive technological society.

The syllabus in Mathematics for three stages i.e. primary, upper primary and secondary
is based on structural and spiral approaches. The teachers of secondary school Mathematics
have to study the syllabus of classes 8 to 10 with this background to widen and deepen the
understanding and application of concepts learnt by pupils in primary and upper primary
stages.

The syllabus is based on the structural approach, laying emphasis on the discovery and
understanding of basic mathematical concepts and generalisations. The approach is to encourage
the pupils to participate, discuss and take an active part in the classroom processes.

The present text book has been written on the basis of curriculum and Academic standards
emerged after a thorough review of the curriculum prepared by the SCERT.

o The syllabus has been divided broadly into six areas namely, Number System, Algebra,
Geometry, Measuration, Statistics and Coordinate Geometry. Teaching of the topics
related to these areas will develop the skills prescribed in academic standards such as
problem solving, logical thinking, mathematical communication, representing data in
various forms, using mathematics as one of the disciplines of study and also in daily life
situations.

The text book attempts to enhance this endeavor by giving higher priority and space to
opportunities for contemplations. There is a scope for discussion in small groups and
activities required for hands on experience in the form of ‘Do this’ and “Try this’. Teacher’s
support is needed in setting the situations in the classroom.

Some special features of this text book are as follows

e The chapters are arranged in a different way so that the children can pay interest to all
curricular areas in each term in the course of study.

o Teaching of geometry in upper primary classes was purely an intuition and to discover
properties through measurements and paper foldings. Now, we have

Free DisTriBUTION BY T.S. GOVERNMENT 2019-20 (V)



stepped into an axiomatic approach. Several attempts are made through illustrations to understand,
defined, undefined terms and axioms and to find new relations called theorems as a logical
consequence of the accepted axioms.
Care has been taken to see that every theorem is provided initially with an activity for easy
understanding of the proof of those theorems.
¢ Continuous Comprehension Evaluation Process has been covered under the tags of “Try
this’ and “Think, Discuss and Write’. Exercises are given at the end of each sub item of the
chapter so that the teacher can assess the performance of the pupils throughout the chapter.
o Entire syllabus is divided into 15 chapters, so that a child can go through the content well in
bit wise to consolidate the logic and enjoy the learning of mathematics.
e Some interesting and historical highlights are given under titles of Brain teasers, Do you
know will certainly help the children for creative thinking.
o Colourful pictures, diagrams, readable font size will certainly help the children to adopt the
contents and care this book as theirs.
Chapter (1) Real Numbers under the area number system and irrational numbers in detail. The
child can visualise the rational and irrational numbers by the representation of them on number
line. Some history of numbers is also added e.g value of to create interest among students. The
representation of real numbers on the number line through successive magnification help to
visualise the position of a real number with a non-terminating recurring decimal expansion.
Chapter (2) Polynomials and Factorisation under the area algebra dealt with polynomials in one
variable and discussed about how a polynomial is diffierent from an algebraic expression.
Facrtorisation of polynomials using remainder theorem and factors theorem is widely discussed
with more number of illustrations . Factorisation of polynomials were discussed by splitting the
middle term with a reason behind it. We have also discussed the factorisation of some special
polynomials using the identities will help the children to counter various tuypes of factorisation.
Chapter (3) Linear equations in two variables under the same area will enable the pupil to
discover through illustative examples,the unifying face of mathematical structure which is the
ultimate objective of teaching mathematics as a system. This chapter links the ability of finding
unknown with every day experience.

There are 7 chapters of Geometry i.e (3 ,4,7,8,11,12, and 13 ) were kept in this book. All these
chapters emphasis learning geometry using reasoning , intutive understanding and insightful
personal experience of meanings. It helps in communicating and solving problems and obtaining
new relations among various plane figures. Development geometry historically through centuries
is given and discussed about Euclid’s contribution in development of plane geometry through his
collection “The Elements” . The activities and theorem were given on angles, triangles, quadrilaterals
,circles and areas. It will develop induction, deduction, analytical thinking and logical reasoning.
Geometrical constructions were presented insuch a way that the usage of an ungraduated ruler
and a compass are necessary for a perfect construction of geometrical figures.
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Chapter (5) deals with coordiante geometry as an alternate approach to Euclidean geometry
by means of a coordinate system and associated algebra. Emphasis was given to plot
ordered pairs on a cartesian plane ( Graph ) with a wide variety of illustratgive examples.
Chapter (9) statistics deals with importance of statistics , collection of statistical datai.e
grouped and ungrouped , illustrative examples for finding mean, median and mode of a
given data was discussed by taking daily life sitution.

Chapter (14) Probability is entirely a new chaper for secondary school students was
introduced with wide variety of examples which deals with for finding probable chances of
success in different fields. and mixed proportion problems with a variety of daily life situations.
Chapter (10) surface areas and volumes we discussed about finding curved (lateral) surface
area, total surface area and volume of cylinder, cone and sphere. Itis also discussed the
relation among these solids in finding volumes and derive their formulae.

Chapter (15) Proofs in mathematics will help ;the students to understand what is a
mathematical statement and how to prove a mathematical statement in various situations.
We have also discussed about axiom , postulate, conjecture and the various stages in proving
a theorem with illustrative examples. Among these 15 chapters the teacher has to Real
Numbers, Polynomials and Factorisation, Co-ordinate geometry, Linear equation in two
variables, Triangles, Quadrilaters and Areas under paper - I and the elements of Geometry,
lines and angles, Statistics, Surface as a part of are volume, Circles Geometrical constructions
and probability under paper - II.

The success of any course depends not so much on the syllabus as on the teacher and the
teaching methods she employs. Itis expected that all concerned with the improving of
mathematics education would extend their full co operation in this endeavour.

Mere the production of good text books does not ensure the quality of education, unless
the teachers transact the curriculum the way it is discussed in the text book. The involvement
and participation of learner in doing the activities and problems with an understanding is
ensured. Therefore itis expected that the teachers will bring a paradigm shift in the classroom
process from mere solving the problems in the exercises routinely to the conceptual
understanding, solving of problems with ingenity.

Text Book development committee
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Highlights from History

“The Wonder of Discovery is especially keen in childhood”
How a child become Ramanujan a great mathematician of all the time?

Srinivasa Ramanujan was the one who never lost his joy at learning
something new. As a boy he impressed his classmates, senior students and
teachers with his insight and intuition.

One day in an Arithmetic class on |3 = V9 = V1+8
division the teacher said that if three bananas

were given to three boys, each boy would = y1+(2x4)
get a banana and he generalised this idea.
Then Ramanujan asked “Sir, if no banana is =41+ 2\/E
Ramanuian distributed to no student will every one still
! getabanana?” = y1+2J1+15

Ramanujan’s math ability _ \/1 + 21+ (3x5)

won several friends to him. Once

2

l+2=(11J his senior student posed a |andsoon ...
4 2 problem “If Jx + y=17 and

1) x+ \/; =11, what are x and y”. Immediately Ramanujan
—+(2x3)= [2_j replied x =9 and y = 4. His senior was impressed and became

) a good friend to him.
1 +(2x3x%5) = (51j In his school days, along with school homeworks,
& 2 Ramanujan worked with some patterns out of his interest.
1. 2X3X5X T = (1 4 ljZ Srinivasa Aaiyangar Ramanujan is undoubtedly the most
celebrated Indian Mathematical genius. He was born in a poor

... and so on family at Erode in Tamilnadu on December 22, 1887. Largely

self taught, he feasted on “‘Loney’s Trigonometry” at the age
of 13, and at the age of 15, his senior friends gave him synopsis of Elementary results in pure and
Applied mathematics by George Carr. He used to write his ideas and results on loose sheets.
His filled note books are now famous as “‘Ramanujan’s Frayed note books”. Though he had
no qualifying degree, the university of Madras granted him a monthly Scholarship of Rs. 75 in
1913. He had sent papers of 120 theorems and formulae to great mathematican G.H. Hardy
(Combridge University, London). They have recognised these as a worth piece and invited him
to England. He had worked with Hardy and others and presented numerical theories on numbers,
which include circle method in number theory, algebra inequalities, elliptical functions etc. He was
second Indian to be elected fellow of the Royal Society in 1918. He became first Indian elected
fellow of Trinity college, Cambridge. During his illness also he never forget to think about numbers.
He remarked the taxi number of Hardy, 1729 is a singularly unexceptional number. Itis the
smallest positive integer that can be represented in two ways by the sum of two cubes; 1729 =
1°+12° = 9°+10°, Unfortunately, due to tuberculosis he died in Madras on April 26, 1920.
Government of India recognised him and released a postal stamp and declared 2012 as ““Year of
Mathematics” on the eve of his 125th birth anniversary.
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CONTENTS

Chapter Contents Syllabus to be Page No.
No. Covered during
1 Real Numbers June 1-26
2 Polynomials and Factorisation June, July 27-58
3 The Elements of Geometry July 59-70
4 Lines and Angles August 71-106
5 Co-Ordinate Geometry December 107-123
6 Linear Equations in Two variables August, September 124-147
7 Triangles October, November 148-173
8 Quadrilaterals November 174-193
9 Statistics July 194-213
10 Surface areas and Volumes September 214-243
11 Areas December 244-259
12 Circles January 260-279
13 Geometrical Constructions February 280-291
14 Probability February 292-309
15 Proofs in Mathematics February 310-327
Revision March
Paper - I :| Real Numbers, Polynomials and Factorisation, Coordinate Geometry, Linear Equation
in two variables, Triangles, Quadrilaterals and Areas.
Paper - I1 :| The Elements of Geometry, Lines and Angles, Statistics, Surface areas and Volumes,
Circles, Geometrical Constructions and Probability.
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Jana-gana-mana-adhinayaka, jaya he
Bharata-bhagya-vidhata.
Punjab-Sindh-Gujarat-Maratha
Dravida-Utkala-Banga
Vindhya-Himachala- Yamuna-Ganga
Uchchala-Jaladhi-taranga.
Tava shubha name jage,

Tava shubha asisa mage,

Gahe tava jaya gatha,
Jana-gana-mangala-dayaka jaya he
Bharata-bhagya-vidhata.
Jayahe, jaya he, jaya he,
Jayajayajaya, jayahe!

- Pydimarri

- Rabindranath Tagore

Venkata Subba Rao

“India is my country. All Indians are my brothers and sisters.

I'love my country, and I am proud of its rich and varied heritage.

I shall always strive to be worthy of it.

I shall give my parents, teachers and all elders respect,

and treat everyone with courtesy. I shall be kind to animals

To my country and my people, I pledge my devotion.

In their well-being and prosperity alone lies my happiness.”

(x)
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Let us have a brief review of various types of numbers.

Consider the following numbers.

7.100,9.11,3.0, -~ 5.1, 3. 1,012, - 13 1320019, 2, 23 =09 22 -
4 7 17’ 3747 177
John and Sneha want to label the above numbers and put them in the bags they
belong to. Some of the numbers are in their respective bags..... Now you pick up rest of the
numbers and put them into the bags to which they belong. If one number can go in more
than one bag then copy the number and put them in the relevent bags.

You have observed bag N contains natural numbers. Bag W contains whole numbers.
Bag Z contains integers and bag Q contains rational numbers.

The bag Z contains integers which is the collection of negative numbers and whole
numbers. It is denoted by I or Z and we write,
Z={.-3,-2,-1,0,1,2,3, ...}
p
Similarly the bag Q contains all numbers that are of the form a where p and q are
integers and q # 0.

You might have noticed that natural numbers, whole numbers, integers and rational

) . p .
numbers can be written in the form E, where p and q are integers and q # 0.



-15
For example, -15 can be written as N here p=-15 and q = 1. Look at the Example

1 2 10 50 ) ) i
E = Z = % = E ... and so on. These are equivalent rational numbers (or fractions). It

. . L p
means that the rational numbers do not have a unique representation in the form E , where

p and q are integers and q# 0. However, when we say % is a rational number or when we

represent  on anumber line, we assume that q# 0 and that p and q have no common factors
other than the universal factor ‘1’ (i.e., p and q are co-primes.) There are infinitely many fractions

1
equivalent to 5o we will choose 5 i.e., the simplest form to represent all of them.

You know that how to represent whole numbers on the number line. We draw a line and
mark a point ‘0’ onit. Then we can set off equal distances on the right side of the point ‘0’ and

label the points of division as 1, 2, 3,4, ...
< ——

The integer number line is made like this,

Do you remember how to represent the rational numbers on a number line?

7~
S

1 L L L L ~
T T T 1 1 ”~

5-4-3-2-1 01 2 3 4 5

3
Torecall this, let’s first take the fraction 1 and represent it pictorially as well as on number line.

3
‘We know that in Z , 31s the numerator and 4 is the denominator.

Which means that 3 parts are taken out of 4 equal parts from a given unit.

Here are few representations of 1

(Number line)



Represent 3 and ~3on the number line.

Draw an integer line representing -2, -1, 0, 1, 2.

| |
T T

1
7 2 5 4 -1 2 -1

o

t t t t t t
a7 23 s = 12 1 4 5 8L
3283 333 3 3 3:3)3 3.96)3

=3) =3 =3 =3

Divide each unit into three equal parts to the right and left sides of zero respectively.

Take five parts out of these. The fifth point on the right of zero represents % and the fifth

one to the left of zero represents _—5

- P
1. Represent Y on the number line. 2. Write 0, 7, 10, -4 in a form.

3. Guess my number : Your friend chooses an integer between 0 and
100. You have to find out that number by asking questions, but your
friend can answer only in ‘yes’ or ‘no’. What strategy would you
use?

Are the following statements True? Give reasons for your answers with an
example.
i. Every rational number is an integer.
ii. Every integer is a rational number
iii. Zero is a rational number

iion @ 1.False: For example, 3 is a rational number but not an integer.

P
ii. True: Because any integer can be expressed in the form a (q#0) for example

-2

.- 7 . Thus it is a rational number.

(i.e. any integer ‘b’ can be represented as T)

000 p
iii. True: Because O can be expressed as T3 (a form, where p, q are integers
and q #0)

(‘0’ can be represented as ~ where ‘x’ is an integer and x # 0)



Find two rational numbers between 3 and 4 by mean method.

Method-I : We know that the rational number that lies between two rational numbers

a+b
a and b can be found using mean method i.e. -

a+b
2

Here a =3 and b = 4, (we know that is the mean of two integers ‘a’, ‘b’ and it

lies between ‘a’ and ‘b’)

G+4 7
So, 5 :Ewhlch1smbetween3and4_3<E<4

If we continue the above process, we can find many more rational numbers between 3 andE

7 647
3"'2:2_

2 2

3<E<Z<4
4 2

3.1 13
2

Cox2 4

Method-II : The other option to find two rational numbers in single step.
Since we want two numbers, we write 3 and 4 as rational numbers with denominator 2 + 1
=3
3 8
1 3:—:—:— 4.:—:—:_:_
1.e., 1 ) 3 and 1 >
10 11 .
Then you can see that 3 are rational numbers between 3 and 4.

9 (10 11} 12
3= —<| —<—|<—=4
3 3 3 3
Now if you want to find 5 rational numbers between 3 and 4, then we write 3 and 4

as rational number with denominator 5 + 1 = 6.

18 24 _18 (19 20 21 22 23] 24 _

ie.3=— and 4=— 3=— | = 22 2 22 2 - 4

6 6 6 L6 66 6 6

From this, you might have realised the fact that there are infinitely many rational
numbers between 3 and 4. Check, whether this holds good for any other two rational
numbers? Thus we can say that , there exist infinite number of rational numbers between

any two given rational numbers.
o
Ls

i. Find any five rational numbers between 2 and 3 using mean method.

8

ii. Find any 10 rational numbers between —% and Tt



Express l g and % in decimal form.
0.4375 1.428571 0.666
16]7.00000 Mo 312.0000
0 7 18
70 30 20
64 28 18
60 20 20
48 14 18
120 60 2
112 56
80 40
80 35
0 50 ) )
2T 04375 20 IossT 49 gm0 =00
16 7 . 10 is a non-terminating
1S a non-terminating ] .
is a terminating decimal recurring decimal 7 recurring decimal

3
From above examples, we notice that every rational number can be expressed as a
terminating decimal or a non terminating recurring decimal.

1 1
Express (i) 17 (i1) I in decimal form.

p
Express 3.28 in the form of E (where p and q are integers, q #0).

3.28 = 28
100
_328+2 164
100+2 50
- 164+2 = 82 (Numerator and denominator are co-primes)
50+2 25
82

o328 =—
25



. P
Express 1 62 in a form where q #0 ; p, q are integers.

Let x = 1.626262..... (1)
multiplying both sides of equation (1) by 100, we get
100x = 162.6262... 2)
Subtracting (2) from (1) we get
100x = 162.6262...
x = 1.6262...

99x =161

_161
99

X

_161
99

-1.62

I. Find the decimal values of the following:

. 1 .1 Lo 1 . 1
1. 2 11. 22 111. 5 1V. 5X2
3 vz 1 7
V. 10 V1. 25 VI11. 3 Vi1l 6
g > !
1X. 12 X. 7
Observe the following decimals
L_os L o1 32 64 l=0.333_,_ 4 026
2 10 5 3 15

Can you guess the character of the denominator of a fraction which can be in the
form of terminating decimal?

Write prime factors of denominator of each rational number.

What did you observe from the results?



1. (a) Write any three rational numbers

(b) Explain rational number in your own words.
2. Give one example each to the following statements.
i. A number which is rational but not an integer
1. A whole number which is not a natural number
iii. An integer which is not a whole number
iv. Anumber which is natural number, whole number, integer and rational number.
v. A number which is an integer but not a natural number.

3. Find five rational numbers between 1 and 2.

2
4. Insert three rational numbers between 5 and 3
5. Represent 5 and _? on the number line
6. Express the following rational numbers in decimal form.
L 2 o342 _us
Y To00 500 3 )
0o 2 o2 22 1
) 3 11) 36 111) - 1v) 9

7. Express each of the following decimals in a form where q # 0 and p, q are integers

1) 0.36 i) 15.4 iii) 10.25 iv) 3.25

p
8. Express each of the following decimal numbers in E form

) 03 i) 3.3 i) 036 iv) 3.127
9. Without actually dividing find which of the following are terminating decimals.

3 1 13 4
(1) 25 (i) 3 (iii) 20 (iv) )

Let us take a look at the number line again. Are we able to represent all the numbers
on the number line? The fact is that there are infinite numbers left on the number line.



4
pa ] ] [ ] ] [ ] : ?:& : : : ] ] ] ] S

-16 -9 —4 0 3 8 14

To understand this, consider these equations

() x*=4 (i) 3x=4 Gii) x*=2

For equation (i) we know that value of x for this equation are 2 and —2. We can plot
2 and -2 on the number line.

3x
For equation (ii) 3x = 4 on dividing both sides by, 3 we get — =

. W
3 e

4 .4
3 = 3

can plot this on the number line.
When we solve the equation (iii) =2, taking square root on both the sides of the

equation — \/;2 = \/5 = Xx= i\/z . Let us consider x = \/5 .
Can we represent /2 on number line ?
What is the value of /2 ? To which numbers does /7 belong?
Let us find the value of /7 by long division method.

1.4142135

1 | 2.00 00 00 00 00 00 00 Step 1 : After 2, place decimal point.

1 Step 2 :  After decimal point write 0’s.
24 | 100 Step 3 : Group ‘0’ in pairs and put a bar
96 over them.
281 400 Step 4 : Then follow the method to find
281 the square root of perfect square.
2824 11900
11296
28282 60400
56564
282841 383600
282841
2828423 10075900
8485269
28284265 159063100
141421325

28284270 17641775 o 2 = 14142135 ...




If you go on finding the value of /2 , you observe that /7 =1.4142135623731..... is
neither terminating nor repeating decimal.

So far we have observed that the decimal number is either terminating or non-

terminating repeating decimal, which can be expressed in a form. These are known as

rational numbers.
But decimal number for /7 is non-terminating and non-recurring decimal. Can you
represent this using bar? No we can’t. These type of numbers are called irrational numbers

p
and they can’t be represented in p/q form. Thatis /7 # a (for any integers p and q, q #0).

Similarly /3 = 1.7320508075689.....
J5 =2.2360679774998.....
These are non-terminating and non-recurring decimals. These are known as irrational
numbers and are denoted by ‘S’ or ‘Ql’.
Examples of irrational numbers

(1) 2.1356217528..., (2) V2, 3. 7. etc.

In 5th Century BC the Pythagoreans in Greece, the followers of the famous
mathematician and philosopher Pythagoras, were the first to discover the numbers
which were not rationals. These numbers are called irrational numbers. The

Pythagoreans proved that V2 is irrational number. Later Theodorus of Cyrene

showed that /3,/5,46,v10.411,412.4/13.4/14,4/15 and /17 are also

irrational numbers. There is a reference of irrationals in calculation of square
roots in Sulba Sutra (800 BC).

Observe the following table If ‘n’ is a natural number
A = 1 other than a perfect
N 1.414213..... square then Jn is an
A = 17320508, irrational number
NI 2
J5 = 2.2360679.....
J6 =
J7 0=
J8 =
o = 3
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Now, can you classify the numbers in the table as rational and irrational numbers?

J1+ /4, /9 - are rational numbers.

J2: 3.5, 6.7, /8 - are irrational numbers.

5 3
Kruthi said \/5 can be written as 4 which is in Eform. So \/5 is a rational

number. Do you agree with her argument ?

Know About 1

c
1 is defined as the ratio of the circumference (C) of a circle to its diameter (d). i.e. T = E

As T is in the form of ratio, this seems to contradict the fact that 7t is irrational. The
circumference (C) and the diameter (d) of a circle are incommensurable. i.e. there does
not exist a common unit to measure that allows us to measure the both numerator and
denominator. If you measure accurately then atleast either C or d is irrational. So 7 is

regarded as irrational.

The Greek genius Archimedes was the first to compute the value of . He
showed the value of 7 lie between 3.140845 and 3.142857. (i.e., 3.140845 < 1t <
3.142857) Aryabhatta (476-550 AD), the great Indian mathematician and
astronomer, found the value of 7 correctly upto four decimal places 3.1416. Using
high speed computers and advanced algorithms, 7 has been computed to over 1.24

trillion decimal places .

T =3.14159265358979323846264338327950 ..... The decimal expansion of 7t is
non-terminating non-recurring. So 7 is an irrational number. Note that, we often
22

take — asan approximate value of 1, but T # TR

We celebrate March 14th as 7 day since it is 3.14 (as ® = 3.14159 ....). What a
coincidence, Albert Einstein was born on March 14th, 1879!

Find the value of /3 upto six decimals.
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1.3 Representing irrational numbers on Number line

We have learnt that there exist a rational number between any two rational numbers.
Therefore, when two rational numbers are represented by points on number line, we can
use a point to represent a rational number between them. So there are infinitely many
points representing rational numbers. It seems that the number line is consisting of points

which represent rational numbers only. Is it true? Can’t you represent /2 on number line?

Let us discuss and locate irrational numbers such as ﬁ , \/5 on the number line.

Locate \/5 on number line

At O draw a unit square OABC on number line with each side 1 unit in length.

By Pythagoras theorem OB = /12 , 12 [

7

i\

t
z
2

Fig. (i)

We have seen that OB = «/5 . Using a compass with centre O and radius OB, draw an
arc on the right side to O intersecting the number line at the point K. Now K corresponds

to \/5 on the number line.

-8. Locate /3 on the number line.

tio Let us return to fig. (i)

C AN
\\ \\
2 \ O\
PV
& | | | | | | | O 1 AIIIIHI | | | |
703 5 2 3 1 1 0 1 182 5 3 7
2 2 2 2 2 2 2 2



12

Now construct BD of 1 unit length perpendicular to OB as in Fig. (ii). Join OD

By Pythagoras theorem, OD = /(/2)2 +12 =/2+1=+/3

Using a compass, with centre O and radius OD, draw an arc which intersects the
number line at the point L right side to 0. Then ‘L’ corresponds to /3 . From this we can
conclude that many points on the number line can be represented by irrational numbers

also. In the same way, we can locate \/; for any positive integers n, after \/n—1 has

been located.

Locate /5 and —/5 on number line. [Hint : 52=2)+ (1)}

All rational numbers can be written in the form of R

p
E’ where p and q are integers and q # 0. There are also

P
other numbers that cannot be written in the form E , Where 19 78 2
p and q are integers and are called irrational numbers. If 200777
we represent all rational numbers and all irrational numbers -7, 100, 2, J5.
and put these on the number line, would there be any point 7,9,999...

on the number line that is not covered?

The answer is no! The collection of all rational and
irrational numbers completely covers the line. This combination makes a new collection
called Real Numbers, denoted by R. Real numbers cover all the points on the number line.
We can say that every real number is represented by a unique point on the number line.
Also, every point on the number line represents a unique real number. So we call this as
the real number line.

Here are some examples of Real numbers

both rational and Irrationals are included in this collection.
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2
Find any two irrational numbers between 5 and 7

1
We know that g =0.20

% =0.285714

To find two irrational numbers between g and 7 , we need to look at the decimal

form of the two numbers and then proceed. We can find infinitely many such irrational
numbers.

Examples of two such irrational numbers are

0.201201120111...,0.24114111411114...,0.25231617181912...,0.267812147512 ...

2

Can you find four more irrational numbers between 5 and 2 ?

Find an irrational number between 3 and 4.

If a and b are two positive rational numbers such that ab is not a perfect square of

a rational number, then ./4p is an irrational number lying between a and b.

~. An irrational number between 3 and 4 is V3x4 = \/5 X \/Z

\/§><2= 2\/5

Examine, whether the following numbers are rational or irrational :

(i) (3+v3)+(3-V3) (ii) (3+\/§)(3—ﬁ)

10
i) 575 (i) (V2 +2)2

(i) (3+\B)+(3—\@) =3+/3+3-3
= 6, which is a rational number.

(i) (3+J§)(3—\/§)

We know that (a+b)(a—b)=a®—b” is an identity.
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Thus (3+\/§)(3—\/§) =3° —(\/5)2 = 9 — 3 =6 which is a rational number.

10 10+2 5 5%
(i11) ﬁ 5 \/— 5 \/— \/_ \/—\/— \/g , which is an irrational number.

(iv) (ﬁ+2)2:(ﬁ)2+2.ﬁ 2422 =2+4/2+4

=6+ 4\/5 , which is an irrational number.

1. Classify the following numbers as rational or irrational.

i) 27 (11) /441 (iii) 30.232342345..

(iv) 7.484848... (v) 11.2132435465 (vi) 0.3030030003.....

2. Give four examples for rational and irrational numbers?

3. Find an irrational number between 7 and 9 How many more there may be?

4. Find two irrational numbers between 0.7 and 0.77

5. Find the value of /5 upto 3 decimal places.

6. Find the value of +/7 up to six decimal places by long division method.

7. Locate \/ﬁ on the number line.

8. Find atleast two irrational numbers between 2 and 3.

9. State whether the following statements are true or false. Justify your answers.
(i) Every irrational number is a real number.
(ii) Every rational number is a real number.

(iii) Every real number need not be a rational number
(iv) Jn is not irrational if n is a perfect square.

(v) Jn is irrational if n is not a perfect square.

(vi) All real numbers are irrational.
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Constructing the ‘Square root spiral’.

Take a large sheet of paper and construct the ‘Square root spiral’ in the following
manner.

Step 1 : Start with point ‘O’ and draw a line segment oP
of 1 unit length.

Step 2 : Draw a line segment PQ perpendicular to OP of
unit length (where OP = PQ = 1) (see Fig)

Step3: Join O, Q. (0Q = /2)

Step 4 : Draw a line segment QR of unit length perpendicular to OQ .
Step 5: Join O, R. (OR = +/3)
Step 6 : Draw a line segment RS of unit length perpendicular to OR.

Step 7 : Continue in this manner for some more number of steps, you will create a

beautiful spiral made of line segments ﬁ), Q_R , ﬁ ST, TU ... etc. Note

that the line segments OQ, OR, OS, OT, OU .. etc. denote the lengths

\/5 ,\/3_, \/Z \/g ,\/g respectively.

rese R

JC( Stve

In the previous section, we have seen that any real number has a decimal expansion.
Now first let us see how to represent terminating decimal on the number line.

Suppose we want to locate 2.776 on the number line. We know that this is a terminating

decimal and this lies between 2 and 3.
/-14 1 -13 1 -12 1 -11 1 ? 1 ll 1 ¢

2.5
21722 23 24 | 2.6 2.7 2.8 2.9

&
<

v

Fig.(i)
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So, let us look closely at the portion of the number line between 2 and 3. Suppose we
divide this into 10 equal parts as in Fig.(i). Then the markings will be like 2.1, 2.2,2.3 and

so on. To have a clear view, let us assume that we have a magnifying glass in our hand and
look at the portion between 2 and 3. It will look like what you see in figure (i).

Now, 2.776 lies between 2.7 and 2.8. So, let us focus on the portion between 2.7 and
2.8 (See Fig. (ii). We imagine that this portion has been divided into ten equal parts. The
first mark will represent 2.71, the second is 2.72, and so on. To see this clearly, we magnify

this as shown in Fig(ii).

2 3

2.5
B

2.7

¥

e ]

i

1

1

1

1

1

1

1

1

1

1

\

) 2.8
2.75

27272 273 274

,///] | | ' i7 2.[7 2.78 | 1
Fig. (i) TN

BT 2T z_w;%j"s
ATy
Bl
(ii)

)
\
\
1
\
\
1
\
\
1\
\
\
1\
\
\
1\
\
\
1
\

&

Again 2.776 lies between 2.77 and 2.78. So, let us focus on this portion of the number
line see Fig. (ii1) and imagine that it has been divided again into ten equal parts. We magnify
it to see it better, as in Fig.(iii).

The first mark represents 2.771, second mark 2.772 and so on, 2.776 is the 6™ mark
in these subdivisions.

We call this process of visualization of presentation of numbers on the number line
through a magnifying glass, as the process of successive magnification.

Now let us try and visualize the position of a real number with a non-terminating
recurring decimal expansion on the number line by the process of successive magnification
with the following example.
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Visualise the representation of 3.58 on the number line through successive
magnification upto 4 decimal places.

Solution: Once again we proceed with the method of successive magnification to represent
3.5888 on number line.

4
Step 1 313233 3.@.7 3.8 3.9
[T L]
o

3

35 7
Step 2 : LT
3.583511/3/;2/ 35833 52%1.5835536 33\6@53.59
Step 3 < AL I» N
P
3.588 / 3.5885 3.589
‘ 3;§§8f 3.5883 | 3.5887: 3.5889“
Siep AT LT T
3.5888
XERCISE - 1

1. Visualise 2.874 on the number line, using successive magnification.

2. Visualilse 528 on the number line, upto 3 decimal places.

1.5 C

We have learnt, in previous class, that rational numbers satisfy the commutative,
associative and distributive laws under addition and multiplication. And also, we learnt
that rational numbers are closed with respect to addition, subtraction, multiplication. Can
you say irrational numbers are also closed under four fundamental operations?
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Look at the following examples

(\@ ) + (_\@ ) =( . Here O is a rational number.

—

\E ) — (\B ) =0 . Here O is a rational number.

—

\/5 ) (\/5 ) =2. Here 2 is a rational number.

=1 . Here 1 is a rational number.

SlS

What do you observe? The sum, difference, quotients and products of irrational

numbers need not be irrational numbers.

So we can say irrational numbers are not closed with respect to addition, subtraction,

multiplication and divisioin.

Let us see some problems on irrational numbers.

5
Check whether (i) 5\/5 (ii)ﬁ (i) 21+ \/§ (iv) gt + 3 are irrational numbers

or not?
We know /2 =1.414..., \/3=1.732..., m=3.1415...

(i) 52 5(1.414...) = 7.070...

5 5 N2 _52_ 17070 .
(II)E = 2 \/5— > 5 =3.535... (from 1)

(iii) 2143 = 2141.732... = 22.732... If q is rational and s is
irrational thenq + s, q - s, gs
(V) m4+3 = 3.1415... +3 = 6.1415...

q . .
I ) ) and — are irrational numbers
All these are non-terminating, non-recurring decimals. s

Thus they are irrational numbers.
ple-14.Subtract 5V3+ 745 from 3v5-73
012 (35 -743) - (5\3+745)

3W5-73 —53-75
451243

~ (445 +1243)
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Multiply 6+/3 with 13+/3
63 X133 = 6x13x/3x~/3 = 78x3 =234

We now list some properties relating to square roots, which are useful in various ways.

Let a and b be non-negative real numbers. Then

) Vab =+avb

e Va

(ii) \/%_E, fb#0

(iii) (Va+b)(va-vb)=a-b

@iv) (a+\/g)(a—\/g)=az—b

(v) (JE+JE)(JE+JE):@+ ad ++/bc ++/bd

(vi) (\/£+\5)2 —a+2Jab+b
(vii) vJa+b+2vab =+/a +/b

Let us look at some particular cases of these properties.

Simplify the following expressions:
i (3+3)(2+2) (i) (2++3)(2-3)
(i) (V5++2) (i) (V5-+2)(v5+2)

(1) (3+x/§)(2+x/5) = 6+3v2+2V3+6

i) (2+3)(2-V3) = 22—(\/5)2 —4-.3=1

(iii) (\/§+ﬁ)2 = (\5)2+2\Bﬁ+(«5)2=5+2\/ﬁ+2=7+2«@
) (58 +45) = (] - =523

Find the square root of 5+ 276

5+26
=\/3+2+2-\@-\/§ s Na+b+2\ab =~Ja+b

=342
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1.5.1 Rationalising the Denominator

Can we locate 1 on the number line ?
2
What is the value of _1_ ?
V2
How do we find the value? As ,/p =1.4142135..... which is neither terminating nor

repeating. Can you divide 1 with this?

It does not seem to be easy to find 1
V2

Let us try to change the denominator into a rational form.

To rationalise the denominator of 1
2

, multiply the numerator and the denominator

1
of —_ by /2, we get
V2

I~

1 1 2

= =—7=X—==——.Yes, it is half of .
NN ) es, it is half of \/p
2 . .
Now can we plot > on the number line ? It lies between O(zero) and \/5 .

Observe that /2 x J2=2. Thus we say V2 is the rationalising factor (R.F) of V2

Similarly /2 x \/8 =/16 =4 . Then J2 and /8 are rationalising factors of each other
J2 x /18 =/36=6 , etc. Among these ~/2 is the simplest rationalising factor of /2 .

Note that if the product of two irrational numbers is a rational number then each of
the two is the rationalising factor (R.F) of the other. Also notice that the R.F. of a given
irrational number is not unique. It is convenient to use the simplest of all R.F.s of given
irrational number.

1 3 1
Find rationalising factors of the denominators of (i) m (i1) f (ii1) ﬁ
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1

4++/5

We know that (a+\/g)(a—x/g): a’—b

Rationalise the denominator of

1

4445

I 4-V5_ 4-V5 _ 4-V5 _4-45
4++5 4_\/5_42_(\5)2 T 16-5 11

by 4-+/5

Multiplying the numerator and denominator of

If x=7+4+/3 then find the value of x+ q
X

Given x= 7+4/3

Now 1 ><7—4\/5 7-443 T-43
W — = = =
X 7+43 7-443 72_(4@)2 49-16x3
7-43
- =743
49-48 V3

.'.x+l=7+4\/§+7—4\/§=14
X

1 1
Simplify 7+4\/§+2+\/§
The rationalising factor of 74+ 4./3 is 7—4+/3 and the rationalising factor of
2++/5is 2-5.
1 1
- 7+4\6+2+\B
_ 1 ><7—4\/5 L1 Xz—ﬁ
T+43 7-43 245 2-5
7-43 2-5
7o@hy  2-(5)
7-43  2-45
49-48  (4-5)
7-4y3  2-V5
1 (=D

=7-4y3 - 245 =5-43+5
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1.5.2 Law of Exponents for real numbers

Let us recall the laws of exponents.

o a™™" if m>n
) ama"=a™" i) @")"=a™ i) —=4 1 ifm=n
al, if m<n
. 1 —-n . 0
v) a™b™ =(ab)™ V) a_“: a vi)a =1 (a = 0)

Here a,b ‘m’ and ‘n’ are integers and a # 0. b # 0, a, b are called the base and m, n
are the exponents.

For example

: .. _ _ 1
) P73 =7 270 21 i) (2°)7 =272 :F

237 g oae N4 _ :
i)~ =23 =3y (7)) = (7x3) " = (21) "

Suppose we want to do the following computations

4

2 1 1 1 L
1) 2323 1) L57) 1i1) iv) 717117

W W
W= wn=

How do we go about it? The exponents and bases in the above examples are rational
numbers. Thus there is a need to extend the laws of exponents to bases of positive real

numbers and to the exponents as rational numbers. Before we state these laws, we need

first to understand what is n™ root of a real number.

We know if 32=9 then J9=3 (square root of 9 is 3)

ie, 39=3

1

If 52=25 then /25 =5 ie., 2/25 =5 moreover /25 :(25)% :(52 )% =577 =5

Observe the following

If 2°=8 then 3/3 =2 (cube root of 8is2); 38 =8 =(23)% =2
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2*=16 then 416 =2 (4™ root of 16 is 2); 416 =(16)" :(24)% 5

2° =32 then 332 =2 (5" root of 32 is 2); 32 = (32)°

() -2
2°=64 then 64 =2 (6™ root of 64 is 2); Y64 = (64)! = (2°)' =2

Similarly if a"=b then &b =a (1" root of b is a); b = (b)% = (an )Z —a
Let a>0 be areal number and ‘n’ be a positive integer.

If b™=a, for some positive real number ‘b’, then b is called nth root of ‘a’ and we
write /a =b. In the earlier discussion laws of exponents were defined for integers. Let

us extend the laws of exponents to the bases of positive real numbers and rational exponents.

Let a > 0 be a real number and p and q be rational numbers then, we have

i) aP.a9=aP™ i) (aP)? =aM
i) —-=a iv) a".b” = (ab) V) 2fa =gn
a

Now we can use these laws to answer the questions asked earlier.

Simplify
2 1 (1) 35 1
i) 2323 i) |57 i) iv) 7171117
33
2 1 (; 1) 3
i) 2323 =233/ =23 =21 =2
4
h (ﬁj _ 57 Simplify:
1 i (16) ii. (128)’
iy 3° )% _F o
W3t T =3R =30 TR (343)°
33

1 1 1
iv) 717.1117 = (7><11)17 =7717
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If ‘n’ is a positive integer greater than 1 and ‘a’ is a positive rational number but not n"
power of any rational number then %/a (or) a™is called a surd of n™ order. In general we

say the positive n'" root of a is called a surd or a radical. Here a is called radicand , o/ s

called radical sign and n is called the degree of radical. EormsSfSurd

Here are some examples for surds. . 1
p Exponential form

J2 \/3— o, ... etc Radical form 2/,

L. .
Consider the real number /7 . It may also be written as 72 . Since 7 is not a square

of any rational number, \/7 is a surd.

Consider the real number §/§ . Since 8 is a cube of a rational number 2, §/§ is not a surd.
1

1Y2 1
Consider the real number +/ \/5 . It may be written as [22J =24 = ‘\‘/5 . Soitis

a surd.

1. Write the following surds in exponential form
i 2 ii. 39 iii. 320 iv 19

2. Write the surds in radical form:

N
—
=
=

()]
N [—

. 1 .. .
1. 57 11. 17 1v 142

1. Simplify the following expressions.

) ()2 i (5[5

2
i) (V3+7) iv) (VIT=7)(VIT+7)
2. Classify the following numbers as rational or irrational.

) 5-43 i) V3+42 iii) (\E—z)2
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11.
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iv) % V) 2m vi) % vii) (2+ﬁ)(2—ﬁ)

. In the following equations, find whether variables x, y, z etc. represent rational or

irrational numbers

i x2=7 i) y2=16 i) z2=0.02
17
iv) u’= " V) w?=27 vi) t*=1256

Every surd is an irrational, but every irrational need not be a surd. Justify your
answer.

Rationalise the denominators of the following:

1 1 A\ | e
— 1) ——— ) — V) ————
3442 V7 -6 V7 V3-42
Simplify each of the following by rationalising the denominator:
642 145 1 RN
64442 NN W 3h-233 V3B
Find the value of \/E—\/—_\/g upto three decimal places. (take V2 =1.414 and
242
J5=2.236)
Find:
. l . l o l
) 646 i) 325 i) 6254
3 2 =l
iv) 162 v) 2433 vi) (46656) 6

Simplify: 481 — 8 3/343 + 15 Y32 + /225

If ‘@’ and ‘D’ are rational numbers, find the value of a and b in each of the following
equations.

B2 } 543
i) \/— Tz a+b\6 i) m—a bJ15

Find the square root of 11+ 230
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0

In this chapter we have discussed the following points:

P

A number which can be written in the form =, where p and q are integers and q #
0 is called a rational number.

A number which cannot be written in the form B, for any integers p,qand q # 0

q
is called an irrational number.

The decimal expansion of a rational number is either terminating or non-terminating

recurring.

4. The decimal expansion of an irrational number is non-terminating and non-recurring.

10.

11.

12.

The collection of all rational and irrational numbers is called Real numbers.

. There is a unique real number corresponding to every point on the number line.

Also corresponding to each real number, there is a unique point on the number line.
If q is rational and s is irrational, then g+s, g-s, qs and S e irrational numbers.

If n is a natural number other than a perfect square, then Jn is an irrational number.

. The following identities hold for positive real numbers a and b

i) Jab = Vayb ii) \/%=% (b#0)
iii) (Va+vb)(Va-vb)=a=b iv) (a+vb)(a=vb)=a>-b
V) (x/5+x/g)2=a+2\/5+b vi) Ja+b+2/ab =+a+Jb

, we multiply this by Ja-b

1
—_ , Where
Ja+b Ja-b

To rationalise the denominator of

a, b are integers.

Leta> 0, b > 0 be a real number and p and q be rational numbers. Then

i) aP.a%=aP™ ii) (aP)?=aM iii) i
iv) aP.bP = (ab)?

If ‘n’ is a positive integer > 1 and ‘a’ is a positive rational number but not n® power

1
of any rational number then 1y or an is called a surd of nth order.
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02

There are six rows and each row has six plants in a garden. How many plants are there in
total ? If there are ‘x’ plants, planted in ‘x’ rows then how many plants will be there A

in the garden? Obviously itis X

The cost of onions is 10 per kg. Inder purchased
p kg., Raju purchased q kg. and Hanif purchased r kg.
How much each would have paid? The payments would
be X10p,T10q and X10r respectively. All such examples

show the use of algebraic expression.

We also use algebraic expressions such as ‘s> to

find area of a square, ‘Ib’ for area of arectangle and ‘/bh’

for volume of a cuboid. What are the other algebraic expressions that we use?

Algebraic expressions such as 3xy, x2+2x, XX+ 4y + 3, nrz, ax + b etc. are called
polynomials. Note that, all algebraic expressions we have considered so far only have non-

negative integers as exponents of the variables.

Can you find the polynomials among the given algebraic expressions:

1 3
X2, X243, 22—;+5; xz+xy+y2

1

1 1
From the above x2 + 3 is not a polynomial because the first term x?

is a term with an

1 3
exponent that is not a non-negative integer (i.e. 5 ) and also 24 T + 5 is not a polynomial

because it can be written as 2x> — 3x ' + 5. Here the second term (3x" ') has a negative
exponent. (i.e.,—1). Analgebraic expression in which the variables involved have only non-

negative integral powers is called a polynomial.



28

0 4 +50-2 @ »*-8 (i) 5 (iv) 2x2+%—5

v) \/§x2+5y (vi) l+1(x;'&0) (i) fx (vii)) 3 xyz
X

We shall start our study with polynomials in various forms. In this chapter we will also
learn factorisation of polynomials using Remainder Theorem and Factor Theorem and their use
in the factorisation of polynomials.

Let us begin by recalling that a variable is denoted by a symbol that can take any real
value. We use the letters x, y, z etc. to denote variables. We have algebraic expressions

Such as 2x, 3x, —x, %x .... all in one variable x. These expressions S

are of the form (a constant) X (some power of variable). Now,
suppose we want to find the perimeter of a square we use the S S
formula P =4s.

Here ‘4’ is a constant and ‘s’ is a variable, representing the S
side of a square. The side could vary for different squares.

Observe the following table:

A S;de of square Perimeter
(s) (4s)
4cm P=4Xx4=16cm
Scm P=4x5=20cm
10cm P=4x10=40cm

Here the value of the constant i.e. ‘4’ remains the same throughout this situation. That s,
the value of the constant does not change in a given problem, but the value of the variable (s)
keeps changing.

Suppose we want to write an expression which is of the form ‘(a constant) X (a variable)’
and we do not know, what the constant is, then we write the constants as a, b, ¢ ... etc. So



29

these expressions in general will be ax, by, cz, .... etc. Here a, b, c ... are arbitrary constants.
You are also familiar with other algebraic expressions like o +2x+ 1, X +3x% —4x+5.
All these expressions are polynomials in one variable.

* Write two polynomials with variable ‘x’

Write three polynomials with variable ‘y’

Is the polynomial 2%+ 3xy + 5y2 in one variable ?

Write the formulae of area and volume of different solid shapes. Find out the variables
and constants in them.

Each term of the polynomial consists of the product of a constant, (called the coefficient
of the term) and a finite number of variables raised to non-negative integral powers. Degree of a
term is the sum of the exponent of its variable factors. And the degree of a polynomial is the
largest degree of its variable terms.

Lets find the terms, their coefficients and the degree of polynomials:
(i) 3x>+7x+5 (ii) 3x%° +4dxy +7

In the polynomial 3%+ Tx + 5, each of the expressions 3x2, 7x and 5 are terms. Each
term of the polynomial has a coefficient, so in 387+ Tx+5 , the coefficient of ¥ is 3, the
coefficient of x is 7 and 5 is the coefficient of x” (Remember xozl)

You know that the degree of a polynomial is the highest degree of its variable term.

As the term 3x” has the hi ghest degree among all the other terms in that expression, Thus
the degree of 3%+ Tx+5i0s 2.

Now can you find coefficient and degree of polynomial 3x2y3 +4xy +7.

The coefficient of xzy3 is 3, xy is 4 and xoyo is 7. The sum of the exponents of the
variables in term 3xzy3 is 2 + 3 =5 which is greater than that of the other terms. So the degree

of polynomial 3x2y3 +4xy+7is 5.

Now think what is the degree of a constant? As the constant contains no variable, it can be
written as product of . For example, degree of 5 is zero as it can be written as 5x". Now that

you have seen what a polynomial of degree 1, degree 2, or degree 3 looks like, can you write
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down a polynomial in one variable of degree n for any natural number n? A polynomial in one

variable x of degree n is an expression of the form
n n—1
ax +a, x  +...+ax+aq,
where g, Ay, Ay, - - ., @, are constants anda, # 0.

In particular, ifay=a, =a,=ay=...=qa,=0(i.e. all the coefficients are zero), we get
the zero polynomial, which is denoted by ‘0.

Can you say the degree of zero? It is not defined as we can’t write it as a product of a

variable raised to any power.

1. Write the degree of each of the following polynomials

Q) T +52+2x—6 () 7—x+3x
(i) Sp-+3 @ (G(v) 2 V) —5xy°
2. Write the coefficient of x° in each of the following
@ 15-3x+2¢ G) 1-x° i) M’ —3x+5 (v) +2x>+5x—1

Let us observe the following tables and fill the blanks.

(1 Types of polynomials according to degree :

Degree of ; Name of the Example
polynomial polynomial
R — 1
Not defined Zero polynomial 0
| 3
| Zero Constant polynomial -12; 5; 2 etc
) F ORI x—12; —7x+ 8; ax + b etc.
2 Quadraticpolynomial e,
3 Cubic polynomial 3 - 2% + 5x + 7

Usually, a polynomial of degree ‘n’ is called nh degree polynomial.
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(ii) Types of polynomials according to number of terms:

Number of non - zero . Name of the Example Terms |
terms polynomial |
1 Monomial —3x —3¢
2 Binomial 3x+5 | 3x, 5
3 Trinomial 22 +5x+1 M | ..
More than 3 Multinomial | ooveveeei 3x7, 2%, ~Tx, 5
__ I

A polynomial may be a multinomial but every multinomial need not be a polynomial.

A linear polynomial with one variable may be a monomial or a binomial.

Eg: 3x or2x-5

WRILE

How many terms a cubic (degree 3) polynomial with one variable can have?

Give examples.

If the variable in a polynomial is x, we may denote the polynomial by p(x), g(x) or r(x)

etc. So forexample, we may write

rrrr

1. Writea polynomial with Hesd
2 terms in variable x.

px) = 32+ 2x + 1

q(x)=x3—5x2+x—7
A 2. How can you write a
ry=y -1 polynomial with 15 terms

in variable p ?
() =2 +57+3 .

A polynomial can have any finite number of terms.

So far mostly we have discussed the polynomials in one variable only. We can also have

polynomials in more than one variable. For example x + y, X+ 2xy + yz, X - y2 are
3

polynomials in two variables x, y. Similarly X+ y2 +22, O+ y3 +2°are polynomials in three

variables. You will study such polynomials later in detail.
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. Find the degree of each of the polynomials given below

Q) ©-x*+3 G) L+x-5 (i) 5
) 3°+6y°—7 (v) 4—y? i) 5t— 43

Which of the following expressions are polynomials in one variable and which are not ?
Give reasons for your answer.

2
@ 3x%—2x+5 (i) +2 (i) p>-3p+q () y+;(y¢0)

™ Syx+xs o) x'% 410

Write the coefficient of x° in each of the following

0 CHx+l () 2-F+X5 i) 2 +5 (v) 2 +5
T 3 . 2 3 . 2 o
v) EX +x (vi) —gx (vii) 2x“ +5 (vi) 4
Classify the following as linear, quadratic and cubic polynomials
0 S%+x-7 () x=x i) x* +x + 4 (iv) x—1
W 3p v 7

Write whether the following statements are True or False. Justify your answer
(1) A binomial has two terms
(i) Every polynomialis a binomial
(i) A binomial may have degree 3
(iv) Degree of zero polynomial is zero
(v) The degree of X+ 2xy + y2 is 2
V) 7 is a monomial.

Give one example each of a monomial and trinomial of degree 10.

Consider the polynomial p(x) = X’ +5x+4.
What is the value of p(x) atx=1?

For this we have to replace x by 1 every where in p(x)



()% +5(1) +4,
1+5+4=10
So, we say that the value of p(x) atx=11s 10

Bydoingthis p(1)

we get

Similarly find p(x) forx=0and x=-1
p(0) = (0)*+5(0) + 4 pD =D
=0+0+4

=4

Can you find the value of p(—4)?
o Consider another polynomial
sy = 4 =57 -y +6
s(1) = 4(1)* = 5(1)° = (1)* +
=4 -51)-1+6
=4-5-1+6
10-6

=4
Canyoufind s(-1)?

o Now consider the polynomial r(f) =¢—1
Whatis r(1)? Itis r(1)=1-1=0
Asr(1)=0, we say that 1 is a zero of the polynomial r(¢).

In general, we say that a zero of a polynomial p(x) is the value of x, for which p(x)=0.

FRree DisTriBuTION BY T.S. GOVERNMENT 2019-20
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This value is also called a root of the polynomial p (x)=0
What is the zero of polynomial fix) =x+1?

You must have observed that the zero of the polynomial x+ 1 is obtained by equating
itto 0. i.e., x+ 1 =0, which gives x=—1.If f{x) is a polynomial in x then f(x) =0is called a
polynomial equation in x . We observe that ‘~1" is the root of the polynomial f{x) =0 in the
above example. So we say that ‘—1" is the zero of the polynomial x + 1, or aroot of the polynomial

equation x + 1 =0.

. . k "B
e Now, consider the constant polynomial 3. .

Can you tell what is its zero ? It does not Find zeroes of the followiﬂé"" o
have a zero. As 3 = 31 no real value of x polynomials

gives value of 3x". Thus a constant polynomial 1. 2x—3 2. X’ =5x+6

has no zeroes. But zero polynomial is a 3. x+5

constant polynomial having many zeros.

p(x) =x+ 2. Find p(1), p(2), p(-1) and p(-=2). Which among 1, 2, -1 and

—2 becomes the 0 of p(x)?

Let p(x) =x+2

replace x by 1

p(H)=1+2=3
replace x by 2

p2)=2+2=4
replace x by —1
pDH=-1+2=1
replace x by —2
p(-2)=-2+2=0
Therefore, 1,2, -1 are not the zeroes of the polynomial x + 2, but -2 is the zero of the
polynomial.

] Find zero of the polynomial p(x) =3x+ 1

Solution : Finding azero of p(x), is same as solving the equation

plx) =0

ie. 3x+1 =0
3x = -1

1
Y= ——




1
So, 3 is a zero of the polynomial 3x + 1.

Example-3.  Find zero of the polynomial 2x— 1.

Solution : Finding a zero of p(x), is the same as solving the equation p(x) =
As2x-1=0
X = > (how ?)

1
Check it by finding the value of P (Ej

2.4 (b) ZERO OF THE LINEAR POLYNOMIAL,IN ONE VARIABLE

Now, if p(x) =ax+b, a #0, alinear polyno ow you find a zero of p(x)?

As we have seen to find zero of a polynomial p(x), we need to solve the polynomial

equation p(x) =0
Whichmeans ax+b=0, a
So ax =-b

e, x=
a

Zero of the polynomial

FRree DisTriBuTION BY T.S. GOVERNMENT 2019-20




Example-4.  Verify whether 2 and 1 are zeroes of the polynomial x> = 3x+2 ornot?

Solution: Let p(x) = x*—3x+2
replace x by 2
pQ2) = (2 -3(2)+2
=4-6+2=0
also replace x by 1
p() =(1)°=3(1)+2
=1-3+2
=0
Hence, both 2 and 1 are zeroes of the polynomi -3x+2.

Is there any other way of checking this?

What is the degree of the polynomial X - 2 ? Isitalinear polynomial ? No,
itis a quadratic polynomial. He a quadratic polynomial has two zeroes.

Example-5. If 3 is a zero of the po a, then find a.

Solution : Let p(x) = X+ 2x

As the zero of this polyno i ow that p(3) =0.

¥ +2x—a =0

Putx =3, ( B3)—-a=0
9+ a=0
15-a=0

Free DisTriBUTION BY T.S. GOovERNMENT 2019-20
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2. Find p(0), p(1) and p(2) for each of the following polynomials.
M pO=x'-x+l (i) py)=2+y+2° -y’
(i) p)=2 ) p@) =@¢-1@+1)
v) px) = ¥ —3x+2

3. Verity whether the values of x given in each case are the zeroes of the polynomial or not?.

@) p(x)=2x+1;x=—% (i) p(x)=5x—n;x=_73

i) p()=x"—1; x=+1 (v) px)=(x-Dx+ 2); x=—1,-2
b

V) pO)=y%y=0 V) p) = @x+b; x=—=

Sy

1 2 1
. _ 2 1. —_ , — _ - =
(vi) filx)=3x"-1; X _\/g _\/5 (vii) f(x)=2x-1,x >

4. Find the zero of the polynomial in each of the following cases.
i f=x+2 @) fo=x-2 () fv)=2c+3
) f)=2x-3 O) fw=x ) fo)=px, p#0
(vi) fixy=px+gq, p # 0, p g are real numbers.
S. If 2 isazero of the polynomial p(x)= 2x*> = 3x+7a, then find the value of a.

6. If 0 and 1 are the zeroes of the polynomial f(x) = 2x° = 3x% + ax + b, then find the
values of a and b.

IVIDINC
Observe the following examples

(i) Letus consider two numbers 25 and 3. Divide 25 by 3. We get the quotient 8 and
remainder 1. We write
Dividend = (Divisor X Quotient) + Remainder
So, 25=(8 x3)+1
Similarly divide 20 by 5, we get 20=(4 X 5)+0
The remainder here is 0. In this case we say that 5 is a factor of 20 or 20 is a multiple

of 5.

As we divide a number by another non-zero number, we can also divide a polynomial by
another polynomial? Let’s see.
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(i) Divide the polynomial 3+ +x by the monomial x (x #0).

3 9 3¢ X x
We have Bx" +x" +x) + x= —+—+—
X X X

=3 +x+1

In fact x is a common factor to each term of 3x° + x°

3 +x° +x as x(3x2+x+ 1)

What are the factors of 3x° + x> + x ?

@) Consider another example (2x2 +x+1) +x (x#0)

2
2x X

1
Here, (2x2+x+ ) +x = L rD
X X X

1
=2x+ 1+ —
X

Isitapolynomial ?

1 g . A
As one of the term — has a negative integer exponent (i.e. Pt )
X

1
.. 2x+ 1+ — isnot a polynomial.
X

‘We can however write

2 +x+1) =[x X 2x+ D]+ 1

+x So we can write

2x+1

| 237 +x+1

—2x2
x+1

- X

By taking out 1 separately the rest of the polynomial can be written as product of two

polynomials.

Here we can say (2x+ 1) is the quotient, x is the divisor and 1 is the remainder. We must

keep in mind that since the remainder is not zero, ‘x’ is not a factor of 2% +x+1.

Do THE

1. Divide 3y’ +2y>+y by ‘y’ and write division fact
2. Divide 4p2 +2p+2 by “2p’ and write division fact.

I Divide 3x* +x—1 by x+ 1.

Consider p(x) =3x*+x—1 and g(x) =x+ L.

Divide p(x) by g(x). Recall the division process you have learnt in earlier classes.

2

.. X . . . .
Step 1: Divide — =3x, it becomes first term in quotient.
X
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Step 2 : Multiply (x+ 1) 3x=3x>+3x 3x—2
2
by subtracting 3x” + 3x from 3x% + x, we get —2x x+ 153x +x—1
Dy 3x% +3x
Step 3 : Divide T = -2 it becomes the 2nd term in the quotient. — — W
-2x-1
Step 4 : Multiply (x+ 1)(=2) =-2x -2, Chyen
Subtract it from —2x — 1, which gives ‘1°. + o+
+1

Step 5 : We stop here as the remainder is 1, a constant.
(Can you tell why a constant is not divided by a polynomial?)

This gives us the quotient as (3x —2) and remainder (+1).

The division process is said to be complete if we get the remainder O or the degree of
the remainder is less than the degree of the divisor.

Now, we can write the division fact as
3+ x—1=(+1)(Bx-2)+1
1.e. Dividend = (Divisor X Quotient) + Remainder.
Let us see by replacing x by —1 in p(x)
px) = 3¢ +x—1 | Itis observed that p(—1) is same as the
p(=1)= 3(—1)2 +(-1)—-1 remainder ‘1’ by obtained by actual division.
=3+D)+(-)-1=1.

So, the remainder obtained on dividing p(x) = 3 +x—1 by (x+1) issameasp (-1)

where -1 is the zeroof x + 1. i.e. x=-1.
2x° —2x* —2x-5
x—1>2x4—4x3—3x—1

Let us consider some more examples.

/. Divide the polynomial 2t —4x® - 3x—1

4 3
by (x— 1) and verify the remainder with zero of the divisor. % r- i X
tion : Let f(x) = 2x" —4x’ —3x -1 o —3x-1
First see how many times 2 is of x. —2x7 +2x°
+ —_
4
2i=2)€3 -2x* -3x-1
v 2
Now multiply (x — 1) (2x%) = 2x* — 2x° ;2)6 *2x
Then again see the first term of the remainder that —5x—1
is —2x°. Now do the same. —5x +5
+ —_

-6
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Here the quotient is 2x% - 2x* = 2x—5 and the remainder is —6.
Now, the zero of the polynomial (x—1)is 1.
Putx=1 in f(x), f(x) = at -4 —3x -1
A =2(D)* =41 =3(1) - 1
=2(1)-41)-3() -1
=2-4-3-1
=-6
Is the remainder same as the value of the polynomial f(x) at zero of (x—1) ?
From the above examples we shall now state the fact in the form of the following theorem.

It gives a remainder without actual division of a polynomial by a linear polynomial in one
variable.

Remainder Theorem :

Let p(x) be any polynomial of degree greater than or equal to one and let ‘a’
be any real number. Ifp(x) is divided by the linear polynomial (x —a), then the
remainder is p(a).

Let us now look at the proof of this theorem.
Proof : Let p(x) be any polynomial with degree greater than or equal to 1.

Further suppose that when p(x) is divided by a linear polynomial g(x) = (x — a), the
quotientis g(x) and the remainder is r(x). In other words, p(x) and g(x) are two polynomials
such that the degree of p(x) >degree of g(x) and g(x) # 0 then we can find polynomials g(x)
and r(x) such that, where r(x) =0 or degree of r(x) < degree of g(x).

By division algorithm,
px) =g . g(x) + r(x)
P =(x=a).qkx) + r(x) g =(x-a)
Since the degree of (x —a) is 1 and the degree of r(x) is less than the degree of (x — a).
-, Degree of r(x) =0, implies r(x) is a constant, say K.
So, for every real value of x, r(x) =K.

Therefore,
px)=(x—-a)qx)+K
If x=a, then p(a) =(a—a) gla) + K
=0+K
=K
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Hence proved.

Letus use this result in finding remainders when a polynomial is divided by a linear polynomial

without actual division.

Find the remainder when x° + 1 divided by (x+ 1)
Here p(x) =x> + 1
The zero of the linear polynomialx+1 is =1 (x+1=0 = x=-1)
So replacing x by —1
p-1) =D +1
=-1+1
=0

So, by Remainder Theorem, we know that (x3 + 1) divided by (x + 1) gives 0 as the

remainder.
You can also check this by actual division method. i.e., £+l byx+1.

Can you say (x + 1) is a factor of (x3 +1)?

Check whether (x —2) is a factor of =2 —5x+4
Let p(x) =x° —2x> —5x+ 4
To check whether the linear polynomial (x —2) is a factor of the given polynomial,
Replace x, by the zeroof (x—2) ie. x—2=0=x= 2.
pQ) = (2’ =22 ~5(2) + 4
=8-2(4)-10+4
=8-8-10+4
=-06.
As the remainder is not equal to zero, the polynomial (x—2) is not a factor of the given
polynomial X —2x% - 5x + 4.
I Check whether the polynomial p(y) = 4y° +4y* —y— 1 is a multiple of 2y + 1).
As you know, p(y) will be amultiple of (2y + 1) only, if (2y + 1) divides p(y) exactly.

-1

We shall first find the zero of the divisor, 2y + 1, i.e., y= ER



-1
Replace y by B3 in p(y)

(GRGRGREN
3l

=_—1+1+l—1
2

=0
So, (2y + 1) is afactor of p(y). Thatis p(y) i

Example-11.  If the polynomials ax® +3x* =13 and 2
the same remainder, find the value of a.

Solution : Let p(x) = ax® +3x% -
-+ p(x) and g(x) when divi

s p(2)=4Q2)

a2’ +32y° - 13=22° -5

iple of (2y + 1).

5x + a are divided by (x—2) leave

—5x+a

ve the same remainder.
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3. Find the remainder when 2x*—3x + 5 is divided by 2x — 3. Does it exactly divide the
polynomial ? State reason.

2
4. Find the remainder when 9x° — 3x* + x— 5 is divided by x— 3

S. If the polynomials 20 +ax? +3x—5 and x> + x> — 4x + a leave the same remainder
when divided by x —2, find the value of a.

6. If the polynomials x>+ ax? +5and x° — 2x° + a are divided by (x+2) leave the same
remainder, find the value of a.

7. Find the remainder when f (x) = x*—3x +41is divided by g(x)=x—2 and verify the
result by actual division.

8. Find the remainder when p(x) = ¥ — 6% + 14x =3 is divided by g(x)=1-2x and
verify the result by long division.

9. When a polynomial 2% +3x% + ax + b is divided by (x — 2) leaves remainder 2, and
(x + 2) leaves remainder —2. Find @ and b.

LY AIAL

As we have already studied that a polynomial g(x) is said to have divided a polynomial
p(x) exactly if the remainder is zero. In this case g(x) is a factor of p(x).

Forexample. When  p(x) =4x> +4x” —x—1 isdivided by g(x) = 2x + 1, if the remainder
is zero (verify)

then4x® + 4> —x -1 =q(x) 2x+ 1) + 0

So px) =qgx) 2x+1)

Therefore g(x) = 2x + 1 is a factor of p(x).

With the help of Remainder Theorem can you state a theorem that helps to find the factors
of a given polynomial ?

Factor Theorem : If p(x) is a polynomial of degree n > 1 and ‘a’ is any real

number, then (i) x — a is a factor of p(x), if p(a) = 0 (ii) and its converse

“if (x — a) is a factor of a polynomial p(x) then p(a)=0.

Let us see the simple proof of this theorem.
Proof : By Remainder Theorem,

px) =(x—-a) g(x) +pla)
(i) Consider proposition (i) If p(a) =0, thenp(x) = (x —a) g(x) + 0.
=(x—a) q(x)
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(ii)

Which shows that (x — a) is a factor of
p(x).

Hence proved.

Consider proposition (ii) Since (x — a) is
a factor of p(x), then p(x) = (x — a) g(x)
for some polynomial g(x)

(a—a)q(a)
=0

. p@

.. Hence p(a) =0 when (x—a) is a factor
of p(x)

Let us consider some more examples.

Let p(x)= a’ + b’ +cx+d (a # 0)and

(x—1)is afactor of p(x) = p(1)=0
=a+b+c+d=0

i.e. the sum of the coefficients of a
polynomial is zero then (x — 1) is a factor

Let p(x)= a + b’ +ex+d (a # 0)and
(x+ 1)is afactor of p(x) = p(-1)=0
=b+d=a+c

i.e. the sum of the coefficients of even
power terms is equal to the sum of the
coeffients odd power terms then (x + 1) is
afactor.

Examine whether x + 2 is a factor of x° + 2x> +3x + 6

Let p(x) = x3+2x2+3x+6andg(x):x+2

The zero of g(x) is —2

Then
=—8+24)-6+6
=—8+8-06+6
=0

p(=2) =(=2)° +2(-2>+3(-2)+6

So, by the Factor Theorem, x + 2 is a factor of X+ 2x° +3x +6.

Find the value of K, if 2x — 3 is a factor of 2%° -9 + x + K.

(2x = 3) is a factor of p(x) = 2% = 9x% + x + K,

3
If 2x—=3)=0then x= 5

3
. The zero of (2x—3) is 5

3
If (2x—3) is a factor of p(x) then P (—) =0

2
px) = 200 -9 +x + K,

- ()

= Z[ZJ —9(2] +§+K =0
8 4 2

= (2—7—E+E+K=O)x4
4 4 2

3 2
2(2) —9@] +§+K =0
2 2 2




27-81+6+4K=0

48 +4K =0
4K =48
So K=12

Example-14.  Show that (x — 1) is a factor of x'®~1 and also of x!'=1.
Solution : Let p(x) =x'"— 1 and g(x) = x'' - 1

To prove (x—1) is afactor of both p(x)and g(x), itiss
and g(1) =0.

to show that p(1) =0

Now
px) = 10—
p(H)=1"-1
=1-1
=0
Thus by Factor Theorem,

(x—1) is a factor of bot

We shall now try to factori
a #0and a, b, c are constants).

c=gqs
This shows that b is the sum of two numbers ps and gr,
whose product s (ps) (gr) = (pr)(gs)

=ac

Therefore, to factorise ax® + bx + ¢, we have to write b as the sum of two numbers
whose product is ac.
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Example-15.  Factorise 3x° + 11x + 6

Solution : If we can find two numbers p and g suchthat p+¢g=11and pg=3 X 6 =18, the

we can get the factors.

So, let us see the pairs of factors of 18.

(1, 18), (2,9), (3, 6) of these pairs, 2 and 9 will satisfy p+¢g=11

So 3+ 1lx+6 =3 +2x+9x+6
=xBx+2)+30Bx+2)

=Gx+2) (x+3).

Now, consider an example.

Example-16. Verify whether

show (x —1) are the factors of 2x* — 6x° + 3x* + 3x — 2.
p0) =2t —6x} + 32 +3x -2
en  p2) =20*-6(2° +3(2)*+3(2)-2
=2(16) — 6(8) + 3(4) + 6 -2
=32-48+12+6-2
=50-50
=0
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As p(2) =0, (x —2) is a factor of p(x).

Then p(1) = 2(D*=6(1)° +3(1)* +3(1) -2
= 2(1)-6(1)+3(1) +3-2
=2-6+3+3-2
=8-8
=0

As p(1) =0, (x—1) is a factor of p(x).

As both (x — 2) and (x — 1) are factors of p(x), then their product ¥ —3x+2 isalsoa
factor of p(x) = 2x* — 6x° + 3x% + 3x - 2.

Factorise x° — 23x2 + 142x = 120 |¢ (x—y) | (" =)y"),foralln e N

(x+y) | (" —y"), where n is even

Let p(x) = x> —23x% + 142x — 120

(x+y) | " +y"), where n is odd
By trial, we find that p(1)=0. (verify)

(x-y) }I (" +y",forallne N

So (x — 1) is a factor of p(x)

When we divide p (x) by (x—1), we get ** - 22x + 120.
Alternate method:
= 23x% 4+ 142x = 120 = x° —xF = 22x% + 22x + 120x — 120
= P(x—1)—22x(x—1)+ 120 (x— 1) (why?)
= (x—1) (x* = 22x + 120)

Now x* - 22x + 120 isa quadratic expression that can be factorised by splitting the
middle term. We have

¥ —22x+120= x> — 12x — 10x + 120

x(x—12) =10 (x = 12)
=(x—-12) (x - 10)
So, x* = 23x% + 142x — 120 = (x - 1) (x — 10) (x - 12).
Note : a | b (a divides b) means a is a factor b.

o a }' b (a does not divide b) means « is not a factor of b.
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1. Determine which of the following polynomials has (x + 1) as a factor.

3 2

i x-x—-x+1 (i) AR R

—x+1
@) x*+2°+2%+x+1 ) - -(B-3)x+ 3

2. Use the Factor Theorem to determine whether g(x) is factor of f{x) in each of the

following cases :

1 fix) =5 + x> —5x— I, glo)=x+1

G) fix) = X +3°2+3x+1, gl)=x+ 1

(i) fix) =xX° -4 +x+6, gl)=x—2

(V) fix) =3 +x°—20x+ 12, g(x)=3x—2

V) flx) =4x +20x% + 33x + 18, g(x) = 2x + 3
3. Show that (x —2), (x + 3) and (x = 4) are factors of x° — 3x% — 10x + 24.
4. Show that (x +4), (x — 3) and (x — 7) are factors of x° — 6x> — 19x + 84.

1
S. Ifboth (x—2)and (x —Ej are factors of px2 + 5x + r, then show that p =r.

6. If (x2 — 1) is a factor of ax* + b + o + dx + e, then show thata + c +e =b+d =0
7. Factorise (i) x° =2x>—x+2 (i) ¥’ =3x>=9x-5
(i) X + 13¥°+32x+20  (iv) Y +y*—y—1

8. If ax’ + bx + c and bx> + ax + ¢ have a common factor x + 1 then show that
c=0anda=bh.

9. If x> = x — 6 and x* + 3x — 18 have a common factor (x — a) then find the value of a.

10. If (y—3)is a factor of y3 = 2y2 -9y + 18 then find the other two factors.

Recall that an algebraic Identity is an algebraic equation that is true for all values of the

variables occurring in it. You have studied the following algebraic identities in earlier classes
Identity I: (x + y)2 = x2+ 2xy + yz

Identity II : (x — y)2 = x’- 2xy +y2
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(ii)
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Identity TIT : (x +y) (x —y) = x> —)?

Identity IV : (x + @)(x + b) = x* + (a + b)x + ab.
Geometrical Proof :

For Identit —y)° 1
y o=y _ £ (x-y) xy  [(yxy)
Step-I Make a square of side x. )
4
Step-11 Subtract length y from x. .
Step-I11 Calculate for (x — y)2 x (ey) (x-y)’ X
=X - [x=-»y+ G-y y+y] o
_ 2 2 2 2 ~
=X Xy +y —xy+y -y d )
= x2 2 g x-y —y—>
=x"—-2xy+y v = 2
Try to draw the geometrical figures for other identities.
O (+y)’=a’+ 2+ (i) (et y)r-y)=2"-y

() (x+a)(x+b)=x*+(a+b)x+ab

iv) (x+a)(x+b)(x+c)= x3+(a+b+c)x2+(ab+bc+ca)x+abc

Find the following product using appropriate identities

O (x+5) @+5) () @-3)@+3) @O-DHG-D
V) ¢+2)@+4)  (v)102 x 98 VD) c+1) (x+2) (x+3)

Identities are useful in factorisation of algebraic expressions. Let us see some examples.

)

nle-18.  Factorise
G x> +5x+4 (i) 9x*—25
(i) 25a° + 40ab + 16b° (iv) 49x% — 112xy + 64y°
on
Here x* + 5x + 4= x> + (4 + Dx + (4) (1)
Comparing with Identity (x +a) (x +b) = 2+ (a@a+b)x+ab
we get (x+4) (x+ 1).
9x% =25 = (3x)> - (5)°
Now comparing it with Identity III, X’ - y2 = (x+y)(x—y), we get
5 9% —25=(3x+5) (3x-5).
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(i) Here you can see that
25a* + 40ab + 16b> = (5a)* + 2(5a) (4b) + (4b)*
Comparing this expression with X+ 2xy + yz,

we observe that x =5a and y =4b

Using Identity I, (x + y)2 = x2+ 2xy + y2
we get 254> + 40ab + 16b* = (5a + 4b)?
= (5a + 4b) (5a + 4b).

(iv) Here 49x° — 112xy + 64y2 , we see that Ot y)z + (- y)2 _ 2(x2 + yz)

4957 = (Tx)’,  64y” = (8y)” and o ()’ - -y =4y
112 xy = 2(7x) (8y)

Thus comparing with Identity II,

(x -y = x* = 2xy +?,

we get, 49x% — 112xy + 64y* = (7x)* = 2(7x) (8y) + (8y)*
= (7x - 8y)°
= (7x = 8y) (7x — 8y).

SE

Factorise the following using appropriate identities

9 y
) 494° + 70ab + 25b° i ZxP-L
) 49a a (i) 16 9
Gii) 2 —27+1 (v) x*+3x+2

So far, all ouridentities involved products of binomials. Let us now extend the identity I to
a trinomial x +y + z. We shall compute (x +y + 2%

Let x+y=t then (x+y+z)2 =(t+ Z)2
= +2z+ 7 (using Identity I)
=(x+ y)2 +2(x+y)z+ 2 (substituting the value of ‘t’)
=x2+2xy+yz+2xz+2yz+z2

By rearranging the terms, we get X+ y2 +2+ 2xy +2yz + 2zx



51

Alternate Method :
You can also compute (x +y + z)2 by regrouping the terms
[+ y) + 27 =@+ +26+)) (@) + @)
=X+ 2xy + y2 + 2xz + 2yz + 7 [From identity (1)]
= Xy P+ 20y + 27+ 242

In what other ways can you regroup the terms to find the expansion ? Will you get the same

result ?

So, we get the following Identity

Identity V:(x +y +2)% = x2+y2+z2+2xy+2yz+2zx
|

Expand (2a+3b+ 5) using identity.
Comparing the given expression with (x +y + z)z,
we find that x =2a, y=3bandz=5
Therefore, using Identity V, we have
(2a +3b + 5)* = 2a)* + 3b)* + (5)% + 2(2a)(3b) + 2(3b) (5) + 2(5) (2a)
= 4a* + 9b* + 25 + 12ab + 30b + 20a.

Find the product of (Sx —y+2) Sx—y +2)
Here (5x—y+72) (5x—y+z):(5x—y+z)2
= [Sx+ () + 2
Therefore using the Identity V, (x +y + )%= x*+ y2 +2+ 2xy + 2yz + 2zx, we get
52+ (=) +2)° = (507 + () + @ +2(5) (-3) + 2() (@) + 2(2) (5)
= 25x2 + y* + 22 — 10xy — 2yz + 10zx.

p! Factorise 4x* + 9y* + 25z% — 12xy — 30yz + 20zx
We have
4x% + 9y + 257% — 12xy — 30yz + 20zx
= [(22) + (=3y)” + (52)° + 2(2x)(=3y) + 2(=3y)(52) + 2(52)(2x)]



Comparing with the identity V,

(c+y+2)° = x> +y* +25 +2xy + 2z + 2zx, we get

=(2x -3y +52)°

=(2x -3y +52) 2x -3y + 52).

So far, we have dealt with identities involvin

deg
Identity I to find (x + y)3. ]
We have
(43 = 4y’ ety V
= (x2 +2xy+y) (x+y)
= x(x2 + +y 2xy + y2)
=X 2+xy+2xy2+y3
S 3x2y + 3xy” + y3

3+3xy(x+y)+y3

e terms. Now let us extend

You get the next identity as

Identity VII: (x — y)3 = x3- y3 - 3xy (x —y).

= x- 3x2y + 3xy2 —y3

Let us see some examples where these identities are being used.
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Example-22.  Write the following cubes in the expanded form
() 2a+3b)* (i) 2p-5)°

Solution : (i) Comparing the given expression with (x + y)3, we observe that x=2a =3b
So, using Identity VI, we have

(2a + 3b)’ = 2a)® + (3b)* + 3(2a)(3b) (2a + 3b) Q;

=84’ +27b° + 18ab (2a + 3b)

=84’ + 27b° + 364°b +54 ab®
=84’ + 36a’b + 54ab* + 27
(i) Comparing the given expression with (x — y)3 obse atx=2pandy=>5
So, using Identity VII, we have V
@p-57= 2p)’ - ()’ -32p)5) 2p-5)
=8p> —125-30p 2p - 5)

=8p> — 125 - 60,
=8p3—60p2 p— 1

Example-23. Evaluate each of the following using suitable identities
(i) (103)° (i) (99)°

Solution : (i) We have

(10
mpa with (x + y)3 = x4+ y3 + 3xy(x +y) we get

= (100)° + (3)® + 3(100) (3) (100 + 3)

1000000 + 27 + 900(103)
< ’ = 1000000 + 27 + 92700
= 1092727.
% (i) We have (99)° = (100 - 1)?
Comparing with (x — y)3 = x° - y3 —3xy(x —y) we get

= (100)* = (1)* = 3(100)(1) (100 — 1)
= 1000000 — 1 — 300 (99)
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= 1000000 — 1 - 29700

=970299.

Example-24. Factorise 8% + 36x2y + 54xy2 + 27y3.
Solution : The given expression can be written as
8x% + 36x%y + 54xy” + 27y = (2x)° + 3(2x)* 3y) + 3(2x) ()@

Comparing with Identity VI, (x+y)° = x>+ 3x%y + 3

8x° +36x%y + 54xy° +27y° = (2x+3y

(2x + 3y).

Now consider (x+y + z) o + 2+z2—xy—yz—zx)
et the product as
—yz =) + YO+ Y+ = xy —yz - 20)
+ 200+ + -y — vz - 2%)
oo s o
NIV

+ z3 —3xyz (on simplification)

Identity VIII : (x +y +2) (x2+y2+z2—xy —-yz—Xxz7) = x3+y3+z3—3xyz

Example-25. Find the product

(2a+b+c)(4a2+b2+c2—2ab—bc—2ca)
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Solution : Here the product that can be written as

= Qa+b+c)[a)’ +b* + & — 2a)b) — (b)) - (c) 2a)]
Comparing with Identity VIII,
Gty +) (C+y+ 28—y —yz-20) = X4y 42 - 3ay
= (2a)’ + (b + ()’ = 3(2a) (b) (c)

=8a° + b + & — 6abc

Example-26. Factorise @® — 8b° — 64¢> — 24abe
Solution : Here the given expression can be written as

@ — 8> — 64¢c® — 24abc = (a)® + (-2b)°

Comparing with the identity VIII,

Py - 3z (x+y+2)

we get factors as

ve possible values for length and breadth of the rectangle whose area is
9x 5.

Solution : Let [, b be length and breadth of a rectangle
ea of rectangle = 2% +9x -5
b =2x*+9x -5
=27+ 10x—x -5
=2x(x+5)—-1(x+5)
=(x+52x-1)
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length=(x +5)
breadth=(2x—-1)
Let x=1,

Can you find more values ?

. Use suitable identities to find the following products

) +5x+2) i) (x-=5)(x-5) @i) Bx+2)3x—2)

v [2es)e )
W (X )P 0 140+

X X

. Evaluate the following products without actual multiplication.

1 1
@ 101x99 (i) 999 x999 (i) 505X495

iv) 501x501 (v) 30.5 x29.5

. Factorise the following using appropriate identities.

() 16x% + 24xy + 9y* () 49> —4y+1
y2
(i) ~ 4x> y (iv) 1842 - 50
V) X+5x+6 (vi) 3p® —24p + 36

. Expand each of the following, using suitable identities

Q) (c+2y+42)° G) (a-3b)° (i) (—2a+ 5b —3c)*

a b .Y 2 Y
(iv) (Z‘E“) v (@+1) (vi) (x—;yj

. Factorise

() 25x° + 16)” + 42> — 40xy + 16yz — 20xz
(i) 9a® +4b> + 16¢ + 12ab — 16bc — 24ca
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15.

16.
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If a+b+c =9 and ab + bc + ca = 26, then find a* + b> + ¢~

Evaluate the following using suitable identites.

G (99)° G) (102)° (i) (998)° (v) (1001)°
Factorise each of the following
() 8a + b+ 124°b + 6ab* Gi) 8a° —b> — 12a°b + 6ab’
12 6 1
i) 1 - 64a® — 12a + 484> Gv) 8p°——p ' +—p-—

5 25 125
Verify () x* +y° = (x+y) = xy+)7) (i)x’ =y’ = (x—y) (7 +xy+y)

using some non-zero positive integers and check by actual multiplication. Can you call
these as identites ?

Factorise (i) 274 + 64b° (i1) 343y3 — 1000 using the above results.

Factorise 27x° + y3 +70— 9xyz using identity.

3

1
Verify that x>+ + 2> — 3xyz = 5(X+y+z)[(x—y)2 +(y—2)" +(z—%)°]

@If x+y+z=0, showthatx3+y3+z3=3xyz.
(b) Show that (a—b)> + (b—c)’+ (c—a)’ =3 (a—b) (b—c) (c—a)

Without actual calculating the cubes, find the value of each of the following

0D (10 + ()’ +(3)° (i) (28)° +(=15)* + (-13)
1Y (1Y (s5Y
(iii) [Ej +(§j —(gj (v) (0.2)> = (0.3)° +(0.1)°

Give possible expressions for the length and breadth of the rectangle whose area is given
by () 4d®+4a-3 (i) 254> —35a + 12

What are the possible polynomial expressions for the dimensions of the cuboids whose
volumes are given below?

i 3x° - 12x (i) 12y% + 8y — 20.
If 2(a2+b2) = (a+b)2, then show that a=b
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In this chapter, you have studied the following points.
1. A polynomial p(x) in one variable x is an algebraic expression in x of the form
1

— n— 2
px)=ax +a,;x  +.... + ax” +a x + ay, where ay, a, a,, .... a, are

respectively the coefficients of K0, x 2, ... X and nis called the degree of the polynomial

ifa, #0. Each a,x"; an_lx"_l ; ... g, is called a term of the polynomial p(x).

2. Polynomials are classified as monomial, binomial, trinomial etc. according to the number
of terms in it.

3. Polynomials are also named as linear polynomial, quadratic polynomial, cubic polynomial
etc. according to the degree of the polynomial.

4. Areal number ‘a’ is azero of a polynomial p(x) if p(a) =0. In this case, ‘a’ is also called
aroot of the polynomial equation p(x) = 0.

5. Every linear polynomial in one variable has a unique zero, a non-zero constant polynomial
has no zero.

6. Remainder Theorem : If p(x) is any polynomial of degree greater than or equal to 1 and
p(x)is divided by the linear polynomial (x — a), then the remainder is p(a).

7. Factor Theorem : If x — a is a factor of the polynomial p(x), then p(a) =0. Also if
p(a) =0 then (x — a) is a factor of p(x).

8. Some Algebraic Identities are:
(@) ()c+y+z)2 = x2+y2+zz+2xy+2yz+2zx
(i) @ +y)’
(i) (x —y)’

V) X+ +2 -3xyz= (x+y+2) (C+y>+ 22 —xy—yz—2zv) also
2

x +y3 + 3xy(x +y)

=y = 3xy(x - y)

V) X +y = (x+y) (F = xy+y7)
M) X =y = x-y) F+xy+))

wi) x* + 4yt = [+ )7 + Y71 [ = y)* + 7]

Brain teaser

If \/x+\/x+\/x+... = \/x\/x\/r then

what is the value of x.
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03

You may have seen large structures like bridges, dams, school buildings, hostels,

hospitals etc. The construction of these structures is a big task for the engineers.

Do you know how we estimate the cost of the construction? Besides wages of the
labour, cost of cement and concrete. It depends upon the size and shape of the structure.

The size and shape of a structure include the foundation, plinth area, size of the walls,
elevation, roof etc. To understand the geometric principles involved in these constructions, we
should know the basic elements of geometry and their applications.

We also know that geometry is widely used in daily life activities such as paintings,
handicrafts, laying of floor designs, ploughing and sowing of seeds in fields. So in other words,

we can say that the life without geometry is unimaginable.

The great construction like the Pyramids in Egypt, the Great wall of China, Temples,
Mosques, Cathedral, Tajmahal, Charminar and altars in India, Eifel tower of France etc. are

some of the best examples of application of geometry.

In this chapter, we will look into the history to understand the roots of geometry and the
different schools of thought that have developed the geometry and its comparison with modern

geometry.

3.2 Histor

The domains of mathematics which study the shapes and sizes of structures are described
under geometry. The word geometry is derived from the Greek ‘geo’ means earth and ‘metrein’

means measure.

The earliest recorded beginnings of geometry can be traced to early people, who discovered
obtuse angled triangles in the ancient Indus valley and ancient Babylonia. The ‘Bakshali manuscript’
employs a handful of geometric problems including problems about volumes of irregular solids.

Remnants of geometrical knowledge of the Indus Valley civilization can be found in excavations
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at Harappa and Mohenjo-Daro where there is evidence of circle-drawing instruments from
as early as 2500 B.C.

The ‘Sulabha Suthras’ in Vedic Sanskrit lists the rules and geometric principles
involved in the construction of ritual fire altars. The amazing idea behind the construction
of fire altars is that they occupy same area although differ in their shapes. Boudhayana (8th
century B.C.) composed the Boudhayana Sulabha Suthras, the best-known Sulabha Suthras
which contains examples of simple Pythagorean triples such as (3.,4,5), (5,12,13),

(8,15,17)... etc. as well as a statement of Pythagorean theorem for the sides of a rectangle.

Ancient Greek mathematicians conceived geometry as the crown jewel of their sciences.
They expanded the range of geometry to many new kinds of figures, curves, surfaces and
solids. They found the need of establishing a proposed statement as universal truth with the

help of logic. This idea led the Greek mathematician Thales to think of deductive proof.

Pythagoras of Ionia might have been a student of Thales and the theorem that was named
after him might not have been his discovery, but he was probably one of the mathematicians
who had given a deductive proof of it. Euclid (325-265B.C) of Alexandria in Egypt wrote 13
books called “The Elements’. Thus Euclid created the first system of thought based on

fundamental definitions, axioms, propositions and rules of inference through logic.

Euclid thought geometry as an abstract model of the world in which they lived. The
notions of point, line, plane (or surface) and so on were derived from what was seen around
them. From studies of the space and solids in the space around them, an abstract geometrical
notion of a solid object was developed. A solid has shape, size, position and can be moved
from one place to another. Its boundaries are called surfaces. They separate one part of the
solid from another, and are said to have no thickness. The boundaries of the surfaces are
curves or straight lines. These lines end in points. Consider the steps from solids to points

(solids-surfaces-lines-point)

Observe the figure given in the next page. This figure is a cuboid (a solid) [fig.(i)]. It
has three dimensions namely length, breadth and height. If it loses one dimension i.e. height
then it will have only two dimensions which becomes a rectangle. You know that a rectangle
has two dimensions length and breadth [fig.(ii)]. If it further loses another dimension i.e.
breadth then it will leave with only line segment [fig.(iii)] and if it has to lose one more

dimension, there remain only the points [fig.(iv)]. We may recall that a point has no
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dimensions. Similarly when we see the edge of a table or a book, we can visualise it as a

line. The end point of a line or the point where two lines meet is a point.

(@ (i) (iii) (iv)

solids — surfaces/curves — lines — points

3-D 2-D 1-D no dimension

These are the fundamental terms of geometry. With the use of these terms other terms like

line segment, angle, triangle etc. are defined.

Euclid defined point, line and plane in Book 1 of his Elements. Euclid listed 23

definitions. Some of them are given below.
A point is that which has no part
A line is breadthless length
The ends of a line are points

A straight line is a line which lies evenly with the points on itself

A surface is that which has length and breadth only Euclid 300 B.C
Father of Geometry

The edges of surface are lines
A plane surface is a surface which lies evenly with the straight lines on itself

In defining terms like point, line and plane, Euclid used words or phrases like ‘part’,
‘breadth’, ‘evenly’ which need defining or further explanation for the sake of clarity. In defining
terms like plane, if we say ‘a plane’ occupies some area then ‘area’ is again to be clarified. So to
define one term you need to define more than one term resulting in a chain of definitions without
an end. So, mathematicians agreed to leave such terms as undefined. However we do have a
intuitive feeling for the geometric concepts of a point than what the “definition” above gives us.
So, we represent a point as a dot, even though a dot has some dimension. The Mohist philosophers
in ancient China said “the line is divided into parts and that part which has no remaining part is a

point.

A similar problem arises in definition 2 above, since it refers to breadth and length,

neither of which has been defined. Because of this, a few terms are kept undefined while



62

developing any course of study. So, in geometry, we fake a point, a line and a plane (in
Euclid’s words a plane surface) as undefined terms. The only thing is that we can represent

them intuitively, or explain them with the help of ‘physical models.’

Euclid then used his definitions in assuming some geometric properties which need
no proofs. These assumptions are self-evident truths. He divided them into two types:

axioms and postulates.

3.3.1 Axioms and Postulates

Axioms are statements which are self evident or assumed to be true with in context of
a particular mathematical system. For example when we say “The whole is always greater
than the parts.” It is a self evident fact and does not require any proof. This axiom gives us
the definition of ‘greater than’. For example, if a quantity P is a part of another quantity C,
then C can be written as the sum of P and some third quantity R. Symbolically, C > P means
that there is some R such that C=P +R.

Euclid used this common notion or axiom throughout the mathematics not particularly
in geometry but the term postulate was used for the assumptions made in geometry. The
axioms are the foundation stones on which the structure of geometry is developed. These
axioms arise in different situations.

Some of the Euclid’s axioms are given below.

Things which are equal to the same things are equal to one another

If equals are added to equals, the wholes are also equal

If equals are subtracted from equals, the remainders are also equal.

Things which coincide with one another are equal to one another.

Things which are double of the same things are equal to one another

Things which are halves of the same things are equal to one another

These ‘common notions’ refer to magnitudes of same kind. The first common notion could
be applied to plane figures. For example, if the area of an object say A equals the area of another
object B and the area of the object B equals that of a square, then the area of the object A is also
equals to the area of the square.

Magnitudes of the same kind can be compared and added, but magnitudes of different
kinds cannot be compared. For example, a line cannot be added to the area of objects nor can
an angle be compared to a pentagon.



Can you give any two axioms from your daily life.

Now let’s discuss Euclid’s five postulates:

1. Mark two distinct points A and B on a sheet of paper.
A N

Draw a straight line passing through the

points Aand B. How many such lines canbe drawn

v

. A B
through point A and B? We can not draw more

than one distinct line through two given points. v "

Euclid’s first postulate gives the above

concept. Postulate is as follows-

Postulate-1 : There is a unique line that passes through the given two distinct points.

In Euclid’s terms, “To draw a straight line from any point to any other point™.

D

2. Draw a line segment PQ on a sheet of paper. P

Extend the line segment both sides .

< i) Q ______ >

How far the line segment PQ can be extended both sides? Does it have any end
points? We see that the line segment PQ can be extended on both sides and the line PQ has
no end points. Euclid conceived this idea in his second axiom.

Postulate-2 : A line segment can be extended on either side to form a straight line.

In Euclid’s terms ‘To produce a finite straight line continuously in a straight line’

Euclid used the term ‘terminated line’ for ‘a line segment’.

3. Radii of four circles are given as 3 cm, 4 cm, 4.5 cm and 5 cm. Using a compass,
draw circles with these radii taking P, Q, R and S as their centres.
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If the centre and radius of a circle are given can you draw the circle? We can draw

a circle with any centre and any radius. (See chapter-12 Circle)

Euclid’s third postulate states the above idea.
(To describe a circle with any centre and distance)

Postulate-3 : We can describe a circle with any centre and radius.

4. Take a grid paper. Draw different figures which represent a right angle. Cut them along
their arms and place all angles one above other. What do you observe?
AN Ce¢ ] B B >C A

‘A C
B >C VA VA

You observe that both the arms of each angle fall on one above the other, (i.e.) all right
angles are equal. This is nothing but Euclids fourth axiom. Can you say this for any angle? Euclid

take right angle as a reference angle for all the other angles and situation which he stated further.

Postulate-4 : All right angles are equal to one another.

Now we shall look at the Euclid’s fifth postulate and its equivalent version.

Postulate-5 : If a straight line is falling on two straight lines makes the interior angles on the same
side of it taken together is less than two right angles, then the two straight lines, if produced
infinitely, meet on that side on which the sum of the angles is less than two right angles.
For example, the line PQ in figure falls on lines AB and CD
such that the sum of the interior angles 1 and 2 is less than 180°
on the left side of PQ. Therefore, the lines AB and CD will

eventually intersect on the left side of PQ.

This postulate has acquired much importance as many mathematicians including Euclid
were convinced that the fifth postulate is a theorem. Consequently for two thousand years
mathematicians tried to prove that the fifth postulate was a consequence of Euclid’s nine other

axioms. They tried by assuming other proposition (John Play Fair) which are equivalent to it.
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3.3.2 Equivalent version of fifth postulate or equivalents of fifth
postulate

. l
There are some noteworthy alternatives proposed by later

4
mathematicians. m
* Through a point not on a given line, exactly one parallel line
may be drawn to the given line. (John Play Fair — 1748-1819) "
Let [ be a line and P be a point, not on /. So through P, there &
v

exists only one line parallel to /. This is called Play Fair’s axiom.

* The sum of angles of any triangle is a constant and is equal to >
two right angles. (Legendre)
1+ 22+ 23=180° e N

* There exists a pair of lines everywhere equidistant from one another. (Posidominus)

t
P<€ > §

* If astraight line intersects any one of two parallel lines, then it will intersect the other

In

A\ 4

also.(Proclus)

* Straight lines parallel to the same straight line are parallel to one another.(Proclus)
If any one of these statements is substituted for Euclid’s fifth postulate leaving the first four
the same, the same geometry is obtained.

So after stating these five postulates, Euclid used them to prove many more results by
applying deductive reasoning and the statements that were proved are called propositions or

theorems.
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Sometimes a certain statement that you think is to be true but that is an educated guess
based on observations. Such statements which are neither proved nor disproved are called
conjectures (hypothesis). Mathematical discoveries often start out as conjectures (hypothesis).
(“Every even number greater than 4 can be written as sum of two primes” is a conjecture
(hypothesis) stated by Gold Bach.)

A conjecture (hypothesis) that is proved to be true is called a theorem. A theorem is
proved by alogical chain of steps. A proof of a theorem is an argument that establishes the truth

of the theorem beyond doubt.

Euclid deducted as many as 465 propositions in a logical chain using defined terms, axioms,

postulates and theorems already proven in that chain.

Let us study how Euclid axioms and postulates can be used in proving the results.

If A,B,C are three points on a line and B lies between A and C, then prove that
AC - AB =BC.
<—0 o

A B
In the figure, AC coincides with AB+BC

Euclid’s 4™ axiom says that things which coincide with one another
are equal to one another. Therefore it can be deducted that

AB + BC =AC,
Substituting this value of AC in the given equation AC - AB=BC
AB +BC-AB=BC

Note that in this solution, it has been assumed that there is a unique line passing through
two points.

Prove that an equilateral triangle can be constructed on any given line segment.

Itis given that; a line segment of any length say PQ

R
R
P Q //;;ﬁii;\
P Q
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From Euclid’s 3 postulate, we can draw a circle with any centre and any radius. So,
we can draw a circle with centre P and radius PQ. Draw another circle with centre Q and
radius QP. The two circles meet at R. Join ‘R’ to P and Q to form A PQR.

Now we require to prove the triangle thus formed is equilateral i.e., PQ = QR = RP.

PQ = PR (radii of the circle with centre P). Similarly, PQ = QR (radii of the circle
with centre Q)

From Euclid’s axiom, two things which are equal to same thing are equal to each
another, we have PQ = QR =RP, so APQR is an equilateral triangle. Note that here Euclid
has assumed, without mentioning anywhere, that the two circles drawn with centre P and Q
will meet each other at a point.

Let us now prove a theorem.

Two distinct lines cannot have more than one point in common.

Given : [ and m are given two lines. 'K

/

Required to Prove (RTP): [ and m have | <

only one point in common.

Proof: Let us assume that two lines intersect

in two distinct points say A and B.

Now we have two lines passing through A and
B. This assumption contradicts with the
Euclid’s axiom that only one line can pass

AVB i’
Note that Euclid state this for straight lines
only, not for the curved lines. Where ever line

is written always assume that we are talking
about straight line.

through two distinct points. This contradiction arose due to our assumption that two lines can

pass through two distinct points. So we can conclude that two distinct lines cannot have more

than one point in common.

X
B
In the adjacent figure, we have AC = XD, Cand D
are mid points of AB and XY respectively. Show that AB = XY.
Given AB =2 AC (Cis mid point of AB) C D
XY =2 XD (D is mid point of XY)
and AC =XD (given) A -

therefore, AB =XY

Since things which are double of the same things are equal to one another.
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1. Answer the following:

1. How many dimensions a solid has?
ii.  How many books are there in Euclid’s Elements ?
11i.  Write the number of faces of a cube and cuboid.
iv.  What is sum of interior angles of a triangle ?
v.  Write three un-defined terms of geometry.
2. State whether the following statements are true or false? Also give reasons for your answers.
a) Only one line can pass through a given point.
b) All right angles are equal.
c) Circles with same radii are equal.
d) A line segment can be extended on its both sides endlessly to get a straight line.

S

X C B
e) From the figure, AB > AC
3. Inthe figure given below, show that length AH > AB + BC + CD.

P P P S

P2 P
< @

A B ¢ D i ¥ [ H

4. If a point Q lies between two points P and R such that PQ = QR, prove that PQ = %
PR.

5. Draw an equilateral triangle whose sides are 5.2 cm. each.

6. What is a conjecture ? Give an example for it.

7. Mark two points P and Q. Draw a line through P and Q.
Now how many lines are parallel to PQ, can you draw? /‘"

8. In the adjacent figure, a line » falls on lines / and m such —=
that the sum of the interior angles 1 and 2 is less than 2
_ 180°, then what can you say about lines land m. m

9
’ 9. In the adjacent figure, if L1 = /3,
5 2 = /4 and Z3 = Z4, write the relation B
£

between £1 and £2 using an Euclid’s postulate.

1 1
10. In the adjacent figure, we have BX = ) AB,BY = ) BC and

AB = BC. Show that BX =BY A

@)
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Non-EucLIDIAN GEOMETRY

The failure of attempts to prove the fifth B

postulate, gave new thoughts to Carl Fedrick Gauss,
Lobachevsky and Bolyai. They thought fifth postulate
1s true or some contrary postulate can be substituted
for it. If substituted with other, we obtain, Geometry
different from Euclid’s Geometry, hence called non- (0]

Euclidian Geometry.

If plane is not flat what happens to our theorems?
Let us observe.

Take a ball and try to draw a triangle on it? What difference do you find between
triangle on plane and on a ball. You observe that lines of a triangle on paper are straight but
not on ball.

See in figure (i), the lines AN and BN (which are parts of great circles of a sphere) are
perpendicular to the same line AB. But they are meeting at N, even though the sum of the
angles on the same side of line AB is not less than two right angles (in fact, it is 90° + 90° =
180°). Also, note that the sum of the angles of the triangle NAB on sphere is greater than 180°,

as ZA +2 B = 180°.

We call the plane on a sphere as a spherical plane. Can any parallel lines exist on a

sphere? Similarly by taking different planes and related axioms new geometries arise.

The three building blocks of geometry are Points, Lines and Planes, which are undefined

terms.
Ancient mathematicians including Euclid tried to define these undefined terms.

Euclid developed a system of thought in his “The Elements” that serves as the foundation

for development of all subsequent mathematics.

Some of Euclid’s axioms are
* Things which are equal to the same things are equal to one another
» If equals are added to equals, the wholes are also equal

* If equals are subtracted from equals, the remainders are also equal.
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Things which coincide with one another are equal to one another.

The whole is greater than the part

Things which are double of the same things are equal to one another

Things which are halves of the same things are equal to one another

Euclid’s postulates are
Postulate - 1: To draw a straight line from any point to any point
Postulate - 2: A terminated line can be produced infinitely
Postulate - 3: To describe a circle with any centre and radius

Postulate - 4: That all right angles equal to one another

Postulate - 5: If a straight line falling on two straight lines makes the interior
angles on the same side of it taken together is less than two right angles, then the
two straight lines, if produced infinitely, meet on that side on which the sum of

the angles is less than two right angles.

Brain teaser

1. What is the measure of ZA + /B + ZC+ 4D + ZE + ZF in the figure given
below. Give reason to your answer.

2. Ifthe diagonal of a square is ‘a’ units, what is the diagonal of the square, whose area is
doubel that of the first square?
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04

Reshma and Gopi have drawn the sketches of their school and home respectively. Can

you identify some angles and line segments in these sketches?

@) (1)

In the above figures (PQ, RS, ST, ...) and (AB, BC, CD, ...) are examples of line
segments. Where as ZUPQ, ZPQR, ... and ZEAB, ZABC, ... are examples of some angles.

Do you know whenever an architect has to draw a plan for buildings, towers, bridges

etc., the architect has to draw many lines and parallel lines at different angles.

In science say in Optics, we use lines and angles to assume and draw the movement of
light and hence the images are formed by reflection, refraction and scattering. Similarly while
finding how much work is done by different forces acting on a body, we consider angles between
force and displacement to find resultants. To find the height of a place we need both angles and
lines. So in our daily life, we come across situations in which the basic ideas of geometry are in

much use.

Observe your surroundings carefully and write any three situations of your daily life

where you can observe lines and angles.

Draw the pictures in your note book and collect some pictures.
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4.2 Basic TeErRms IN GEOMETRY

=~ Think of alight beam originating from the sun or

a torch light. How do you represent such a light

beam? It’s a ray starting from the sun. Recall that
“aray is a part of a line. It begins at a point and goes on endlessly in a specified direction.
While line can be extended in both directions endlessly.

A part of a line with two end points is known as line segment. e———e <o———=>

We usually denote a line segment AB by AB and its length in denoted by AB. The ray
AB is denoted by AR and a line is denoted by AB . However we normally use AB, @
for etc. lines and some times small letters [, m, n etc. will also be used to denote lines.

If three or more points lie on the same line, they are called collinear points, otherwise
they are called non-collinear points.

Sekhar marked some points on a line and try to count the line segments formed by them.

Note : PQ and QP represents the same line segment

S.No. Points on line Line Segments Number
L |4 R 3>  PQ.PR. RQ 3
2. ¥ § ® & PQ.PR.PS,SR.SQ,RQ 6
< T S S - S« RO R

Do you find any pattern between the number of points and line segments?

Take some more points on the line and find the pattern:

No. of points 2 314 5 6 7

on line segment

Total no. of 1 3 6 | coeon | e |,

line segments

A circle is divided into 360 equal parts as shown §

in the figure.

The measure of angle of each part is called

e
e R
ILTLL -

one degree.

Free DistriBuTION BY T.S. GoverRnMENT 2019-20



The angle is formed by rotating a ray
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from an initial position to a terminal position.

The change of aray from initial position O%é
to terminal position around the fixed point ‘O’ is K
called rotation and measure of rotation is called 0 Initial position g
angle.

One complete rotation gives 360°. We also draw angles with compass.

An angle is formed when two
rays originate from the same point. The
rays making an angle are called arms
of the angle and the common point is

called vertex of the angle. You have

studied different types of angles, such ‘\x

S
cd

as acute angle, right angle, obtuse angle, .. gle : 0°< x <90° right angle : y = 90°

straight angle and reflex angle in your

earlier classes.

obtuse angle : 90° < z< 180°  straightangle: s = 180° reflex angle : 180° < 7<360°

4.2.1 Intersecting Lines and Non-intersecting Lines

y

Observe the figure. Do the lines PQ and RS <

=
o-.

have any common points? What do we call such lines?

=t
m—-

They are called parallel lines.

On the other hand if they meet at any point,
then they are called intersecting lines.
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4.2.2 Concurrent Lines

How many lines can meet at a single point? Do you know

the name of such lines? When three or more lines meet at a point,

they are called concurrent lines and the point at which they meet is

82

What is the difference between intersecting lines and concurrent lines?

called point of concurrence.

1. In the given figure, name:
E G
1) any Six points
(ii) any five line segments A B
(iii) any four rays . N Q ,
. . < Y D~
(iv) any four lines

F H
(v) any four collinear points

2. Observe the following figures and identify the type of angles in them.

3. State whether the following statements are true or false :
@) A ray has no end point.
(i1) Line AB is the same as line BA .
(iii) Aray AB is same as the ray BA.
(iv) A line has a definite length.
(v) A plane has length and breadth but no thickness.
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(vi)  Two distinct points always determine a unique line.
(vii) Two lines may intersect in two points.

(viii) Two intersecting lines cannot both be parallel to the same line.
4. What is the angle between two hands of a clock when the time in the clock is

(a) 9’0 clock (b) 6’0 clock (©) 7:00 PM

Now let us discuss about some pairs of angles.

Observe the following figures and find the sum of angles.

40°

60°
30° 500

(i) (i)

What is the sum of the two angles shown in each figure? It is 90°. Do you know what

A\ 4

do we call such pairs of angles? They are called complementary angles.
If a given angle is x°, then what is its complementary angle? The complementary
angle of x” is (90°- x°).
. If the measure of an angle is 62°, what is the measure of its complementary angle?
on : As the sum is 90°, the complementary angle of 62° is 90° - 62° = 28°

Now observe the following figures and find the sum of angles in each figure.

140° 120600

(o]
& 40 S & S
< < rd

What is the sum of the two angles shown in each figure? It is 180°. Do you know what
do we call such pair of angles? Yes, they are called supplementary angles. If the given angle is x°,

then what is its supplementary angle ? The supplementary angle of x°is (180° - x°).
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Two complementary angles are in the ratio 4:5. Find the angles.
Let the required angles be 4x and 5x.
Then 4x + 5x=90°  (Why?)
=90 = x=10°
Hence the required angles are 40° and 50°.

Now observe the pairs of angles such as (120°, 240°) (100°,260°) (180°, 180°) (50°,
310°) ..... etc. What do you call such pairs? The pair of angles, whose sum is 360° are called

conjugate angles. Can you say the conjugate angle of 270°? What is the conjuage angle of x°?

1. Write the complementary, supplementary and conjugate angles for the following anglés.
(@) 45° (b) 75° (©) 54° () 30°
e  60° ®  90° @ 0

2. Which pairs of following angles become complementary or supplementary angles?

@) (ii) (iif)

Observe the following figures, do they have any thing in common?

C 2
1 3
B ) (i) -
ok >A . 1
@ (ii)

(iv)
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In figure (i) we can observe that vertex ‘O’ and arm * OB’ are common to both £ 1
and £2. What can you say about the non-common arms and how are they arranged? They

are arranged on either side of the common arm. What do you call such pairs of angles?
They are called a pair of adjacent angles.

In fig.(ii), two angles £1 and £2 are given. They have neither a common arm nor a

common vertex. So they are not adjacent angles.

(i)  Find pairs of adjacent and non-adjacent angles in the above figures (i, ii, iii & iv).

(i)  Listthe adjacent angles in the 4
given figure. . 1 344 X
\\ >

From the above, we can conclude that pairs of angles which have a common vertex, a

common arm and non common arms lie on either side of common arm are called adjacent angles.

Observe the given figure. The hand of the athlete
is making angles with the Javelin. What kind of angles
are they? Obviously they are adjacent angles. Further
what will be the sum of those two angles? Because they
are on a straight line, the sum of the angles is 180°. What

do we call such pair of angles? They are called linear

pair. So if the sum of two adjacent angles is 180°, they

are said to be a linear pair.

Linear pair of angles are always supplementary. But supplementary anglesneed
not form a linear pair. Why?
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Measure the angles in the following figure and complete the table.

A

A
v
A
v

0 . AR X (i)
(i)

Figure £1 £2 L1+ /2
(1)
(i1)
(iii)

4.3.1 Linear pair of angles axiom
Axiom : If aray stands on a straight line, then the sum of the two adjacent angles so formed
is 180°.

When the sum of two adjacent angles is 180°, they

are called a linear pair of angles. 14

A
v

In the given figure, /1+ /2 =180°

Let us do the following. Draw adjacent angles of different measures as shown in the fig.

Keep the ruler along one of the non-common arms in each case. Does the other non-common

arm lie along the ruler?
N C
A-_
A
60° 80°
600 1 : S
30° s 0 B B

@
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You will find that only in fig. (iv),
both the non-common arms lie along
the ruler, that is non common arms from

a straight line. Also observe
that Z AOC + £ COB = 55° + 125°

= 180°. In other figures it is not so.

>9

e

l_ O O A __J
0 L 2 3 4 5 6 7 8 9 10 i1 12 13 14 15
(iv)

Axiom : If the sum of two adjacent angles is 180°, then the

non-common arms of the angles form a line. This is the

converse of linear pair of angle axiom. 1 2

Angles at a point : We know that the sum of all the angles ) 5 3 -

4

around a point is always 360°.

Inthe given figure /1+ £2+ /3+ £4+ £5=360"

4.3.2 Angles in intersecting lines

Draw any two intersecting lines and label them. Identify the linear
pairs of angles and write down in your note book. How many pairs are
formed?

In the figure, ZPOS and ZROQ are opposite angles with same

vertex and have no common arm. So they are called as vertically opposite
angles. (Some times called vertical angles).

How many pairs of vertically opposite angles are there? Can you find them? (See figure)

ACTIV]

2
Ry o
< K\ > < > <1 >
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Figure Z1 £2 3 Z4
(1)
(i1)
(iii)
What do you observe about the pairs of vertically opposite angles? Are they equal?
Now let us prove this result in a logical way.

Theorem-4.1 : If two lines intersect each other, then the pairs of vertically opposite angles
thus formed are equal.
Given: Let AB and CD be two lines intersecting at O
Required to prove (R.T.P.)
(i) LAOC= £BOD
(i) LAOD = £BOC.

Proof:

Ray QA stands on Line CD

Therefore, ZAOC+ ZAOD = 180° [Linear pair of angles axiom] v (D
Also ZAOD + £ZBOD = 180° [Why?] e (2)
ZAOC+ LZAOD = LZAOD+ £BOD  [From (1)and(2)]

ZAOC= «BOD [Cancellation of equal angles on both sides]
Similarly we can prove

ZAOD = ZBOC

Do it on your own.

0 IS

1. Classify the given angles as pairs of complementary, linear pair, vertically opposite and
adjacent angles.

AN
v

@)




AN

(iv)

81

A

50°

A
v

®
Now, let us do some examples.

In the adjacent figure, A is a
straight line. Find the value of x and also find
ZAOC, ZCOD and £BOD.

Since AR is astright line, the sum of

A<

63°

(iv)

all the angles on Ag atapoint Ois 180°.
SoBx+T7)° + (2x-19)° + x=180° (Linear angles)
= 6x-12=180 = 6x=192 = x=32°.
So, ZAOC = (3x+7)°=(3x32 + 7)° = 103°,

ZCOD = (2x-19)° = (2 x32-19)° =45°, ZBOD = 32°.

Examp In the adjacent figure lines PQ and RS intersect
each other at point O. If LPOR: ZROQ=5:7,
find all the angles.

ZPOR + ZROQ =180° (Linear pair of angles)

But £POR: ZROQ=5:7(Given)
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5
Therefore, / POR = EX 180=75°

Similarly, ZROQ = %x180 =105°

Now, ZPOS = ZROQ = 105° (Vertically opposite angles)
and £SOQ = ZPOR = 75° (Vertically opposite angles)

Calculate £ AOC, ZBOD and Z AOE in the adjacent figure given that
ZCOD =90°, ZBOE =72°and AOB is a straight line,

Since AOB is a straight line, we have :

ZAOE + ZBOE = 180°

=3x°+72°=180° A<
= 3x°=108° = x =36°.
We also know that

. ZAOC + ZCOD + £BOD = 180° (. straight angle)
= x°+90°+ y° =180°
= 36°+90° + y° = 180°
y° =180° —126° = 54°
s ZAOC =36°, £ZBOD =54° and £ AOE = 108°.

E

In the adjacent figure ray OS stands on a line PQ. Ray
OR and ray OT are angle bisectors of ZPOS and £ SOQ respectively.
Find ZROT.

tion : Ray OS stands on the line PQ.
Therefore, £ POS + £ SOQ = 180° (Linear pair)
Let ZPOS =x°
Therefore, x°+ £S0OQ = 180° (How?)
So, ZS0Q =180° — x°
Now, ray OR bisects £ POS, therefore,

ZROS = %x ZPOS

X x=

i
2

| =
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Similarly, SOT = %x /50Q

1
—x(180° —x
5 ( )

00—
2

Now, ZROT = ZROS+ ZSOT

X902
2 2

=90°

In the adjacent figure OP, OQ, OR and

OS are four rays. Prove that P
ZPOQ + ZQOR + ZSOR + ZPOS = 360°.

In the given figure, you need to draw opposite

ray to any of the rays OP, OQ, OR or OS NE 0 Q

Draw ray OT so that TOQ is a line. Now, ray OP

stands on line "1?(3 .

Therefore, Z TOP + £ POQ =180° ....(1) (Linear pair axiom)

Similarly, ray OS stands on line "Fé .
Therefore, £ TOS + £SOQ =180° ....(2) (why?)
But Z£S0Q = ZSOR + ZQOR

So, (2) becomes

ZTOS + ZSOR + ZQOR =180° ....(3)

Now, adding (1) and (3), you get

ZTOP+ ZPOQ + £ZTOS + £SOR + ZQOR =360° .... (4)
But L TOP+ LTOS = £LPOS

Therefore, (4) becomes

ZPOQ + ZQOR + ZSOR + ZPOS = 360°
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1. In the given figure three lines AB, CDand EF
intersecting at O. Find the values of x, y and z it is
being giventhatx:y:z=2:3:5

2. Find the value of x in the following figures.

1

(3x+18)~93°

A< 5 >C
(ii)
A4
B
409
(6x+2)°
(0] C
@)
C
E
3. In the given figure lines AB and CD intersect 3
atO.If ZAOC+ ZBOE=70°and ZBOD A< 0NJ 40° >B
=40°, find £ BOE and reflex £ COE.
D
P
4. Inthe given figure lines XY and MN intersect M
atO. If ZPOY =90°anda: b=2: 3, find c.
X< bnl >Y
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P
5. In the given figure £ PQR = £ PRQ, then prove that
ZPQS = ZPRT.
C

6. Inthe given figure, if x + y = w + z, then prove that

AOB is a line.

7. In the given figure PQ is a line. Ray OR is

perpendicular to line PQ. OS isanother ray lying S 1
between rays OP and OR .
Prove that ZROS = %(4 QOS - ZPOS)
P (0] Q

8.  Itisgiventhat £ XYZ=64°and XY is produced to point P. Aray YQ bisects £ ZYP.

Draw a figure from the given information. Find Z XYQ and reflex £ QYP.

4 LINES AN

Observe the figure. At how many points the line [
meets the other lines m and n? Line / meets the lines at two
distinct points. What do we call such a line? Itis a transversal.
Itis aline which intersects two distinct lines at two distinct
points. Line ‘/” intersects lines ‘m’ and ‘n’ at points ‘P’ and

‘Q’ respectively. So, line /is a transversal for lines m and n.

Observe the number of angles formed when a

transversal intersects a pair of lines.



86

If a transversal meets two lines we get eight angles.

Let us name these angles as £ 1, £2... £8 as shown in the figure. Can you
classify these angles? Some angles are exterior and some are interior. £ 1, £2, £7 and

£ 8 are called exterior angles, while £3, £4, £5and Z£6 are called interior angles.

The angles which are non-adjacent and lie on the same side of the transversal of

which one is interior and the other is exterior, are called corresponding angles.
From the given figure.

(a) What are corresponding angles?

(i ZLland £5(ii) L2and £6

(i) £4and £ 8(@{v) L3 and £ 7, So there are 4 pairs of corresponding angles.
(b) What are alternate interior angles?

(i ZL4and £L6 (i) L3 and £5, aretwo pairs of alternate interior angles.(Why?)
(©) What are alternate exterior angles?

(1 ZLland £7 (ii) £L2and £8, aretwo pairs of alternate exterior angles. (Why?)

(d) What are interior angles on the same side of the transversal?

(i) L4and £5 (ii) L3and £6 are two pairs of interior angles on the

same side of the transversal. (Why?)

Interior angles on the same side of the transversal are also referred to as consecutive
interior angles or co-interior angles or allied interior angles.
(e) What are exterior angles on the same side of the transversal?

W Z1, £8 (1) L2, L7 are two pairs of exterior angles on the

same side of the transversal. (Why?)

Exterior angles on the same side of the transversal are also referred as consecutive
exterior angle or co-exterior angles or allied exterior angles?

What can we say about the corresponding angles formed when the two lines / and m are

parallel? Check and find. Will they become equal? Yes, they are equal.

Axiom of corresponding angles: If a transversal intersects a pair of parallel lines, then each

pair of corresponding angles are equal.
What is the relation between the pairs of alternate \Q

interior angles (i) £ BQR and £ QRC A< ’ >B
(i) ZAQRand £ QRD in the figure? 5

Ce D
Can we use corresponding angles axiom to find R\

the relation between these alternative interior angles.
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In the figure, the transversal PS intersects two parallel lines AB and CD at points

Q and R respectively.
Let us prove ZBQR = ZQRC and L AQR = ZQRD
You know that L/ PQA= ZQRC ... (1) (corresponding angles axiom)
And ZPQA=/ZBQR ... (2) (Why?)
So, from (1) and (2), you may conclude that £ BQR = ZQRC.
Similarly, ZAQR = ZQRD.
This result can be stated as a theorem as follows:

Theorem-4.2 : If a transversal intersects two parallel lines, then each pair of alternate interior
angles are equal.
In a similar way, you can obtain the following theorem related to interior angles on the

same side of the transversal.

Theorem-4.3 : If a transversal intersects two parallel lines, then each pair of interior angles on

the same side of the transversal are supplementary.

I. Find the measure of each angle indicated in each figure where / and m are

parallel lines intersected by transversal . n

84°

N
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A >1
(11x - Z)A
>m

X
\

N

(14x-1)5

A

>m
\<(12x+17)°

Take a scale and a ‘set square’.
Arrange the set square on the scale as shown
in figure. Along the slant edge of set square
draw a line with the pencil. Now slide your
set square along its horizontal edge and again
draw a line. We observe that the lines are
parallel. Why are they parallel? Think and

discuss with your friends.

If /|| m, then solve for ‘x” and give reasons.

Flat
surface

60°

X
/

>
=

>m
/U(l7x+5)°

A 30°-60°-90°

trlangle

SCALE

9 0 11 12 13 14 15
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Draw a line AD and mark points B and C on

Q S
it. At B and C, construct ZABQ and ZBCS equal to EZ\f
each other as shown. Produce QB and SC on the < B >
other side of AD to form two lines PQ and RS. / /
Q S A< IZ\/C >D
G
< H_ >
A< B C >D Pj ZR

Draw common perpendiculars EF and GH for the two lines PQ and RS. Measure the
lengths of EF and GH. What do you observe? What can you conclude from that? Recall that

if the perpendicular distance between two lines is the same, then they are parallel lines.

Axiom-1 : If a transversal intersects two lines such that a pair of corresponding angles are
equal, then the two lines are parallel to each other.

A plumb bob has a weight hung at the end of a string
and the string here is called a plumb line. The weight pulls the
string straight down so that the plumb line is perfectly vertical.
Suppose the angle between the wall and the roof is 120° and
the angle formed by the plumb line and the roof is 120°. Then
the mason concludes that the wall is vertical to the ground. Think,
how has he come to this conclusion?

Now, using the converse of the corresponding angles
axiom, can we show the two lines are parallel if a pair of
alternate interior angles are equal?

In the figure, the transversal PS intersects lines AB and CD at points Q and R
respectively such that the alternate interior angles £ BQR and £ QRC are equal.

i.e.ZBQR= ZQRC. P
Now we need to prove this AB || CD \
ZBQR= ZPQA (Why?) ..(1) A< R >B
But, ~ZBQR= ZQRC(Given) ..(2) \g\
So, from (1) and (2), Cc< R >D
ZPQA= ZQRC \
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But they are corresponding angles for the pair of lines AB and CD with transversal PS.
So, AB || CD (Converse of corresponding angles axiom)
This result can be stated as a theorem as given below:

Theorem-4.4 : If a transversal intersects two lines such that a pair of alternate interior

angles are equal, then the two lines are parallel.

4.4.1 Lines Parallel to the Same Line

t
If two lines are parallel to the same line, will \Ql
1<

they be parallel to each other? \<\2 >
m &

Let us check it. Draw three lines [, m and n

S
N
{,,,
y v

such that m||landn || /.
Let us draw a transversal ‘t’ on the lines, [, m and n. \
Now from the figure£1 = £2 and £1 = £3

(Corresponding angles axiom)

So,£2 = £ 3 But these two form a pair of corresponding angles for the lines m & n.

Therefore, you can say that m || n.

(Converse of corresponding angles axiom)

Theorem-4.5 : Lines which are parallel to the same line are parallel to each other.
1 HI§

@) Find the measure of the question

marked angle in the given figure.

(i)  Find the angles which are equal to £P.

Now, let us solve some examples related to parallel lines.



In the given figure, AB|| CD. Find the value af x.

From E, draw EF || AB | CD. EF || CD and CE is the transversal.

. ZDCE + ZCEF = 180° [-.- Co-interior angles] B,
= x°+ LCEF =180° = ZCEF = (180 - x°).

Again, EF || AB and AE is the transversal.

s e
ZBAE + Z AEF = 180° [ - Co-interior angles] W

=105°+ L AEC + ZCEF =180°
= 105° + 25° + (180° - x°) = 180°
= 310 - x° = 180°

Hence, x = 130°.

In the adjacent figure, find the value of x, y, zand a, b, c.

Clearly, we have
y° = 110° (- Corresponding angles)
= x°+y°= 180° (Linear pair) b .°
= 20+ 110°= 180° AN L
110°

y 0
— xo= (180°- 110°) = 70°. 65

z°=x°=70° (- Corresponding angles)

c° = 65° (How?)

a°+ c°=180° [Linear pair]

= a’+65°=180°

= a°= (180° - 65°) = 115°.

b°=c°=65°. [-- Vertically opposite angles]

Hence, a=115°,b=65° ¢c=65°, x=70°y=110° 2z =70°.

1 In the given figure, lines EF and GH are parallel. Find the value of x if the

lines AB and CD are also parallel.
4x° = ZAPR (Why?)
ZAPR = ZPQS (Why?)



92

ZPQS + ZSQB = 180° (Why?) E G

4x°+ (3x+5)° = 180°

7x° + 5° = 180° AL s

180°-5°

o _ - - Ce
x 7
=25°

In the given figure PQ || RS, ZMXQ=135°and £ MYR 40°, ﬁnd ZXMY.

Construct a line AB parallel to PQ, through the point M.
Now, AB || PQ and PQ || RS.

P« >Q
Therefore, =~ AB||RS //13 -
Now, ZQXM+ £XMB = 180°
(AB || PQ, Interior angles on the A<
same side of the transversal XM) \
So, 135° + ZXMB = 180° - o

Therefore, Z XMB =45° ..(1)
Now, ZBMY = ZMYR (Alternate interior angles as AB || RS)
Therefore, ZBMY =40° ..(2)

Adding (1) and (2), you get
ZXMB + ZBMY =45°+40°
That is, L XMY =85°

nple-12. If a transversal intersects two lines such that the bisectors of a pair of

corresponding angles are parallel, then prove that the two lines are parallel.

: In the given Figure atransversal AD intersects two lines PQ and RS attwo points

B and C respectively. Ray BE is the bisector of £~ ABQand ray CF is the bisector of £ BCS;
and BE || CF.

We have to prove that PQ || RS. It is enough to prove any one of the following pair:
1 Corresponding angles are equal.
ii. Pair of interior or exterior angles are equal.

iii. Interior angles same side of the transversal are supplementary.
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From the figure, we try to prove the pairs of corresponding angles to be equal.

Since, it is given that ray BE is the bisector of £ ABQ.

1
ZABE= 5 Z ABQ. .. (1)
Similarly, ray CF is the bisector of ZBCS.
1
Therefore, £BCF = ) ZBCS .. (2)

But for the parallel lines BE and CF; AD is a transvers%./
Therefore, Z ABE= /BCF

A
VE
P\ ’Q
("
C >S
(Corresponding angles axiom)... (3)
From the equation (1) and (2) in (3), we get D

1 1
— ZABQ= -~ £ZBCS
2 Q 2

ZABQ= ZBCS

But, these are the corresponding angles made by the transversal AD with lines 176

and RS ; and are equal.

Therefore, PQ| RS (Converse of corresponding angles axiom)
In the given figure AB ||CD and CD || EF. Also EA L AB.If ZBEF=55°,
find the values of x, y and z. G
Extend BE to G. A\ d . \E/
Now ZGEF = 180° - 55° (Why?) S5°
= 125° o)
Also ZGEF =x=y=125° (Why?)
Now  z=90°-55° (Why?) % | n

= 35°

Different ways to prove that two lines are parallel.

1. Showing a pair of corresponding angles are equal.

2. Showing a pair of alternate interior angles are equal.

3. Showing a pair of interior angles on the same side of the transversal are supplementary.
4. In a plane, showing both lines are L to the same line.

5. Showing both lines are parallel to a third line.
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1. Itis given that !/ || m to prove /1 is supplement to £8. Write reasons for a
the statement.
Statement Reasons
i 1|m < Al R
ii. Z1=25 4
K5
ii. Z£5 + £8=180° m< >
7
iv. Z1+ £8=180° /{
v. /1 is supplement to £8
2. In the adjacent figure AB || CD; CD || EF and \
:2=3:7, find v 7B
y:z=5:./,11ndx. x\%’A X
Ce >D
NS
E< \ >F
A/ G F \B o 5
% 3. Intheadjacent figure AB ||CD, EF L CD
and £ GED =126°, find £ AGE, £ GEF
and ZFGE.
. [ ] R
Ce o >D
4. In the adjacent figure PQ || ST, £ZPQR % T
=110°and £ RST=130°,find ZQRS. P A Q 130°
[Hint : Draw a line parallel to ST through
pointR.]
5. In the adjacent figure m || n. A, B are any \ B
two points on m and n respectively. Let ‘C’ be an "< X
interior, point between the lines m and n. Find
ZACB. “aJc
y
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p ~
6. Find the value of a and b, given that p || g and r || 5. A

7. If in the figure a || b and ¢ || d, then name the
angles that are congruent to (i) £1 (i1) £2.
2 41 10-+~9
a< >
SN 15
8.  In the figure the arrow

head segments are parallel.

find the value of x and y.
9. In the figure the arrow head segments are parallel /
then find the value of x and y. = 357 2

10. Find the value
1202 x° of x and y from the figure.

(3y+6)° >

11.  From the figure find x and y.

12.  Draw figures for the following statement.
“If the two arms of one angle are respectively perpendicular to the two arms of another
angle then the two angles are either equal or supplementary”.
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13.  In the given figure, if AB || CD, £ APQ =50°
and £ PRD =127°, find x and y.

14.  Inthe adjacent figure PQ and RS are two mirrors  p, B >Q
placed parallel to each other. An incident ray AB
strikes the mirror PQ at B, the reflected ray moves D
along the path BC and strikes the mirror RS at C
and again reflected back along CD.Prove that R C .
AB || CD.
[Hint : Perpendiculars drawn to parallel lines are also parallel.]
15.  Inthe figures given below AB || CD. EF is the
transversal intersecting AB and CD at G and H C< 2x7\G .
respectively. Find the values of xand y. Give y
reasons ) 3x° .
A< " >B
E E
/ r @
2x+15°
C< - >D C< - >D
4x-23°
4 3x-20° X . e 5
A< H B A< 7 >B
(iif)
F (ii) P ¢
2
< AN >B
16.  In the adjacent figure, AB || CD, ‘t’ is a N_14
transversal intersecting E and F respectively. If 6 N
£2: Z1=5":4, find the measure of each < 7 3 >D

marked angles.
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17.  Inthe adjacent figure AB || CD. Find the value C >D
of x, y and z.
A\ ,B
18. In the adjacent figure AB || CD. Find the

values of x, y and z.

B

B D

>D 35AM

/75

X

C W (ii) ) (iii)
A

(@35

TY

Let us now prove that the sum of the interior angles of a triangle is 180°.

FIVITY

Draw and cut out a large triangle as shown in the

figure.

Number the angles and tear them off.

Place the three angles adjacent to each other to form

one angle. as shown at the right.

I. Identify angle formed by the three adjacent angles?

What is its measure?
2. Write about the sum of the measures of the angles of a triangle.

Now let us prove this statement using the axioms and theorems related to parallel

lines.
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Theorem-4.6 : The sum of the angles of a triangle is 180°. A

Given : ABC is a triangle.
RTP.: LA+ ZB+ £ZC=180°

B ¢ D

Construction : Produce BC to a point D and
through ‘C’ draw a line CE parallel to BA
Proof :

BA|ICE [By construction]

ZABC=ZECD ....(1) [By corresponding angles axiom.

ZBAC= ZACE ....(2) [Alternate interior angles for the parallel lines

AB and CE]
ZACB=ZACB ... 3) [Same angle]
ZABC+ ZBAC+ ZACB = [Adding the above three equations]

ZECD+ ZACE + ZACB

But ZECD+ LZACE+ ZACB=180° [Sum of angles at a point on a straight line]
. LABC+ ZBAC+ ZACB = 180°

ZA+ £ZB+ ZC=180°

You know that when a side of a triangle is produced there forms an exterior angle of
the triangle

When side QR is produced to point S, ZPRS 3

is called an exterior angle of APQR.

Is ZPRQ+ ZPRS = 180°? (Why?) .....(1)

Also, see that

ZPRQ + ZPQR + ZQPR = 180° (Why?) .....(2)

From (1) and (2), we can see that £/ PRQ + ZPRS = ZPRQ + ZPQR + ZQPR
- ZPRS = ZPQR + ZQPR

This result can be stated in the form of a theorem as given below

Theorem-4.7 : If a side of a triangle is produced, then the exterior angle so formed is equal

to the sum of the two interior opposite angles.

It is obvious from the above theorem that an exterior angle of a triangle is always
greater than either of its interior opposite angles.

Now, let us solve some examples based on the above
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%.“:.{#;":o .
If the sides of a triangle are produced in order, what will be the sum of exterior ~

angles thus formed?

The angles of a triangle are (2x)°, (3x +5)° and (4x — 14)°.
Find the value of x and the measure of each angle of the triangle.

We know that the sum of the angles of a triangle is 180°.
oo 2x° 4 3x° + 5° 4+ 4x° - 14° = 180° = 9x°—9° = 180°

= 9x°=180° + 9° = 189°
189°
9o

S 2x0 = (2%X21)°=42°, (3x+5)° = [(3X21 +5)]° = 68°.

(4x — 14)° =[(4%x21) — 14]°=70°

= x= =21.

Hence, the angles of the triangle are 42°, 68° and 70°.

In the adjacent figure, AB || QR, £ BAQ = 142°and £ ABP = 100°.

Find (i) £ APB (ii)) £ AQR and (iii) Z QRP,
(i) Let ZAPB =x,

Side PA of APAB is produced to Q.

. Exterior angle Z BAQ= Z ABP+ Z APB

— 142° = 100° + x° Q
= x°=(142°-100°) = 42°.
s L APB =420,
(ii) Now, AB || QR and PQ is a transversal.
s ZBAQ+ ZAQR =180° [Sum of co-interior angles is 180°]
= 142° + Z AQR = 180°,
s ZAQR = (180° - 142°) = 38°.
(iii)  Since AB || QR and PR is a transversal.
Z QRP= Z ABP=100° [Corresponding angles]
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Using information given in the adjacent figure,

find the value of x.

In the given figure, ABCD is a quadrilateral. Let us
try to make it as two triangles.

Join AC and produce it to E.
Let ZDAE = p, ZBAE=q, £ DCE=2z and ZECB =t". Since the exterior
angle of atriangle is equal to the sum of the interior opposite angles, we have :

7=p +26

'=q +3%

2+ =p +qg+26+38) =p +q +64
But, p’ + ¢ = 46. (- ZDAB =46°)
So,z +1 =46+ 64 =110

Hence x' =7 + ¢ =110".

In the given figure £ A =40°. If BOand CO are the bisectors of B and
Z Crespectively. Find the measure of £ BOC.
We know that BO is the bisector of £ B and CO is the bisector of £ C.
Let ZCBO= ZABO=x°and ZBCO= ZACO =)"°.
Then, £ B=(2x)°, £ C=(2y)°and £ A=40°.
But, ZA+ £ZB+ £ C=180° (How?)
2x° +2y° +40° = 180°
= 2(x +y)° =140°

Hence, £ BOC =180°-70° =110°.

)l Using information given in the adjacent figure, find the values of x and y.

Soluti Side BC of AABC has been produced to D.
Exterior Z ACD= ZABC+ ZBAC
s 100° = 65° + x°
= x° = (100° - 65°) = 35°.
.. LCAD= ZBAC=35°
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In AACD, we have :
ZCAD+ LACD+ ZCDA =180° (Angle sum property of triangle)

= 35°+ 100° + y° = 180°

= 135°+y° = 180°

= y° = (180°- 135°) =45°
Hence, x = 35°, y = 45°.

Using information given in the adjacent figure, find the value of x and y.

Side BC of AABC has been produced to D.
. Exterior angle ZACD=/BAC+ ZABC
=  x*=30°+35°=65°.

Again, side CE of ADCE has produced to A.
.. Exterior angle £ DEA= ZEDC + LZECD
= y=45+x°=45°+ 65° = 110°.
Hence, x = 65° and y = 110°.

In the adjacent fig. if QT L PR, Z TQR=40°and £ SPR =30°, find xand y.
In ATQR,
90° 4+ 40° + x = 180° (Angle sum property of a triangle)

Therefore, x° =50°

Now, y° = £ SPR +x° (Exterior angle of traingle)
Therefore, y° =30° + 50° 0
= 80°

ample-21. Inthe adjacent figure the sides AB and AC of
AABC are produced to points E and D respectively. If bisectors
BOand COof ZCBEand ZBCD rcispectively meet at point
O, then prove that £ BOC =90° — 5 ZBAC.

Solution : Ray BO is the bisector of £ CBE.

1
Therefore, ZLCBO = E Z CBE
1
= = (180°-y°) N P
2
= 90°— = (1)

2 0
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Similarly, ray CO is the bisector of £ BCD.
1
Therefore, ZBCO= — ZBCD

2 1
= 5(1800—2)
z
= 90° - — (2
> 2

In ABOC, ZBOC + £ZBCO + ZCBO = 180° ...(3)
Substituting (1) and (2) in (3), you get

ZBOC +90° — = +90° — 2 = 180°
2 2
So. «BoC= =4+ 2L
> T2

1
or, ZBOC = 5 O°+2° . (@)

But, x°+y°+2z°=180° (Angle sum property of a triangle)
Therefore, yo+2z°=180° —x°

Therefore, (4) becomes

1
ZBOC = 5(180O - x°)

= 90° x_
- 2
1
= 90° - ) ZBAC
ExERCISE 4.4
1. In the given triangles, find out x, yand z.
4 E
500 600

60°

B sp L
m /{ )
" (i)
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2. In the given figure AS || BT; £4 = £5

SB bisects ZAST. Find the measure of /1

R

3. In the given figure AB || CD; BC || DE then
find the values of x and y.
C

4. In the adjacent figure BE L DA and SISB
CD_LDA then prove that m/£1 =m./3. 3

5 Find the values of x, y for which the lines AD
and BC become parallel.

6.
7. In the given figure segments shown by arrow heads are parallel.
Find the values of x and y.
S
In the given figure sides QP and RQ of APQR
are produced to points S and T respectively.
If ZSPR=135°and ZPQT =110°, find
ZPRQ. X
9. In the given figure, £ X=62°, £ XYZ=54°.InAXYZ
If YO and ZO are the bisectors of £XYZ and £ XZY Q
respectively find ZOZY and £ YOZ. 54
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10.  Inthe given figure if AB || DE, £BAC =35°and

A 35° >B
/ CDE=53° find ZDCE. /?c\
P 530
D E

95°

11.  Inthegiven figure if line segments PQ
S and RS intersect at point T, such that
75° ZPRT =40°, ZRPT = 95° and
ZTSQ=75°find £SQT.

R 40

12.  In the adjacent figure, ABC is a triangle in which
ZB=50°and LC=70°. Sides AB and AC are produced.

If 7’ is the measure of the angle between the bisectors of
the exterior angles so formed, then find ‘7.

P
| x° Q
289 . . .
13. In the given figure if PQ L PS, PQ || SR,
y° Z SQR =28°and £ QRT =65°, then find the values of x
65°
< £ ST and y. A
14. In the given figure AABC side AC has
been produced to D. £ZBCD = 125° and
/A /B =2:3, find the measure of £ A and £ B.
B C
1250\5\
K D
C
102° 15. Inthe adjacent figure, it is given that, BC || DE,
ZBAC=35°and £ BCE =102°. Find the measure
of (i) £BCA (ii) £ ADE and (iii) £ CED.
359
D




16.
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In the adjacent figure, it is given that A
AB=AC, ZBAC=36°, L ADB =45°
and Z AEC = 40°. Find (i) £LABC
(il) LACB (iii)) £ZDAB (iv) ZEAC.

36°

45° 40°

17. Using information given in the figure, calculate the value
of xand y.

EL

g

Linear pair axiom: If a ray stands on a straight line, then the sum of the two adjacent

angles so formed is 180°.

Converse of linear pair axiom:

If the sum of two adjacent angles is 180°, then the non-common arms of the angles form a
line.

Theorem: If two lines intersect each other, then the vertically opposite angles are equal.

Axiom of corresponding angles: If a transversal intersects two parallel lines, then each

pair of corresponding angles are equal.

Theorem: If a transversal intersects two parallel lines, then each pair of alternate interior

angles are equal.

Theorem: If a transversal intersects two parallel lines, then each pair of interior angles on

the same side of the transversal are supplementary.
Converse of axiom of corresponding angles:

If a transversal intersects two lines such that a pair of corresponding angles are equal, then

the two lines are parallel to each other.
Theorem: If a transversal intersects two lines such that a pair of alternate

interior angles are equal, then the two lines are parallel.
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Theorem: If a transversal intersects two lines such that a pair of interior angles on the

same side of the transversal are supplementary, then the two lines are parallel.
Theorem: Lines which are parallel to a given line are parallel to each other.
Theorem: The sum of the angles of a triangle is 180°.

Theorem: If a side of a triangle is produced, then the exterior angle so formed is

equal to the sum of the two interior opposite angles.

Do You Know?
The Self-generating Golden Triangle

The golden triangle is an isosceles triangle with base
angles 72° and the vertex angle 36°. When both of
these base angles are bisected the two new triangles
produced are also golden triangles. This process can
be continued indefinitely up the legs of the original
golden triangle, and an infinite number of golden

triangles will appear as if they are unfolding.

As this diagram shows, the golden triangle also
produces the equi-angular spiral and the golden ratio,
¢ =|AB|/|BC|=1.618 ...

From these infinite climbing golden triangles one can
also construct inside them an infinite number of climbing
pentagrams. Note the five points of the penta-gram

are also golden triangles.
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05

The minimum and the maximum temperatures of Kufri in Himachal Pradesh on a
particular day in the month of December were - 6°C and 7°C. Can you represent them on a
number line?

\lfFlllllll
7 €6 5 4 3 2 a1 0 1

Here the numberline acts as a reference scale to
indicate the status of temperature on a particular day.

Let us observe the situation as shown in the
adjacent picture. Eight persons A,B,C,D,E,F, G and
H are standing in a queue. From the ticket counter,

Ais the first and H is the last person in the queue. With reference

to the cafe, ‘H’ becomes the first and ‘A’ will become the last

=y

person. You might have observed that the positioinal value of the
object changes along with the change of reference.

e 2 Tl ([ T -y

-_ o ":I ] .-—: . ||:I ] .-—: . ":I ¥
D) D) (D) I3 =ARD =E30-
- . - 3 u L =~ o - = L = o ]

Let us discuss another example. In a games period, the students
of class IX assembled as shown in the picture. Can you say where

D e =52D)

2 o

Sudha is standing in the picture?

Rama said “Sudha is standing in 2" column.”

( €]

1 sE%) s sE1)

Pavani said “Sudha is standing in 4" row.”

Nasima said “Sudha is standing in 2" column and 4™ row.”

Whom of the above gave correct information? Can you identify

Sudha with the information given by Nasima? Can you locate the
position of Madhavi (who is standing in 1st column and 5" row?)

0 X5

Identify the students who are standing in following positions.
(1) (3rd column, 6th row) (>i1) (5th column, 2nd row)

& %f;
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In the above example can you say how many references did you consider? What are they?
Let us discuss one more situation.

A teacher asked her students to mark a point on

a sheet of paper. The hint given by the teacher is “the
point should be at a distance of 6 cm from the left
edge.” Some of the students marked the point as shown [~====—~— —-mmeA
in the figure.

In the figure which point do you suppose is
correct? Since each point A,B,C and D is at a distance ____6em. | C
of 6 cm from the left edge, no point can be denied. To

fix the exact position of the point what more [~————===~ ————-=D

information is needed? To fix its exact position,

another reference, say, the distance from the edge of

the top or bottom has to be given.

Suppose the teacher says that the point is at a

distance of 6 cm from the left edge and at a distance

N of 8 cm from the bottom edge, now how many points
with this description can be marked?
Only a single point can be marked. So, how many
g' references do you need to fix the position of a point?
L

We need two references to describe for fixing
the exact position of a point. The position of the point

is denoted by (6,8). If you say “a point is marked at a

distance of 7 cm from the top.” Can you trace its exact

position? Discuss with your friends.

Describe the seating position of any five students in your classroom.

Have you seen ‘Ring game’ in exhibitions? We throw rings on the objects
arranged in rows and columns. Observe the following picture.
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Object Column Row Position
Purse 3 4 (3.4)
Matchbox | ......... 3 (,3)
Clip | e | e | i
Teddy | s | s | e
Soap | e | s |

Is the object in 3™ column and 4" row is same as 4™ column and 3™ row?

The representation of a point on a plane with idea of two references led to

development of new branch of mathematics known as Coordinate

Geometry.

Rene Descartes (1596-1650), a French mathematician and
philosopher has developed the study of Co-ordinate Geometry. He found
an association between algebraic equations and geometric curves and
figures. In this chapter we shall discuss about the point and also how to

plot the points on a co-ordinate plane.

N

W<—1—>E
1.
S

In a locality, there is a main road along North-South direction. &

l HIJT'EL

[STATIONAL HOSRIT AL
SHOpP

_ SR sTeeer- 4; P —— — =

‘ WATER
D

e STREET -3 >— — — —

c= 50 0 B9

STREET -2 = — — -

he— MAIN READ —= Z

— STREET —1 =2—

H%%

,;Z: "
The map is given below. With the

help of the picture answer the

following questions.

(1) What is the 31 object on the left side in
street no. 3?

(ii) Find the name of the 2" house which is

in right side of street 2.
(i11) Locate the position of Mr. K’s house.

(iv) How do you describe the position of the
post office?

(v) How do you describe the location of the

hospital?
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We use number line to represent the numbers by marking points on the line at equal
distances. Observe the following integer line.

[l [l [l [l [l [l [l [l
~ ) ) L) ) ) ) ) ) ) )

7 6 5 -4 3 2 -1 0 1 2 3 4 5

S
rd

N Negative Integer I Positive Integer R\
1 1 1 1

|

7

a4

Itis observed that distances marked on either side from a fixed point is called origin on
number line and denoted by ‘O’. All positive numbers are shown on the right side of zero and all
negative numbers on its left side.

We take two number lines, perpendicular to each other in a plane. We locate the position
of a point with reference to these two lines. Observe the following figure.

@ (ii) (iii)

The perpendicular lines may be in any direction as shown in the figures. But, when we
choose these two lines to locate a point in a plane in this chapter, for the sake of convenience we
take one line horizontally and the other vertically as in fig. (iii). We draw a horizontal
number line and a vertical number line meeting at a point perpendicular to each other. The
point of intersection is denoted as origin. The horizontal number line XX! is known as X-
axis and the vertical number line YY" is kno%/n as Y-axis.

Y

sA 54

at at

3 3t

2t 2t
X2 4 bx ;_,:En X+ T ox
5 4 3 2 10 1 5 5 4 3 EXC o Tt

1+ 14

24 24

3+ 34

-4—— _4_._

-5y -5y




The point where X!'X and Y'Y cross
each other is called the origin, and is denoted
by ‘O’. Since the positive numbers lie on the

directions QX , is called the positive direction

of the X-axis, similarly QY is the positive
Y-axis respectively. Also OX! and OY! are
called the negative directions of the X-axis
and the Y-axis respectively. We can observe
that the axes (plural of axis) divide the plane
into four parts. These four parts are called the
quadrants and are denoted by Q,, Q,, Q; and
Q, in anti clockwise direction. The plane here
is called the cartesian plane (named after Rene

Co-ORDINATE GEOMETRY 111

Descartes) or co-ordinate plane or XY-plane. The axes are called the coordinate axes.

5.2.1 Locating a Point

Now let us see how to locate a point in the coordinate system. Observe the following

graph. Two axes are drawn on a graph paper.
A and B are any two points on it. Can you
name the quadrants to which the points A and
B belong to?

The point A is in the first quandrant
(Q,) and the point B is in the third quadrant
(Q5). Now let us see the distances of A and B
from the axes. For this we draw the
perpendiculars AC on the X-axis and AD on
the Y-axis. Similarly, we draw perpendiculars
BE and BF as shown in figure.

We can observe

(1) The perpendicular distance of the point A from the Y-axis measured along the positive
direction of X-axis is AD=0OC= 5 units. We call this as X-coordinate of ‘A’.

(i1)  The perpendicular distance of the point A from the X-axis measured along the positive
direction of the Y-axis is AC=0D=3 units. We call this as Y-coordinate of ‘A’.

Therefore coordinates of ‘A’ are (5, 3)

Free DisTriBUTION BY T.S. GoverRNMENT 2019-20
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(iii))  The perpendicular distance of the point B from the Y-axis measured along the negative
direction of X-axis is OE=BF=4 units. i.e. at —4 on X-axis. We call this as X-coordinate
of ‘B’.

@v) The perpendicular distance of the point B from the X-axis measured along the negative
direction of Y-axis is OF = EB = 3 units. i.e. at =3 on Y-axis. We call this as
Y-coordinate of ‘B’ and (—4, —3) are coordinates of ‘B’.

Now using these distances, how can we locate the point? We write the coordinates of a
point in the following method.
@) The x-coordinate of a point is the distance from origin to foot of perpendicular on
X-axis.
The x-coordinate is also called the abscissa.
The x-coordinate (abscissa) of Pis 2.
The x-coordinate (abscissa) of Q is —3.
(i) The y-coordinate of a point is, the distance from origin to foot of perpendicular on
Y-axis.
The y-coordinate is also called the ordinate.
The y-coordinate or ordinate of P is —2.
The y-coordinate or ordinate of Q is 4.
Hence the coordinates of P are (2, —2) and the coordinates of Q are (-3, 4).

So the coordinates locate a point in a plane uniquely.

5.2.2 Origin

1. The intersecting point of X-axis and Y-axis is called origin. We take origin as a reference
point to locate other points in a plane.

State the abscissa and ordinate of the following points and describe the position of
each point (i) P(8,8) (ii) Q (6,-8).
@ P@&2B)

abscissa = 8 (x - coordinate); Ordinate = 8 (y - coordinate)

The point Pis at a distance of 8 units from Y-axis measured along positive point of X-axis
from origin. As its ordinate is 8, the point is at a distance of 8 units from X-axis measured along
positive point of Y-axis from origin.

(i)  Q(6,-9)
abscissa = 6 ; Ordinate = —8

The point Q is at a distance of 6 units from Y-axis measured along positive X-axis
and it is at a distance of 8 units from X-axis measured along negative Y-axis.
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Example 2. Write the coordinates of the points marked in the graph.

Solution : 1. Draw a perpendicular line to X-axis from the point P. The perpendicular
line touches X-axis at 4 units. Thus abscissa of P is 4. Similarly draw a
perpendicular line to Y-axis from P. The perpendicular line touches Y-axis
at 3 units. Thus ordinate of P
is 3. Hence the Cordinates
of P are (4, 3).

2. Similarly, the abscissa and ordinate
of the point Q are —4 and 5
respectively. Hence the coordinates
of Q are (-4, 5).

3. As in the earlier case the abscissa

and ordinate of the point R are —2

and —4 respectively. Hence the

coordinates of R are (-2, —4).

4. The abscissa and ordinate of the
point S are 4 and —5 respectively. Hence the coordinates of S are (4, -5).

Example-3. Write the coordinates of the
points marked in the graph.

Solution : The point A is at a distance of
3 units from the Y-axis and at a distance zero
units from the X-axis. Therefore the x
coordinate of A is 3 and y-coordinate is 0.
Hence the coordinates of A are (3,0).So think
and discuss.

(1) The coordinates of B are (2,0). Why?

(11) The coordinates of C are (—1,0).
Why?

(iii)  The coordinates of D are (2.5, 0).
Why?

(iv)  The coordinates of E are (=4,0) why? What do you observe?

So as observed in figure, every point on the X-axis has no distance from X-axis.
Therefore the y coordinate of a point lying on X-axis is always zero.

X-axis is denoted by the equation y = 0.
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Do THIS

Among the points given below some of the points lie on X-axis. Identify the

@ 05 (i)  (0,0) (iii)  (3,0)
iv) (5,0 v (-2-3) (vi)  (-6,0)
(vii)  (0,6) (viii) (0,a) (ix)  (b,0)

Fxample-4.  Write the coordinates of the points marked in graph.

Solution :

(1) The point P is at a distance of +5 units

from the X-axis and at a distance zero

from the Y-axis. Therefore the

x-coordinate of P is 0 and

y-coordinate is 5. Hence the
coordinates of P are (0,5).

So think and discuss that-

(11) The coordinates of Q are (0, 3.5), why?

(iii))  The coordinates of R are (0,1), why?

(iv)  The coordinates of S are (0, —2), why?

v) The coordinates of T are (0, —5), why?

Since every point on the Y-axis has no distance from the Y-axis, therefore the x-
coordinate of the point lying on Y-axis is always zero. Y-axis is denoted by the equation x = 0.

5.2.3 Coordinates of Origin

The point O lies on Y-axis. Its distance from Y-axis is zero. Hence its x-coordinate is
zero. Also it lies on X-axis. Its distance from X-axis is zero. Hence its y-coordinate is zero.

Therefore the coordinates of the origin ‘O’ are (0,0).

TRrRY THESE
1. Which axis the points such as (0, x) (0, y) (0,2) and (0,-5) lie on? Why 9

2. What s the general form of the points which lie on X-axis?
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Example 5.  Complete the table based on the following graph.
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Point | Abscissa | Ordinate | Co-ordinates | Quadrant | Signs of co-ordinates
E 3 7 E (3,7) Q, (+ +)
Dol v | e | e e
U —4 6 U446 | .. (=)
L O e o
A —4 -3 A4,-3) | ... (=)
T | o | e | e e
I 4 =2 14,-2 | .. (+,-)
o | .. | o | e a0
N | o | e | e e
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From the above table you may have observed the following relationship between the

signs of the coordinates of a point and the quadrant of a point in which it lies.

Y
54
T X
Q2 3__ Ql
(- +) (+,4) . y
2+ x < 0 (negative)| x> 0 (positive)
1+ y > 0 (positive) | y > 0 (positive)
Nt ——— X 1
5.4 3 2 -1 ? 1 2 3 4 5 X< 0 >X
Q 2+ Q x < 0 (negative)| x > 0 (positive)
3 34 4 y < 0 (negative) | y < 0 (negative)
('7 ') (+s ')
-4+ le
54
Yl

1. Write the quadrant in which the following points lie? .
i) (=2,3) i1) (5, =3) iii) (4, 2) iv) (-7,-6)

v) (0, 8) vi) (3,0) vii)(—4, 0) viii) (0, —6)
2. Write the abscissae and ordinates of the following points.

i) (4,-98) ii) (-5, 3) iii) (0, 0) iv) (5,0)

v) (0, —8)

Note : Plural of abscissa is abscissae.

3. Which of the following points lie on the axes? Also name the axis.
1) (=5,-8) i) (0, 13) iii) (4, -2) iv) (-2,0)
v) (0,-8) vi) (7, 0) vii) (0, 0)

4.  Write the following based on the graph.
i) The ordinate of L
i1) The ordinate of Q

iii) The point denoted by (-2, —2)
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iv) The point denoted by (5, —4)
v) The abscissa of N
vi) The abscissa of M

& t

2

5. State True or False, if ‘false’ write correct statement.
i. In the Cartesian plane the horizontal line is called Y - axis.
ii. In the Cartesian plane, the vertical line is called Y - axis.
iii. The point which lies on both the axes is called origin.
1v. The point ( 2, =3 ) lies in the third quadrant.
v. (=5, -8) lies in the fourth quadrant.
vi. The point (—x , —y) lies in the first quadrant where x <0,y <0.
6.  Plot the following ordered pairs on a graph sheet.What do you observe?
i.. (1,0), 3,0), (-2,0),(-5,0),(0,0), (5, 0), (-6, 0)
ii. (0, 1), (0, 3), (0,-2),(0,-5), (0, 0), (0, 5), (0, —6)
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5.3 PLOTTING A POINT ON THE CARTESIAN PLANE WHEN ITS CO-
ORDINATES ARE GIVEN

So far we have seen how to read the positions of points marked on a Cartesian plane.
Now we shall learn to mark the point if its co-ordinates are given.

For instance how do you plot a point (4, 6).
Can you say in which quardrant the point P lies?

We know that the abscissa (x-coordinate) is 4 and y-coordinate is 6.

L LD UHECaSHE i S Sl

S e

.. Plies in the first quadrant

The following process shall be followed in plotting the point P (4, 6)
. Draw two number lines perpendicular to each other meeting at their zeroes on a graph
paper. Name the horizontal line as X-axis and the vertical line as Y-axis and locate the
meeting point of both the lines as Origin ‘O’.

. Keep the x-coordinate in mind, start from zero, i.e. from the Origin.

. Move 4 units along positive part of X-axisi.e. toits right side and mark the point A.
. From A move 6 units upward along a line parallel to positive part of Y-axis.

. Locate the position of the point ‘P’ as (4, 6).

The above process of marking a point on a Cartesian plane using their co-ordinates is
called ““plotting the point™.
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Example7.  Plot the following points in the Cartesian plane
1) M (2,4, () A(=5,-3), (i) N, -6)

Solution : Draw the X-axis and Y-axis.

U N

A

Y
wwwwww e

(i)  Canyou say in which quadrant the point M lies?
It lies in the second quadrant. Let us now locate its position.

M (-2,4) : start from the origin, move 2 units from zero along the negative part of
X-axis i.e. on its left side.

From there move 4 units along the line parallel to positive Y-axis i.e. upwards.
(i) A(5,-3):

The point A lies in the third quadrant. Start from zero, the Origin.

Move 5 units from zero to its left side that is along the negative part of X-axis.

From there move 3 units along a line parallel to negative part of Y-axis i.e. downwards.
(iii)) N (1, -6): start from zero, the Origin.

The point N lies in the fourth quadrant, start from zero the origin.

Move 1 unit along positive part of X-axis i.e. to the right side of zero.

From there move 6 units along a line parallel to negative Y-axis i.e.

downwards.
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Do Tuis

Plot the following points on a Cartesian plane.

1. B(-2,3) 2. L(5,-8) 3. U(6,4) 4. E(-3,-3)

Example 8 : Plot the points T(4, =2) and V(-2, 4) on a cartesian plane. Whether these
two coordinates locate the same point?

Solution : In this example we plotted two
points T (4, =2) and V(-2, 4)

Are the points (4, —=2) and (=2, 4)
distinct or same? Think.

We see that (4, —2) and (-2, 4) are at
different positions. Repeat the above activity
for the points P (8,3 ), Q(3,8)and A (4, -
5), B(=5,4) and say whether the point (X, y )
is different from (y, x ) or not ?

From the above plotting it is evident

that the position of (X, y) in the Cartesian

plane is different from the position of (y, x).
i.e. the order of x and y is important in (X, y).
Therefore (X, y) is called an ordered pair.
If x# y, the ordered pair (x, y) # ordered pair (y, X).
However if x =y, then (X, y) = (y, X)

Example 9. Plot the points A(2, 2),
B6,2),C(@8,5) and D 4,5 ina !¢
graph sheet. Join all the points to make

EEEE!&; H

it a parallalogram. Find its area.

Solution: All the given points lie in Q.

from the graph b = AB = 4units.

L ——

height h = 3 units

Area of parallelogram

= base x height
=4 x 3 =12 unit®
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Do Tuis

Write the coordinates
of the points A, B, C,
D, E.

Write the coordinates
of EG H,I]J.

Exercise 5.3

Plot the following points in the Cartisian plane whose x , y co-ordinates

are given.
X 2 3 -1 0 -9 —4
y -3 -3 4 11 0 -6
(x, )

Atre the positions of (5, —8) and (=8, 5) is same? Justify your answer.

What can you say about the position of the points (1,2), (1,3), (1,-4),(1,0),and
(1, 8). Locate on a graph sheet .

What can you say about the position of the points (5,4), (8,4), (3,4), (0, 4),
(-4,4), (-2,4)?Locate the points on a graph sheet. Justify your answer.

Plot the points (0, 0) (0, 3) (4, 3) (4, 0) in graph sheet. Join the points with straight lines
to make a rectangle. Find the area of the rectangle.
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6. Plot the points (2, 3), (6, 3) and (4, 7) in a graphsheet. Join them to make it a
triangle. Find the area of the triangle.

7. Plot at least six points in a graph sheet, each having the sum of its coordinates equal
to 5.
Hint: (-2,7) (1,4) .............

8. Look at the graph. Write the coordinates of the points A, B,C,D,E.E G H, L, J,K, L,
L,M.N, P, O and Q.

9. In a graph Sheet Plot each pair of points, join them by line segments

L (2,5),4,7 i (=3,5),(-1,7) . (=3,-4), (2,-4)
v. (-3,-5),(2,-5) v. (4,-2),(4,-3) vi. (=2,4), (-2, 3)
vii. (=2, 1), (=2,0) viil. (4, 7), (4,-3) x. (4,-2),(2,-4)
X (4,-3),2-5 xi. (2,5),(2,-5) xii. (=3, 5), (-3,-5)
xii. (-3, 9), (2,5) xiv. (-1,7) (4,7)

What do you observe

10.  Plot the following pairs of points on the axes and join them with line segments.

(1,0),(0,9); (2,0),(0,8); (3,0)(0,7); (4,0) (0, 6);
(5,0) (0, 5); (6,0)(0,4); (7,0) (0, 3); (8,0)(0,2);(9,0) (0, 1).
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Study the positions of different cities like Hyderabad, New Delhi,
Chennai and Vishakapatnam with respect to longitudes and latitudes on a globe.

Take a graph sheet and plot the following pairs of points on the axes and join

them with line segments.
(_9’ 0)’ (_61 4)5 (_2’ 5)5 (2a 4)a (5’ 0) (_2’ O),
(-2,-8), (-3,-9), (-4, -8).

What do you notice ?

We need two references to locate the exact position of a point in a plane.

A point or an object in a plane can be located with the help of two perpendicular number
lines. One of them is horizontal line (X-axis) and the other is vertical line (Y-axis).

The representing of points in the plane in the form of coordinates ‘x’ and ‘y’ are called
Cartesian Coordinates.

The point of intersection of X-axis and Y-axis is the orgin.
The ordered pair (x, y) is different from the ordered pair (y, x).
The equation of X-axisis y=0.

The equation of Y-axis is x =0.

Brain teaser

Look at the cards placed below you will find a puzzle The White card pieces must change
places with the black pieces while

following these rules : (1) pieces of the
same colour cannot jumpone another (2)
move one piece one space or jump at a

time. Find the least number of moves.

Minimum number of moves is 15. Can you do better?
To make the game more challanging, increase the number of pieces of cards
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06

We have come across many problems like
(@) If five pens cost < 60, then find the cost of one pen.
(i) Anumber when added to 7 gives 51. Find that number.

Here, in situation (i) the cost of the pen is unknown, while in situation (ii) the number is
unknown. How do we solve questions of this type? We take letters x, y or z for the unknown
quantities and write an equation for these situations.

For situation (i) we can write
5 X cost of a pen = 60

If the costof apenis%y
Then, 5y =60

Now solve it fory.

Likewise we can make an equation for situation (ii) and find the unknown number. Such
type of equations are linear equations.

Equations likex +3=0, x + V3=0and J2x+5=0are examples of linear equations
in one variable. You also know that such equations have unique (implying one and only one)
solution. You may also remember how to represent the solution on number line.

Murthy represented the solution of situation (ii) on the

number line like this. .

e

-20 -10 0 10 20 30 40 50
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Now consider the following situation :

One day Kavya went to a bookshop with her father
to buy 4 notebooks and 2 pens. Her father paid ¥ 100 for all
these.

Kavya did not know the cost of the note book and the
pen separately. Now can you express this information in
the form of an equation ?

Here, you can see that the cost of the single note
book and also of the pen is unknown, i.e. there are two
unknown quantities. Let us use x and y to denote them.
So, the cost of a note book is ¥ x and the cost of a pen

is3y.

We represent the above information as an
equation in the form 4 x + 2 'y = 100,

Have you observed the exponents of x and y in the equation ?
Thus the above equation is in linear form with variables ‘x” and ‘y’.

If a linear equation has two variables then it is called a linear equation in two
variables.

Therefore 4x + 2y = 100 is an example of linear equation in two variables.

Itis usually denoted by variables by ‘x’ and ‘y’. But other letters may also be used.

p+3q=50, 3u++2v =111, %—% =5 and 3 = \/5x — 7y are examples of linear equation

in two variables.

Note that you can put the above equations in the form of p + 3q - 50 = 0,
J3u++/2v=+/11=0, 3s-2t-30=0and J5x —7y—3=0 respectively.

Therefore the general form of linear equation in two variables x, y is ax + by + ¢ =
0. Where a, b, ¢ are real numbers, and a, b are not simultaneously zero.

Sachin and Sehwag scored 137 runs together. Express the information in
the form of an equation.

Let runs scored by Sachin be ‘x’ and runs scored by Sehwag be ‘y’ .
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Then the above information in the form of an equation is
x+y=137

Hema’s age is 4 times the age of Mary. Write a linear equation in two variables to
represent this information.

Let Hema’s age be ‘x’ years and of Mary be ‘y’ years,
If Mary’s age is y then Hema’s age is ‘4y’.
According to the given information we have x =4y

= x — 4y =0 (how?)

A number is 27 more than the number obtained by reversing its digits. If its unit’s
and ten’s digits are x and y respectively, write the linear equation representing the above statement.

Units digit is represented by x and tens digit by y, then the number is 10y + x

If we reverse the digits then the new number would be 10x + y (Recall the place value
of digits in a two digit number).

Therefore according to the given condition the equation is

(two digit number) — (number formed by reversing the digits) =27.
ie, 10y+x — (10x + y) =27
= 10y+x - 10x —y — 27=0
= 9 —9%x - 27=0

= y—-x-3=0 " /
= x — y+ 3 =01s the required equation. '

I. Express each of the following equations in the form of ax + by + c=0and write the
values of a, b and c.

) 3x+4y=5 ii) x—=5=.3y
. . x y_1
m 3x=y 1v) >t 5 7%
v) 3x-7=0
s (i)3x + 4y =5 can be written as
3x+4y-5=0.

Here a=3,b =4 and c = -5.



(ii) x—5= \/§y can be written as

lLx— 3y-5=0.
Herea=1,b=-./3 and c = -5.

(iii) The equation 3x =y can be written as
3x-y+0=0.

Here a=3,b=—-1and c=0.

can be writt

N|‘<

_1
6

a_l =_ and ¢ @
2

(v) 3x—7 =0 can be wri

X
(iv) The equation 5 +

Free DisTriBuTION BY T.S. GoVERNMENT 2019-20




128

S.No. Given equation  Expressed as Value of
ax+by+c=0 a,b,c
a b c
1 x=-5 Ilx+0y+5=0 1 0 5
2 y=2 Ox+1y-2=0 0 1 -2
3 2x=3 e - _ —
4 Sy=-3 ---- - --- ---

values of a, b, c in each case?

) 3x+2y=9 i) —2x+3y=6 i) 9x — S5y =10

1v) —%—5=0 V) 2x=y

DO | 4

i

1. Express the following linear equation in the form of ax+by+c=0 and indicate
the values of a, b and ¢ in each case.

) 8 +5y—3=0 ii) 28x — 35y= -7

W | =

i) 2x= -5y v Fto=T

vil) 3x+5y=12

2. Write each of the following in the form of
ax + by + c=0and find the values of a,bandc

14
iif) = =3 iv) x=

) =5
i) 2x 7 13

i) y—2=0
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3. Express the following statements as a linear equation in two variables.

(i) The sum of two numbers is 34.
(i) The costofaball penis ¥ 5 less than half the cost of a fountain pen.
(i) Bhargavi got 10 more marks than double the marks of Sindhu.

(iv) The cost of a pencil is T 2 and a ball point pen is ¥ 15. Sheela pays I 100
for the pencils and pens she purchased.

(v)  Yamini and Fatima of class IX together contributed ¥ 200/- towards the Prime
Minister’s Relief Fund.

(vi) The sum of a two digit number and the number obtained by reversing the order of its

digits is 121. If the digits in unit’s and ten’s place are ‘x’ and ‘y’ respectively.

You know that linear equation in one variable has a unique solution.
What is the solution of the equation 3x — 4 =8?
Consider the equation 3x — 2y =35.

What can we say about the solution of this linear equation in two variables? Do we have

only one value in the solution or do we have more ? Let us explain.
Can you say x = 3 is a solution of this equation?
Let us check, if we substitute x = 3 in the equation
Weget 3(3)-2y=35
9-2y=5

i.e., Still we cannot find the solution of the given equation. So, to know the solution,
besides the value of ‘x’ we also need the value of ‘y’. we can get value of y from the above

equation9 -2y =5. = 2y=4ory=2

The values of x and y which satisfy the equation 3x — 2y =35, are x=3 and y=2. Thus
to statisfy, alinear equation in two variables we need two values, one value for ‘x’ and one value

fory.
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Therefore any pair of values of ‘x’ and ‘y’ which satisfy the linear equation in two
variables is called its solution.

We observed that x =3, y =2 is a solution of 3x — 2y = 5. This solution is written as
an ordered pair (3, 2), first writing the value for ‘x” and then the value for ‘y’. Are there any
other solutions for the equation? Pick a value of your choice say x =4 and substitute it in the
equation 3x - 2y = 5. Then the equation reduces to 12 — 2y =5. Which is an equation in one

variable. On solving this we get.

12-5 7 7\ . .
=—7——==, so |4,—| isanother solution, of 3x =2y =5
2 2 2
Do you find some more solutions for 3x —2y =5? Check if (1, —=1) is another solution?

Thus for a linear equation in two variables we can find many solutions.

Note : An easy way of getting two solutions is put x =0 and get the corresponding value

of ‘y’. Similarly we can put y = 0 and obtain the corresponding value of ‘x’.

L

Find 5 more pairs of values that are solutions for the above equation.

Find four different solutions of 4x +y =9. (Complete the table wherever necessary)

S.No. Choiceofa Simplification Solution
value for variable
Xory
1. x=0 4x+y=9 =>4x0+y=9 (0,9)
=>y=9
2. y=0 4x+y=9 =>4x+0=9
= 4x=9 (2’ j
= x=9/4 4
3. x=1 4x+y=9 =>4xX1+y=9
=>4+y=9 —_—
=>y=5
4. x=-1 _ (-1,13)
9
- (0,9), [Z’ 0] ,(1,5) and (- 1, 13) are some of the solutions for the above equation.
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Check which of the following are solutions of an equation x + 2y =47 (Complete

the table wherever necessary)

) (0,2)
v) (1, 1)

11) (2,0)

vi)(—2,3)

i) (4,0)

(iv) (v2,-3v2)

We know that if we get LHS = RHS when we substitute a pair in the given equation,

then it is a solution.

The given equationis x + 2y =4

Pair of
Values

©,2)

2,0

(4,0)

(2,-32)

(1, D

Value of

LHS

X+2y =0+ (2 X 2)

=0+4=4

X+2y =2+ (2% 0)

=2+0=2

X+2y=4+(12x0)

X +2y =2 +2(=3+2)

X+ 2y

=4+0=4

=J2-612

—5\2

_2+(2x3)
_2+6=4

Value
of RHS

4

4

4

Relation Solution/

between not
LHS and Solution
RHS

~.LHS=RHS ..(0,2)isa
Solution
...... (0, 2) is a Not

a Solution

LHS =RHS

+2,-3v/2)

LHS #RHS Not a

Solution
LHS #RHS (1, 1) Nota

Solution

(-2,3)is a
LHS =RHS Solution
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write the resultant equation.

ofk.

If x=3, y=2isasolution of the equation 5x — 7y =k, find the value of k and

If x =3, y =2 is a solution of the equation
5x —7y=kthen5 X3-7Xx2=k

= 15-14=k
= 1=k
sok=1

The resultant equation is 5x — 7y =1.

Ifx =2k + 1 and y =k is a solutions of the equation 5x + 3y —7 =0, find the value

Itis given that x =2k + 1 and y =k is a solution of the equation 5x + 3y —7=0

by substituting the value of x and y in the equation we get.

= 52k+1)+3k-7=0
= 10k+5+3k - 7=0
= 13k — 2 =0(this is the linear equation in one variable).
= 13k=2
2

k= —
1

Find three different solutions of the each of the following equations.

) 3x+4y=7 il) y=06x ) 2x —y=7
v) 13x — 12y =25 v) 10x + 11y =21 vi) x+y=0
If (0, a) and (b, 0) are the solutions of the following linear equations. Find ‘a’ and ‘b’.
) 8x —y=34 i) 3x=7y - 21 iii) 5x — 2y +3=0

Check which of the following is solution of the equation 2x — Sy =10
1
D(0,2) i)(©0,-2) i) 5.00 i) @V3.-3) V) [5, 2]

Find the value of k, if x =2, y =1 is a solution of the equation 2x + 3y =k. Find two more

solutions of the resultant equation.
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5. If x=2- o andy =2+ @ is a solution of the equation 3x — 2y + 6 = O find the
value of . Find three more solutions of the resultant equation.

6. If x=1,y=1 isa solution of the equation 3x + ay = 6, find the value of ‘a’.

7. Write five different linear equations in two variables and find three solutions for

each of them?

We have learnt that each linear equation in two variables has many solutions. If we
take possible solutions of a linear equation, can we represent them on the graph? We know
each solution is a pair of real numbers that can be expressed as a point in the graph.

Consider the linear equation in two variables 4 = 2x + y. It can also be expressed as
y =4 — 2x. For this equation we can find the value of ‘y’ for a particular value of x. For
example if x =2 then y =0. Therefore (2, 0) is a solution. In this way we find as many solutions
as we can. Write all these solutions in the following table by writing the value of ‘y’ against the
corresponding value of x. -

Table of solutions: | --------- : l — ‘ Scal;e =

Y  X-axis:lcm=lunit |
y=4_ 2x o e

y=4-20)=4  (0,4)
y=4-22)=0 (2,00
y=4-2()=2 | (1,2)
y=4-23)=-2 (3,-2)

L Yeaxis: Leme Lonit |

W = NN O M

We see for each value of x B(2,0)

>X |

there isone value of y. Letustake | | 7% 72 T 00 4 e 34 hma
the value of ‘x’ along the X-axis. i Y G5k AD@ 2y
and take the value of y along the | HERERSR R e
(2, 0), (1, 2) and (3, -2)on the e SeEvaaaas Fbsbabebe e

graph. If we join any of these two
points we obtain a straight line AD.

. If x=0;
Do all the other solutions also
. . y=4-2x=4-2(0)=4
lie on the line AB?
] ) If x=2
Now pick any other point on y=4-22)=0

the line say (4,—4). Is this a solution?



134

Pick up any other point on this line AD and check if its coordinates satisfy the

equation or not?

Now take any point not on the line AD say (1, 1). Is it satisfy the equation?

Can you find any point that is not on the line AD but satisfies the equation?

Let us list our observations:

1.

2.

3.

Every solution of the linear equation

represents a point on the line of the
equation.

Every point on this line is a solution
of the linear equation.

Any point that does not lie on this
line is not a solution of the equation
and vice a versa.

The collection of points that give the
solution of the linear equation is the
graph of the linear equation.

We notice that the graphical representation of a linear equation in two variables is a

straight line. Thus, ax + by + ¢ =0(a and b are not simultaneously zero) is called a linear equation

in two variables.

6.4.1 How to draw the graph of a linear equation

Steps :

1. Write the linear equation.

2. Putx=01in the given equation and find the corresponding value of y.
3.
4

. Write the values of x and its corresponding value of y as coordinates of x and y respectively

Put y =0in the given equation and find the corresponding value of ‘x’.

as (x, y) form.

5. Plot the points on the graph paper.

6. Join these points.

Thus line drawn is the graph of linear equation in two variables. However to check the

correctness of the line it is better to take more than two points. To find more solutions take
different values for ‘x’ substitute them in the given equation and find the corresponding

values of ‘y

b
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Take a graph paper, plot the point (2, 4), and draw a line passing through it.
Now answer the following questions.

1. Can you draw another line that passes through the point (2, 4).
2. How many such lines can be drawn?

3. How many linear equations in two variables exist for which (2, 4) is a solution?

Draw the graph of the equationy — 2x =4 and then answer the following.

(i Does the point (2, 8) lie on the line? Is (2, 8) a solution of the equation? Check by
substituting (2, 8) in the equation.

(i) Does the point (4, 2) lie on the line? Is (4, 2) a solution of the equation? Check algebraically
also.

(i) From the graph find three more solutions of the equation and also three more which are not
solutions.

Given 'y — 2x=4 = y=2x+4

Table of Solutions
X y=2x+4 (x,y) Point
0 y=20)+4=4 0, 4) A0, 4)

-2 y=2(-2)+4=0 (-2,0) B(-2,0)
1 y=2(1)+4=6 (1,6) C(, 6)

Plotting the points A, B and C on the graph paper and join them to get the straight line BC

as shown in graph sheet. This line is the required graph of the equationy —2x =4.

(@i Plot the point (2, 8) on the graph paper. From the graph it is clear that the point (2, 8) lies

on the line.
Checking algebraically: On substituting (2, 8) in the given equation, we get
LHS=y — 2x=8 — 2x2=8 — 4=4=RHS, So (2, 8) is a solution
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(i) Plot the point (4, 2) on the graph paper. You find that (4, 2) does not lie on the line.
Checking algebraically: By substituting (4, 2) in the given equation we have
LHS=y — 2x=2 — 2X4=2 — 8= -6 # RHS, s0 (4, 2) is not a solution.

(@i1) We know that every point on the line is a solution of the given equation. So, we can take
any three points on the line as solutions of the given equation. Eg:(-4, -4). And we also
know that the point which is not on the line is not a solution of the given equation. So we

can take any three points which are not on the line as not solutions of y - 2x =4.
eg: (1) (1,5); ........ 3 eeeeens

xample-T1. Draw the graph of the equation x — 2y =3.
From the graph find (i) The solution (X, y) where x= -5
(i1) The solution (x, y) wherey =0
(ii1) The solution (x, y) where x =0

x—3
2

Solution : Wehavex — 2y=3 = y=
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Table of Solutions
x—3
x y="— (x.y)
3-3
3 y=T=O (3,0)
1 I3 a1
y_ 2 - (’_ )
1 ﬁ 2 1, =2
- y=——=-2/(-1,-2
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Point

A

B

C

Plotting the points A, B, C on the graph paper and on joining them we get a straight line as

shown in the following figure. This line is the required graph of the equation x —2y =3

; Y'

(i) Wehave to find a. Soluﬁdh (X, y) whéré X - 5, tlulat.ié.v.ve. "have to find a point which lies

on the straight line and whose x-coordinate is ‘ — 5’. To find such a point we draw a line
parallel to y-axis at x = — 5. (in the graph it is shown as dotted line). This line meets the

graph at ‘P’ from there we draw another line parallel to X-axis meeting the Y-axis at

y=-4.
The coordinates of P= (-5, —4)

Since P(— 5, —4) lies on the straight line x — 2y =3, itis a solution of x — 2y =3.

(i) We have to find a solution (x, y) where y = 0.

Since y =0, this point (x, 0) lies on the X-axis. Therefore we have to find a point that lies

on the X-axis and on the graph of x — 2y =3.
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(1)

From the graph itis clear that (3, 0) is the required point.
Therefore, the solution is (3, 0).

We have to find a solution (x, y) where x =0.

Since x =0 this point (0, y) lies on the Y-axis. Therefore we have to find a point that lies
on the Y-axis and on the graph of x — 2y =3.

From the graph itis clear that [0, 7] is this point.

-3
Therefore, the solution is (0,7) .

Draw the graph of each of the following linear equations.

)2y=—x+1 ii)—x+y=6  iii)3x+5y=15 iv)%—§=3

Draw the graph of each of the following linear equations and answer the following question.
y=x i) y=2x 1) y =-2x iv)y=3x v)y=-3x
) Are all these equations of the form y = mx, where m is a real number?
i) Are all these graphs passing through the origin?
i) What can you conclude about these graphs?
Draw the graph of the equation 2x + 3y = 11. Find the value of y when x = 1 from the
graph.
Draw the graph of the equation y — x =2. Find from the graph
i) the value of y whenx =4
i) the value of x wheny =-3

Draw the graph of the equation 2x+3y=12. Find the solutions from the graph
1) Whose y-coordinate is 3
i) Whose x-coordinate is -3

Draw the graph of each of the equations given below and also find the coordinates of the

points where the graph cuts the coordinate axes

i)6x — 3y=12 ii) —x+4y=8 i) 3x+2y+6=0
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7. Rajiya and Preethi two students of Class IX together collected I 1000 for the Prime
Minister Relief Fund for victims of natural calamities. Write a linear equation and draw a

graph to depict the statement.

8. Gopaiah sowed wheat and paddy in two fields of total area 5000 square meters. Write
a linear equation and draw a graph to represent the same?

9. The force applied on a body of mass 6 kg. is directly proportional to the acceleration
produced in the body. Write an equation to express this observation and draw the graph
of the equation.

10. A stone s falling from a mountain. The velocity of the stone is given by V =9.8t. Draw its
graph and find the velocity of the stone ‘4’ seconds after start.

25% of the students in a school are girls and others are boys. Form an equation
and draw a graph for this. By observing the graph, answer the following :

@i Find the nur'nbe.r of boys, if the » el e = — {X
number of girls is 25. A& 25 o iy hobstro TR k

(i) Find the number of girls, if the
number of boys is 45.

(i) Take three different values for

number of boys and find the

. . . - : . —‘—/é; /4
number of girls. Similarly take — — f// s ;,éﬂi;’

three different values for number
of girls and find the number of
boys?

lution : Let the number of girls be
‘x’ and number of boys be ‘y’, then

Total number of students =x +y
According to the given information
Number of girls =25% of the students

x=25% of (x+Y)

25 ] 1
=100 © x+y)= (X+y)
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3x=y

The required equation is 3x =y or 3x - y = 0.

Table of Solutions
X y =3x x,y) Point
10 30 (10, 30) A
20 60 (20, 60) B
30 90 (30, 90) C

Plotting the points A, B and C on the graph and on joining them we get the straight line
as shown in the following figure
| e Scale il
I : <7‘ X#ans 1‘1;1 2(} un1ts€

x1s J1 cm 20un1ts_é

S i i
S
Boiys

B(zu (30) |

x(lO 30)

Fal

i Glrls ‘X
0406080100 3

From the graph we ﬁnd that
(@) If the number of girls is 25 then the number of boys is 75.

(i) If the number of boys is 45, then the number of girls is 15.

(iii) Choose the number you want for girls and find the corresponding number of boys.
Similarly choose the numbers you want for boys and find the corresponding number of girl.
Here do you observe the graph and equation. The line is passing through the origin and if
the equation which is in the form y = mx where m is a real number the line passes through
the origin.



141

For each graph given below, four linear equations are given. Out of these find

the equation that represents the given graph.

(1)

(ii)

(@)

Equations are _ _
A) y=x e f.,eale 8
B) x+y=0 g X-axis: ICIH:-‘le,lmtb
C) y=2x : \\ 6 Sl 1len—[ unls
i b G [
D)2+ 3y = 7x BN BEceE
” .
o BL DN ‘ ]
X i *ZX
—-8-6-4-2 0{2 6 8| liO
SN
- L
+6] i ol
HEE
Equations are X
B)y=x-2 . R e e m T 1 cm =2 units.
..... R V-axis:lcm:-._zllnits
C)y=—x+2 i AR G |6 G S B S S S o e
_ St 5t i e T S
D)x+2y=6 k\ .
LI N o '
728 i i 7 X
......... i R 8180 B G
i \\
- N
8
i
on

From the graph we see (1,—1) (0, 0) (=1, 1) lie on the same line. So these are the solutions
of the required equation i.e. if we substitute these points in the required equation it should
be satisfied. So, we have to find an equation that shoul be satisfied by these pairs. If we
substitute (1,—1)in the firstequation y =x itis not satisfied. So y =x is not the required
equation.

Putting (1, -1) in x + y =0 we find that it satisfies the equation. In fact all the three points
satisfy the second equation. So x +y =0 is the required equation.
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(i1)

. In a election 60% of voters cast their

We now check whether y = 2x and 2 + 3y = 7x are also satisfied by (1, -1) (0, 0) and
(=1, 1). We find they are not satisfied by even one of the pairs, leave alone all three. So,

they are not the required equations.

The points on the line are (2, 0), (0, 2) and (-1, 3). All these points don’t satisfy the
first and second equation. Let us take the third equation y = —x + 2. If we substitute
the above three points in the equation, it is satisfied. So required equation is y = —Xx +

2. Check whether these points satisfies the equation x + 2y = 6.

votes. Form an equation and draw the
graph for this data. Find the following from
the graph.
(i) The total number of voters, if
1200 voters cast their votes

@i)) The number votes cast, if the

total number of voters are 800

[Hint: If the number of voters who cast their votes be ‘X’ and the total number of voters
be ‘y’ then x =60% of y.]
When Rupa was born, her father was 25 years old. Form an equation and draw a graph
for this data. From the graph find

(i The age of the father when Rupa is 25 years old.

() Rupa’sage when her father is 40 years old.

. Anauto charges X 15 for first kilometer and ¥ 8 each for each subsequent kilometer.

For a distance of ‘x” km. an amount of ¥ ‘y’ is paid.

Write the linear equation representing this information and draw the graph. With the help
of graph find the distance travelled if the fare paidis I55? How much would have to be
paid for 7 kilometers?

A lending library has fixed charge for the first three days and an additional charges for
each day thereafter. John paid ¥ 27 for a book kept for seven days. If the fixed charges be
< x and subsequent per day charges be Xy, then write the linear equation representing the
above information and draw the graph of the same. From the graph, find fixed charges
for the first three if additional charges for each day thereafter is I4. Find additional
charges for each day thereafter if the fixed charges for the first three days of 7.
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. The parking charges of a car in Hyderabad Railway station for first two hours is ¥
50 and %10 for each subsequent hour. Write down an equation and draw the graph.

Find the following charges from the graph
(1) For three hours (ii) For six hours

(iii) How many hours did Rekha park her car if she paid ¥ 80 as parking charges?

. Sameera was driving a car with uniform speed of 60 kmph. Draw distance-time

graph. From the graph find the distance travelled by Sameera in

1 1
@) 15 hours (i1) 2 hours (ii1) 35 hours

. Theratio of molecular weight of Hydrogen and Oxygen in water is 1:8. Set up an equation

between Hydrogen and Oxygen and draw its graph. From the graph find the quantity of

3
Hydrogen if Oxygen is 12 grams. And quantity of oxygen if hydrogen is o gms. ?

[Hint : If the quantities of hydrogen and oxygen are ‘x’ and ‘y’ respectively,

thenx:y=1:8 =8x=y]

. In amixture of 28 litres, the ratio of milk and water is 5:2. Set up the equation between
the mixture and milk. Draw its graph. By observing the graph find the quantity of milk in
the mixture.

[Hint: Ratio between mixture and milk=5+2:5=7:5]

. In countries like USA and Canada temperature is measured in Fahrenheit where as in

countries like India, it is measured in Celsius. Here is a linear equation that converts
. . 9
Fahrenheit to Celsius F = 3 C+32

(1) Draw the graph of the above linear equation having Celsius on x-axis and Fahrenheit
on Y-axis.
(i) If the temperature is 30°C, what is the temperature in Fahrenheit?

@iii) If the temperature is 95°F, what is the temperature in Celsius?

(@iv) Isthere a temperature that has numerically the same value in both Fahrenheit and
Celsius? If yes find it?
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Consider the equation x = 3. If this is treated as an equation in one variable x, then it

has the unique solution x = 3 which is a point on the number line

A\ 4

-3 -2 -1 0 1 2 3

However when treated as an equation in two variables and plotted on the coordinate plane
it can be expressed as x + 0.y -3 =0

This has infinitely many solutions, let us find some of them. Here the coefficient of y is zero.
So for all values of y, x becomes 3.

Table of solutions
X 3 3 3 3 3 3
y 1 2 3 -1 -2 -3
x,y) G.D G2 O | #-1) | G.-2)| (3,-3)
Points A B C D E F
FromthetableitiSclearthat Fobt bt bbbt b Ggent b
this equation has infinitely many e i e ' Stack Ton= 2k ]
solutions of the form (3, a) where a i | i ,,Yfaxi;s;lcm,:,ZEuni,s:,
is any real number. ' EEE 510 T i ' | '
58 S B
Now draw the graph using the R0 SRR
above solutions. What do you iR 6 S
1 P ca.a
notice from the graph? e e :
Is it a straight line? Whether A “8—6“4 —2 Q 244 6 810 i
itis any line or axes? Theline drawn ' ' _ j - ’:‘;-‘;’g e
is a straight line and is parallelto = | o
What is the distance of this | f\{{"":\.’? e

line fromthe y-axis?

Thus the graph of x =3 is a line parallel to the y-axis at a distance of 3 units to the right of it.
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1. 1) Draw the graph of following equations.
a) x=2 b) x=-2 c) x=4 d x=-+4
ii) Are the graphs of all these equations parallel to Y-axis?
i) Find the distance between the graph and the Y-axis in each case

2. 1) Draw the graph of the following equations
a) y=2 b) y=-2 c) y=3 d y=-3
ii) Are all these parallel to the X-axis?

i) Find the distance between the graph of the line and the X-axis in each case

From the above observations we can conclude the following:

1. The graph of x =k is a line parallel to Y-axis at a distance of k units and passing through
the point (k, 0)

2. The graph of y =Xk is aline parallel to X-axis at a distance of k units and passing through
the point (0, k)

6.5.1 Equation of the X-axis and the Y-axis:

Consider the equation y = 0. It can be written as 0.x + y = 0. Let us draw the graph of this

equation.
Table of solutions
X 1 2 3 -1 -2
y 0 0 0 0 0
*x,y) (1,0) (2,0 3,00 (-1,0)  (-2,0)
Points A B C D E

By plotting all these points on the graph paper, we get the following figure. From the
graph what do we notice?



We notice that all these poi

Therefore the equatio
isy=0.

Free DisTriBUTION BY T.S. GoverRNMENT 2019-20



S

147

Solve the equation 3x +2 = 8x — 8 and represent the solution on

1) the number line i) the Cartesian plane

Write the equation of the line parallel to X-axis, and passing through the point
i) (0,-3) i) (0, 4) i) (2, -5) iv) (3,4)

Write the equation of the line parallel to Y-axis and passing through the point
) (4,0 i) (2,0) i) (3,5) iv) (-4, -3)

Write the equation of three lines that are

(i) parallel to the X-axis (i1) parallel to the Y-axis.

. If a linear equation has two variables then it is called linear equation in two

variables.

Any pair of values of ‘x’ and ‘y’ which satisfy the linear equation in two variables
is called its solution.

A linear equation in the two variables has many solutions.
The graph of every linear equation in two variables is a straight line.
An equation of the form y = mx represents a line passes through the origin.

The graph of x = k is a line parallel to Y - axis at a distance of k units and passes
through the point (k, 0).

The graph of y = k is a line parallel to X-axis at a distance of k units and passes
through the point (0, k).

Equation of X-axisisy = 0.

Equation of Y-axis is x = 0.
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07

We have drawn figures with lines and curves and studied their properties. Do you
remember, how to draw a line segment of a given length? All line segments are not same in size,
they can be of different lengths. We also draw circles. What measure, do we need and have been

used to draw a circle? It is the radius of the circle. We also draw angles equal to the given angle.

We know if the lengths of two line segments are equal then they are congruent.

A-

3cm. *B Pe S om. *Q
Ce 3 om. *D R 2 cm. §
AB = CD PQ = RS
(Congruent) (Non-congruent)
Two angles are congruent, if their angle measure is same.
N & ? O
Af L] 7 &K E
B 7 '/ X D

ZAOB = /ZPOQ
(Congruent)

/XYZ = /DEF
(Non-congruent)

From the above examples we can say that to make or check whether the figures are
same in size or not we need some specific information about the measures describing these
figures.

Let’s consider a square : What is the minimum information required to say whether

two squares are of the same size or not?

Satya said- “I only need the measure of the side of the given squares. If the sides of given

squares are equal then the squares are of identical size”.
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Siri said “that is right but even if the diagonals of the two squares are equal then we can

say that the given squares are identical and are same in size”.

Do you think both of them are right? /
7
Recall the properties of a square. You can’t make two different . /,/ Y
squares with sides having same measures. Can you? And the diagonals of y ,/\/Ex
two squares can only be equal when their sides are equal. See the given J/
figure: 4

The figures that are same in shape and size are called congruent
figures (‘Congruent’ means equal in all aspects). Hence squares that have sides with same measure
are congruent and also with equal diagonals are congruent.

Note : In general, sides decide sizes and angles decide shapes.

We know if two squares are congruent and we trace one out of them on a paper and
place it on other one, it will cover the other exactly.

Then we can say that sides, angles, diagonals of one square are respectively equal to
the sides, angles and diagonals of the other square.

C Let us now consider the congruence of two triangles. We know that if
& Z.. two traingles are congruent then the sides and angles of one triangle are
" X equal to the corresponding sides and angles of the other triangle.
A
B . . . . .
5 (Cl)n Which of the triangles given below are congruent to triangle ABC in
l .
fig.qi).
F 3.5 cm, 35 cm. _H
E
0 S cm p
& N P
L &) g
N g 2
R

(i) (iii)p) g ) )

If we trace these triangles from fig.(ii) to (v) and try to cover AABC. We would observe
that triangles in fig.(ii), (iii) and (iv) are congruent to AABC while ATSU in fig.(v) is not congruent
to AABC.

If APQR is congruent to AABC, we write APQR = AABC.

Notice that when APQR = AABC, then sides of APQR covers the corresponding sides
of AABC equally and so do the angles.

That is, PQ covers AB, QR covers BC and RP covers CA; ZP covers ZA,Z Q covers
/B and ZR covers ZC. Also, there is a one-one correspondence between the vertices. That is,

P corresponds to A, Q to B, R to C. This can be written as
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Po>A Qe B, R C

Note that under order of correspondence, APQR = AABC; but it will not be correct
to write AQRP = AABC as we get QR = AB, RP=BC and QP = AC which is incorrect for
the given figures.

Similarly, for fig. (iii),
FD < AB, DE <> BC and EF <> CA
andFo A, Do BandE <« C
So, AFDE = AABC but writing ADEF = AABC is not correct.
Now you give the correspondence between the triangle in fig.(iv) and AABC.

So, it is necessary to write the correspondence of vertices correctly for writing of
congruence of triangles.

Note that corresponding parts of congruent triangles are equal and we write in
short as ‘CPCT’ for corresponding parts of congruent triangles.

1. There are some statements given below. Write whether they are true or false :
i Two circle are always congruent. ( )
ii. Two line segments of same length are always congruent. ( )
iil. Two right angle triangles are sometimes congruent. ( )
iv. Two equilateral triangles with their sides equal are always congruent. ( )

2. Which minimum measurements do you require to check if the given figures are congruent:
i Tworectangles ii. Two rhombuses

.2 CRITERIA

You have learnt the criteria for congruency of triangle in your earlier class.
Is it necessary to know all the three sides and three angles of a triangle to make a unique
triangle?

Draw two triangles with one side 4 cm. Can you make two different triangles with one
side of 4 cm? Discuss with your friends. Do you all get

congruent triangles? You can draw types of triangles if one

side is given say 4 cm. \

4 cm. 4 cm.
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Now take two sides as 4 cm. and 5 cm. and draw as many ~ —-——== P\\
triangles as you can. Do you get congruent triangles? ," \\\ c
We can make different triangles even with these two given 5,:" &./// \\
measurements. ’,' /i: 7 \\‘
Now draw triangles with sides 4 cm., 7 cm. and 8 cm. A,’i// - B
X Can you draw two different triangles? \
A ;// \(yo You find that with measurement of these three sides, we can make a
/// \{ unique triangle. If at all you draw the triangles with these dimensions
* they will be congruent to this unique triangle.

8 cm.
Now take three angles of your choice, of course The sum of the angles must be 180°.

Draw two triangles for your choosen angle measurement.

Mahima finds that she can make

different triangles by using three angle
70°

measurement.
ZA =50°, /B =70°, ZC =60° 50° 60°

So it seems that knowing the 3 angles

in not enough to make a specific triangle.
Sharif thought that if two angles are given then he could easily find the third one by using

the property of sum of the angles is triangle. So measures of two angles is enough to draw the
triangle but not uniquely. Hence giving 3 or 2 angles is not adequate. We need at least three
specific and independent measurements (elements) to make a unique triangle.

Now try to draw two distinct triangles with each sets of these three measurements:

L AABC where AB=5cm., BC=8 cm., ZC =30°

AABC where AB =5 cm., BC=8cm., /B =30°

6) Are you able to draw a unique triangle with the given measurements, draw and check
with your friends.
A
A’ g
5 c“\' wn
30° 30°
C B 8cm C 8 cm. C
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Here we can draw two different triangles
AABCand A A’ BC with given measurements. Now

draw two triangles with given measurements (ii).

What do you observe? They are congruent B
triangles. Aren’t they? 8 cm.

C

In the other words you can draw a unique triangle with the measurements given in case(ii).

Have you noticed the order of measures given in case (i) & case (ii) ? In case (i) two
sides and one angle are given which is not an included angle but in case (ii) included angle is given
along with two sides. Thus given two sides and one angle i.e. three independent measures is not
the only criteria to make a unique triangle. But the order of given measurements to construct a

triangle also plays a vital role in making a unique triangle.

The above has an implication for checking the congruency of triangles. If we have two
triangles with one side equal or two triangles with all 3 angles equal, we can not conclude that
triangles are congruent as there are more than one triangle possible with these specifications.
Even when we have two sides and an angle equal we cannot say that the triangles are congruent
unless the angle is between the given sides. We can say that the SAS (side angle side) congruency
rule holds but not SSA or ASS.

We take this as the first criterion for congruency of triangles and prove the other criteria
through this.

Axiom (SAS congruence rule): Tiwo triangles are congruent if two sides and the included
angle of one triangle are equal to the two sides and the included angle of the other triangle.

In the given Figure AB and CD are intersecting at ‘O’, OA = OB and OD = OC.
Show that

(i) AAOD = ABOC and (ii) AD || BC.
tion : (i) you may observe thatin AAOD and ABOC,
OA =0B (given)
OD =0C (given)
Also, since £ AOD and £ BOC form a pair of vertically opposite
angles, we have

ZAOD = ZBOC. A D
So, AAOD = ABOC (by the SAS congruence rule)
(i) In congruent triangles AOD and BOC, the other corresponding parts are also equal.

So, ZOAD = ZOBC and these form a pair of alternate angles for line segments AD
and BC.

Therefore AD || BC
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AB isaline segment and line / is its perpendicular bisector. If a point Plies on /,

show that Pis equidistant from A and B.
Line / L AB and passes through C which is the mid-point of AB
We have to show that PA = PB. I
Consider APCA and APCB.
We have AC = BC (C is the mid-point of AB)
/PCA = Z/PCB =90° (Given)
PC =PC (Common)
So, APCA = APCB (SAS rule)

and so, PA =PB, as they are corresponding sides of congruent triangles.

1.
) (1)

D

2. In the given figure, the point P bisects AB and DC. Prove / \
\
that |

Al A\\ 5 \‘B
AAPC = ABPD \

\
\
\

7.3.1 Other Congruence Rules
Try to construct two triangles in which two of the angles are 50° and 55° and the side on
which both these angles lie being S5cm.

Cut out these triangles and place one on the other. What do you observe? You will find
that both the triangles are congruent. This result is the angle-side-angle criterion for congruence
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and is written as ASA criterion you have
seen this in earlier classes. Now let us state
and prove the result. Since this result can
be proved, it is called a theorem and to 50° 55° 50° 55°

prove it, we use the SAS axiom for 5cm. 5 cm.

congruence.

Theorem 7.1 (ASA congruence rule) : Two triangles are congruent, if two angles and the

included side of one triangle are equal to two angles and the included side of the other triangle.

Given: In AABC and ADEF
/B=/E, /C= /Fand BC = EF
Required To Prove (RTP): AABC = ADEF

Proof: There will be three posibilities. The possiblities between AB and DE are either
AB > DE or DE > AB or DE = AB.

We will consider all these cases and see what does it mean for AABC and ADEF.

Case (i): Let AB = DE Now what do we observe?

A D
Consider AABC and ADEF
AB = DE (Assumed)
/ZB=ZE (Given)
Y < B ' CE +—p
BC = EF (Given)
So, AABC = ADEF (By SAS congruency axiom)
Case (i1): The second possibility is AB > DE.
A D

So, we can take a point P on AB such that PB = DE

Now consider APBC and ADEF

PB = DE (by construction) B
/B=/E (given) CE ¥
BC = EF (given)

So, APBC = ADEF (by SAS congruency axiom)
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Since the triangles are congruent their corresponding parts will be equal

So, ZPCB = ZDFE

But, L ACB = ZDFE (given)
So LACB = ZPCB (from the above)
Is this possible?

This is possible only if P coincides with A

(or) BA = ED
So, AABC = ADEF (By SAS congruency axiom)

(Note : We have shown above that if /B = ZE and £/C= £F and BC = EF then
AB = DE and the two triangles are congruency by SAS rule).

Case (iii): The third possibility is AB < DE

We can choose a point M on DE such that ME =
AB and repeating the arguments as given in case (ii), we
— _ % B c EX Ry
can conclude that AB = DE and so, AABC = ADEFE
Look at the figure and try to prove it yourself.

Suppose, now in two triangles two pairs of angles and one pair of corresponding sides
are equal but the side is not included between the corresponding equal pairs of angles. Are the

triangles still congruent? You will observe that they are congruent. Can you reason out why?

You know that the sum of the three angles of a triangle is 180°. So if two pairs of angles

are equal, the third pair is also equal (180° — sum of equal angles).

So, two triangles are congruent if any two pairs of angles and one pair of
corresponding sides are equal. We may call it as the AAS Congruence Rule. Let us now take

SOome more examples.

ple In the given figure, AB|| DC and AD||BC
Show that AABC = ACDA
Consider AABC and ACDA

ZBAC= ZDCA (alternate interior angles)
AC =CA (common side)

ZBCA = ZDAC (alternate interior angles)
AABC = ACDA(by ASA congruency) Al B




156

In the given figure, AL || DC, E is mid point of BC. Show that AEBL = AECD
Consider AEBL and AECD
Z BEL = ZCED (vertically opposite angles)
BE = CE (since E is mid point of BC)
ZEBL = ZECD (alternate interior angles) A B L
AEBL = AECD (by ASA congruency)

Use the information given in the

adjoining figure, to prove :

0] ADBC = AEAC

(ii) DC =EC.

Let ZACD= ZBCE=x

.. LACE= ZDCE+ ZACD = ZDCE +x ...... (1)

. ZBCD= ZDCE+ ZBCE = £ZDCE +x

From (i) and (ii), we get : ZACE= ZBCD

Now in ADBC and AEAC,

ZACE = ZBCD (proved above)

BC =AC [Given]

ZCBD= 2 CAE [Given] D
ADBC = AEAC [By A.S.A]
since ADBC = AEAC S ) B
DC = EC.(by CPCT)
Example-6. Line-segment AB is parallel to another line-segment C D
CD. O s the mid-point of AD. >
Show that (i) AAOB = ADOC (ii) O is also the mid- A B
point of BC.
& (i) Consider AAOB and ADOC.

ZABO = ZDCO (Alternate angles as AB || CD and BC is the transversal)
ZAOB = ZDOC (Vertically opposite angles)
OA = 0D (Given)
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Therefore, AAOB = ADOC (AAS rule)
(i) OB = OC (CPCT)
So, O is the mid-point of BC.

In quadrilateral ACBD, AC =AD and AB bisects £ A QL
Show that AABC= AABD. n B
What can you say about BC and BD? \\/

ABCD is a quadrilateral in which AD = BC and A / D
ZDAB = ZCBA Prove that

@)  AABD= ABAC B

i) BD=AC

i) ZABD= /BAC

AD and BC are equal and
perpendiculars to a line segment (0]
AB. Show that CD bisects AB.

[ and m are two parallel lines intersected by

- Val >1
another pair of parallel lines p and q . Show / \/

that AABC= ACDA

E

In the adjacent figure, AC=AE, AB=AD A
and ZBAD = ZEAC. Show that
BC = DE. R
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6. In right triangle ABC, right angle is at C, M is the mid-point of hypotenuse AB. Cis
joined to M and produced to a point D such that DM = CM. Point D is joined to point
B (see figure). Show that :

D A
@) AAMC= ABMD
(i) Z DBC s aright angle M
(iii) ADBC= AACB
1 B C
iv) CM= 5 AB
C
7. In the adjacent figure ABCD is a square and AAPB is an .
equilateral triangle. Prove that AAPD= ABPC. 1 |
(Hint : In AAPD and ABPC AD=BC, AP=BP and
ZPAD = £ PBC =90° - 60° = 30°]
A B
8. In the adjacent figure AABC is isosceles as AB=AC, BA £ 2
and CA are produced to Q and P such that A_Q = AP. Show A
that PB=QC
A (Hint : Compare AAPB and AAQC)
B C
9. In the adjacent figure AABC, D is the midpoint of BC.
E F DE L AB, DF L AC and DE = DF. Show that ABED = ACFD.
B i) C

10.  If the bisector of an angle of a triangle also bisects the opposite side, prove that the
triangle is isosceles. A

11.  Inthe given figure ABC is aright triangle and right angled at
B such that /BCA =2/BAC.

Show that hypotenuse AC =2BC.

(Hint : Produce CB to a point D that BC =BD)

In the above section you have studied two criteria for the congruence of triangles. Let us

now apply these results to study some properties related to a triangle whose two sides are equal.



i. Tocontruct atriangle using compass, take any measurement and draw a line segmentXB.
Now open a compass with sufficient length and put it on point A and B and draw an arc.
Which type of triangle do you get? Yes this is an isosceles triangle. So, AABC in figure is an
isosceles triangle with AC = BC. Now measure ZA and ZB. What do you observe?

C
q
©
p
w,
A A B

ii. Cutsome isosceles triangles.

==

Now fold the triangle so that two congruent sides fit precisely one on top of the other.
What do you notice about £ A and £ B?

You may observe that in each such triangle, the angles opposite to the equal sides are equal.

This is a very important result and is indeed true for any isosceles triangle. It can be proved

as shown below.

Theorem-7.2 : Angles opposite to equal sides of an isosceles

A
triangle are equal.
This result can be proved in many ways. One of the proofs is
given here.
B D C

Given: AABC is an isosceles triangle in which AB = AC.

RTP: Z/B= ZC.

Construction: Let us draw the bisector of £ A and let D be the point of intersection of this
bisector of Z A and BC.

Proof: In ABAD and ACAD,

AB =AC (Given)
ZBAD= ZCAD (By construction)
AD=AD (Common)
So, ABAD = ACAD (By SAS congruency axiom)
So, ZABD = ZACD (By CPCT)

ie., ZB=/C (Same angles)
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Is the converse also true? That is “If two angles of any triangle are equal, can we conclude

34

e

that the sides opposite to them are also equal?”

1.  Onatracing paper draw a line segment BC of length

6cm.

2. From vertices B and C draw rays with angle 60° each.
Name the point A where they meet. % x
3. Fold the paper so that B and C it precisely ontopof | g ’ (¢

each other. What do you observe? Is AB = AC?

Repeat this activity by taking different angles for £B and A
l‘ v
ZC. Each time you will observe that the sides opposite to equal angles N

are equal. So we have the following 15 N2

Theorem-7.3 : The sides opposite to equal angles of a triangle are ?{
equal. B/ —¢C

This is the converse of previous Theorem. The student is

advised to prove this using ASA congruence rule.

In AABC, the bisector AD of A s perpendicular to
side BC Show that AB = AC and AABC is isosceles.

In AABD and AACD,
ZBAD= </ CAD (Given)
AD = AD (Common side)
Z ADB = ZADC =90° (Given)
So, AABD = AACD (ASA rule) A
So, AB = AC (CPCT)

or, AABC is an isosceles triangle.

In the adjacent figure, AB =BC and AC=CD.
Prove that: Z/BAD: LZADB=3:1.
Let ZADB=x
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In AACD, AC =CD
= ZCAD=ZCDA=x
and, ext. ZACB= ZCAD+ ZCDA
=x+x=2x
= ZBAC = ZACB =2x. (-, In ABC, AB =BC)
ZBAD = ZBAC+ ZCAD

=2x+x=3x
4BAD_3_x_3

d, /ADB  x 1
1e., ZBAD : ZADB =3:1.

Hence Proved.

In the given figure, AD is perpendicular to BC and EF || BC, if ZEAB = ZFAC,
show that triangles ABD and ACD are congruent.

Also, find the values of xand y if AB=2x+3, AC=3y+1,

BD=xand DC=y + 1. E F
AD is perpendicular to EF
N ZEAD = ZFAD =9(°
ZEAB= ZFAC (given)
- ZEAD - ZEAB = ZFAD - ZFAC B 55 C
= ZBAD = ZCAD

In AABD and AACD
ZBAD = ZCAD [proved above]
ZADB = ZADC =90° [Given AD is perpendicular on BC]

and AD =AD (Common side)
AABD = AACD [By ASA]
Hence proved.
ZABD=ZACD = AB=AC and BD=CD [By C.P.C.T]
= 2x+3=3y+1 and x=y+1
= 2x—-3y=-2 and x—-y=1
Substituting 2(1+y)=3y=-2 Substituting y=4 in x=1+y
x=1+y 2+2y-3y=-2 x=1+4
-y=-2-2 x=5

—y=—4
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E and F are respectively the mid-points of equal sides AB and AC of AABC

(see figure)
Show that BF = CE
In AABF and AACE,
AB=AC (Given)
LA=/ZA (commonangle)
AF = AE (Halves of equal sides)
So, AABF = AACE (SAS rule)
Therefore, BF=CE (CPCT)

In anisosceles triangle ABC with AB = AC, D and E are points on BC such that
BE =CD (see figure) Show that AD =AE,

In AABD and AACE,

AB=AC (given) ........... @9)
Z B = ZC (Angles opposite to equal sides) ........... 2)
Also, BE=CD
So, BE-DE =CD -DE A
Thatis, BD=CE 3)
So, AABD = AACE
(Using (1), (2), (3) and SAS rule).
This gives AD=AE  (CPCT) Y E ¢

r
ERCIS

1. In anisosceles triangle ABC, with AB = AC, the bisectors
of £B and Z C intersect each other at O. Join A to O.
Show that :
(i) OB=0C (i1) AObisects LA

2. In AABC, AD is the perpendicular bisector of BC (See A
adjacent figure). Show that AABC is an isosceles
triangle in which AB =AC.
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3. ABC s an isosceles triangle in which altitudes BD and CE A
are drawn to equal sides AC and AB respectively (see figure)
Show that these altitudes are equal.

R C
b C

4. ABCisatriangle in which altitudes BD and CE to sides AC
and AB are equal (see figure) . Show that

y 0 i) AABD = AACE

i) AB =ACi.e., ABC

=
pl

is an isosceles triangle.

5. AABC and ADBC are two isosceles triangles on the

A
same base BC (see figure). Show that £ ABD = B C
Z ACD. \‘\/“/
D

DRI ‘lA

Theorem 7.4 (SSS congruence rule) : Through construction we have seen that SSS congruency
rule hold. This theorem can be proved using a suitable construction.

In two triangles, if the three sides of one triangle are respectively equal to the corresponding three
sides of another triangle, then the two triangles are congruent.

* Proof for SSS Congruence Rule

Given: APQR and AXYZ are such that PQ = XY, QR =YZ and PR = XZ

To Prove : APQR = AXYZ

Construction : Draw YW such that ZZYW = ZPQR and WY =PQ. Join XW and WZ
Proof: In APQR and AWYZ

QR=YZ (Given) P
ZPQR = ZZYW (Construction) /\
PQ=YW (Construction) Q R

.. APQR = AWYZ (SAS congruence axiom)
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= /P = /W and PR = WZ (CPCT) X

PQ =XY (given) and PQ =YW (Construction) /i

S XY=YW Y i v/
Similarly, XZ=WZ v
In AXYW, XY =YW \IN

= ZYWX =ZLYXW (In a triangle, equal sides have equal angles opposite to them)
Similarly, ZZWX = ZZXW

S LYWX + LZWX = ZLZYXW + LZXW

= LW =/,/X

Now, /W = /P

s LP=sX

In APQR and AXYZ

PQ=XY

ZP=sX

PR =XZ

. APQR = AXYZ  (SAS congruence criterion)

Let us see the following example based on it.

In quadrilateral ABCD, AB = CD, BC=AD show that AABC = ACDA
Consider AABC and ACDA

AB =CD (given)
AD=BC (given)
AC = CA (common side)

D C
AABC = ACDA (by SSS congruency rule) B
C

» ry

triangles such that AB =BD and AC =CD.
Show that AABC = ADBC.

A
A
() //\A\ i
In the adjacent figure AABC and ADBC are two B\\// s

D

You have already seen that in the SAS congruency axiom, the pair of equal angles has to

be the included angle between the pairs of corresponding equal sides and if not so, two triangles

may not be congruent.
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e -

Construct a right angled triangle with hypotenuse 5 cm. and one side 3 cm,
long. How many different triangles can be constructed? Compare your triangle with
those of the other members of your class. Are the triangles congruent? Cut them out
and place one triangle over the other with equal side placed on each other. Turn the
triangle if necessary what do you observe? You will find that two right triangles are
congruent, if side and hypotenuse of one triangle are respectively equal to the
correseponding side and hypotenuse of other triangle.

Note that the right angle is not the included angle in this case. So we arrive at the following
congruency rule.

Theorem 7.5 (RHS congruence rule) : If in two right triangles the hypotenuse and one side of
one triangle are equal to the hypotenuse and one side of the another triangle, then the two triangles

are congruent.
Note that RHS stands for right angle - hypotenuse-side.

Letus prove it.

Given: Tworight triangles, AABC and ADEF

inwhich ZB =90°and D
ZE=90°; AC=DF A
and BC =EF.
To prove: AABC = ADEF £l | F
Construction: Produce DE to G B } C = .
So that EG = AB. Join GE.
Proof: ¢
In AABC and AGEF, we have
AB =GE (By construction)
ZB=/ZFEG (Each angle is a right angle (90°))
BC =EF (Given)
AABC = AGEF (By SAS criterion of congruence)

So LA=/2G...(1) (CPCT)
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AC=GF...(2) (CPCT)
Further, AC=GF and AC=DF (From (2) and Given)
Therefore DF = GF (From the above)
So, ZD=/ZG...(3) (Angles opposite to equal sides are equal)
weget LZA=/ZD...(4) (From (1) and (3))
Thus, in AABC and ADEF L A= ZD, (From(4))
/ZB=ZE (Given)
So, LA+ ZLB=/ZD+ ZE (on adding)
But ZA+ ZB+ £C=180%and (angle sum property of triangle)
/ZD+ ZE+ ZF=180°
180- LC=180- LF (£ A+ £B=180"- LCand ZD + Z E=180°- L F)
So, LC=ZF, ... (5 (Cancellation laws)
Now, in AABC and ADEF, we have
BC =EF (given)
£ZC=/LF (from (5))
AC =DF (given)
AABC = ADEF (by SAS axiom of congruence)

ABisaline - segment. Pand Q are points on either side of AB such that each of
them is equidistant from the points A and B (See Fig ). Show that the line PQ is the perpendicular
bisector of AB.

You are given PA=PB and QA = QB and you have to show that PQ is perpendicular
on AB and PQ bisects AB. Let PQ intersect AB at C.

])
Can you think of two congruent triangles in this figure ? / \\
A C B

Let us take APAQ and APBQ.

In these triangles,
AP =BP (Given) Q
AQ=BQ (Given)

PQ =PQ (Common side)

So, APAQ = APBQ (SSS rule)

Therefore, £ APQ = ZBPQ (CPCT).

Now let us consider APAC and APBC.

You have : AP=BP (Given)
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ZLAPC = £BPC (£ APQ = £BPQ proved above)

PC =PC (Common side)
So, APAC = APBC (SAS rule)
Therefore, AC=BCCpCT) ... (D
and ZACP= ZBCP (CPCT)
Also, ZACP+ ZBCP=180° (Linear pair)
So, 2 /£ ACP = 180°
or, ZACP=90° 2)

From (1) and (2), you can easily conclude that PQ is the perpendicular bisector of AB.

[Note that, without showing the congruence of APAQ and APBQ, you cannot show that

APAC = APBC even though AP = BP (Given)
PC = PC (Common side)
and ZPAC= ZPBC (Angles opposite to equal sides in AAPB)

Itis because these results give us SSA rule which is not always valid or true for congruence of

triangles as the given angle is not included between the equal pairs of sides.]

Let us take some more examples.

P is a point equidistant from two lines / and m intersecting at point A (see figure).

Show that the line AP bisects the angle between them.
You are given that lines / and m intersect each other at A.
Let PB is perpendicular on / and
PC L m. Itis given that PB = PC.
You need to show that £ PAB = ZPAC.

Let us consider APAB and APAC. In these two triangles, I
PB =PC (Given) B
ZPBA= /PCA=90°  (Given) ) /X\é& g

PA = PA (Common side) m

So, APAB = APAC (RHS rule)

So, ZPAB = ZPAC (CPCT)
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1. AD is an altitude of an isosceles triangle ABC in which AB =AC.
Show that, (i) AD bisects BC (ii) AD bisects £ A.
2. Two sides AB, BC and median

AM of one triangle ABC are A \
respectively equal to sides PQ and

QR and median PN of APQR (See F 7

figure). Show that:

(i) AABM = APQN B M £ ) N R

(ii) AABC

N

APQR
3. BE and CF are two equal altitudes of a triangle ABC. Using RHS congruence rule,

prove that the triangle ABC is isosceles.
4. AABC is anisosceles triangle in which AB = AC. Show that Z/B= ZC.
(Hint : Draw AP L BC) (Using RHS congruence rule)

D
S. AABC is an isosceles triangle in which AB = AC.
Side BA is produced to D such that AD = AB (see 5
figure). Show that £ BCD is aright angle.
B C

6. ABC is a right angled triangle in which £ A = 90° and AB = AC. Show that

ZB=ZC.
7. Show that the angles of an equilateral triangle are 60° each.
/. INEQL

So far, you have been studying the equality of sides and angles of a triangle or triangles.
Sometimes, we do come across unequal figures and we need to compare them. For example,
line segment AB is greater in length as compared to line segment CD in figure (i) and £ Ais

greater than £ B in following figure (ii).
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Ae B

>
N

\ 4

=

@ (i)
Let us now examine whether there is any relation between unequal sides and unequal

angles of a triangle. For this, let us perform the following activity:

Far

1. Draw atriangle ABC mark a point A" on CA produced (new position of it)

So, A’C > AC (Comparing the lengths)
Join A’to B and complete the triangle A”BC.

What can you say about £ A’BCand £ ABC?

Compare them. What do you observe?

BY C

Clearly, ZA’BC>ZABC

Continue to mark more points on CA (extended) and draw the triangles with the side
BC and the points marked.

You will observe that as the length of the side AC is increases (by taking different

positions of A), the angle opposite to it, thatis, £ B also increases.

Let us now perform another activity-

2. Construct a scalene triangle ABC C
(that is a triangle in which all sides are of
different lengths). Measure the lengths of the

sides.

Now, measure the angles. What do

you observe?
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In AABC Figure, BC 7 R U
is the longest side and AC is
the shortest side. Q
Also, Z Aisthelargest
and £ B isthe smallest. = Y > S |

Measure angles and sides of each of the above triangles, what is the relation between a
side and its opposite angle when campared with another pair?

Theorem-7.6 : If two sides of a triangle are
unequal, the angle opposite to the longer side is

larger (or greater).

You may prove this theorem by taking a 3
point P on BC such that CA = CP as shown in
adjacent figure.

Now, let us do another activity:

Draw a line-segment AB. With A as centre
and some radius, draw an arc and mark different
points say P, Q, R, S, T on it.

Join each of these points with A as well as
with B (see figure). Observe that as we move from

PtoT, £ Aisbecoming larger and larger. What is

happening to the length of the side opposite to it?
Observe that the length of the side is also increasing; that

A
is LTAB >/ SAB >/RAB > ZQAB > ZPAB and
TB > SB > RB > QB > PB.
Now, draw any triangle with all angles unequal to
C
B

each other. Measure the lengths of the sides (see figure).

Observe that the side opposite to the largest angle is the longest. In figure, £ B is the
largest angle and AC is the longest side.

Repeat this activity for some more triangles and we see that the converse of the above

Theorem is also true.
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Measure angles and sides of each triangle given below. What relation you can visualize
for a side and its opposite angle in each triangle.

P
A Y- Z

=)

C R X

In this way, we arrive at the following theorem.

Theorem -7.7 : In any triangle, the side opposite to the larger (greater) angle is longer.

This theorem can be proved by the method of contradiction.

Now draw a triangle ABC and measure its sides. Find the sum of the sides AB + BC,
BC +AC and AC + AB, compare it with the length of the third side. What do you observe?

You will observe that AB + BC >AC,
BC +AC>AB and AC + AB > BC.

Repeat this activity with other triangles and with this you can arrive at the following

theorem:

Theorem-7.8 : The sum of any two sides of a triangle is greater than
the third side.

In adjacent figure, observe that the side BA of AABC has
been produced to a point D such that AD = AC. Can you show that
ZBCD > ZBDC and BA + AC > BC? Have you arrived at the

proof of the above theorem.

=
a

Let us take some examples based on these results.

Exam; Dis a point on side BC AABC such that AD = AC (see figure).

Show that AB > AD.
In ADAC,
AD =AC (Given) -
So, ZADC= £ ACD (Angles opposite to equalusides)
Now, £ ADC is an exterior angle for AABD.

a
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So, ZADC> ZABD

or, ZACD> ZABD

or, ZACB> ZABC

So, AB > AC (Side opposite to larger angle in AABC)

or, AB >AD (AD =AC)

1. Show that in a right angled triangle, the hypotenuse is the longest side.
2. In adjacent figure, sides AB and AC of AABC are A

extended to points P and Q respectively.

Also, ZPBC < ZQCB. Show that AC > AB. B C

y Y

B
D
Q 3. In adjacent figure, ZB< ZA and LC< ZD.
A Show that AD < BC.
C
D
4. AB and CD are respectively the smallest and longest sides of a
quadrilateral ABCD (see adjacent figure). A
Show that LA > ZCand £LB> ZD.
B C
P
\ S. In adjacent figure, PR > PQ and PS bisects
\ Z QPR. Prove that £ PSR > ZPSQ.
Q “s R
6. If two sides of a triangle measure 4cm and 6¢m find all possible measurements (positive
Integers) of the third side. How many distinct triangles can be obtained?
7. Try to construct a triangle with 5cm, 8cm and 1cm. Is it possible or not? Why? Give your

justification?
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Figures which are identical i.e. having same shape and size are called congruent figures.
Three independent elements to make a unique triangle.

Two triangles are congruent if the sides of one triangle are equal to the sides of another

triangle and the corresponding angles in the two triangles are equal.
Also, there is a one-one correspondence between the vertices.

In Congruent triangles corresponding parts are equal and we write in short ‘CPCT’ for

corresponding parts of congruent triangles.

SAS congruence rule: Two triangles are congruent if two sides and the included angle of
one triangle are equal to the corresponding two sides and the included angle of the other

triangle.

ASA congruence rule: Two triangles are congruent if two angles and the included side of

one triangle are equal to two angles and the included side of other triangle.
Angles opposite to equal sides of an isosceles triangle are equal.
Conversely, sides opposite to equal angles of a triangle are equal.

SSS congruence rule: If three sides of one triangle are equal to the three sides of another

triangle, then the two triangles are congruent.

RHS congruence rule: If in two right triangles the hypotenuse and one side of one triangle
are equal to the hypotenuse and corresponding side of the other triangle, then the two

triangles are congruent.
If two sides of a triangle are unequal, the angle opposite to the longer side is larger.
In any triangle, the side opposite to the larger angle is longer.

The sum of any two sides of a triangle is greater than the third side.
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08

You have learnt many properties of triangles in the previous chapter with justification. You
know that a triangle is a figure obtained by joining three non-collinear points in pairs. Do you
know which figure you obtain with four points in a plane ? Note that if all the points are collinear,
we obtain a line segment (Fig. (1)), if three out of four points are collinear, we get a triangle
(Fig(ii)) and if any three points are not collinear, we obtain a closed figure with four sides (Fig (iii),
(iv)), we call such a figure as a quadrilateral.

A Aa
. A

\D

U.

/ :

(.j ® B\

: . D . C :
® (i1) (i) C (iv)

You can easily draw many more quadrilaterals and identify many around you. The

Quadrilateral formed in Fig (iii) and (iv) are different in one important aspect. How are they
different?

In this chapter we will study quadrilaterals only of type C
(Fig (iii)). These are convex quadrilaterals. D

A quadrilateral is a simple closed figure bounded by four line

segments in a plane. A B

The quadrilateral ABCD has four sides AB, BC, CD and
DA, four verticesare A,B,CandD. ZA, /B, ZC and £D
are the four angles formed at the vertices.

When we join the opposite vertices A, Cand B, D (inthe fig.) o
AC and BD are the two diagonals of the Quadrilateral ABCD.
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There are four angles in the interior of a quadrilateral. Can we find the sum of these four

angles? Let us recall the angle sum property of a triangle. We can use this property in finding sum

of four interior angles of a quadrilateral.

ABCD is a quadrilateral and AC is a diagonal (see figure).

We know the sum of the three angles of AABCiis,

ZCAB+ 4B+ ZBCA =180° ...(1) (Angle sum property of a triangle)
Similarly, in AADC, D C

ZCAD+/D+/DCA =180°  -..(2)
Adding (1) and (2), we get AL B

ZCAB+ £ZB+ ZBCA + ZCAD+ 4D+ ZDCA =180° +180°

Since ZCAB+ /ZCAD= /A and £LBCA+ /DCA =/C
So, ZA + /B+ Z/C + 2D =360°

i.e the sum of four angles of a quadrilateral is 360° or 4 right angles.

Look at the quadrilaterals drawn below. We have come across most of them earlier. We

will quickly consider these and recall their specific names based on their properties.

D

/¢

D

A

A A

C D
B
() A (i) B G
B
C

(vi)

a

(iv) ) C
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‘We observe that

In fig. (i) the quadrilateral ABCD had one pair of opposite sides AB and DC parallel
to each other. Such a quadrilateral is called a trapezium.

If in a trapezium non parallel sides are equal, then the trapezium is an isosceles trapezium.

In fig. (ii) both pairs of opposite sides of the quadrilateral are parallel such a
quadrilateral is called a parallelogram. Fig.(iii), (iv) and (v) are also parallelograms.

In fig. (i11) parallelogram EFGH has all its angles as right angles. It is a rectangle.
In fig. (iv) parallelogram has its adjacent sides equal and is called a Rhombus.

In fig. (v) parallelogram has its adjacent sides equal and angles of 90° this is called
a square.

The quadrilateral ABCD in fig.(vi) has the two pairs of adjacent sides equal, i.e.
AB =AD and BC=CD. Itis called a kite.

Consider what Nisha says:

A rhombus can be a square but all squares are not rhombuses.

Lalita Adds

All rectangles are parallelograms but all parallelograms are not rectangles.
Which of these statements you agree with?

Give reasons for your answer. Write other such statements about different types of
quadrilaterals.

Ilustrative examples

ABCD is aparallelogram and ZA =60°. Find the remaining angles.
The opposite angles of a parallelogram are equal.
So in a parallelogram ABCD
/C = /A=60° and /B = £D
and the sum of consecutive angles of parallelogram is equal to 180°.

As ZA and ZB are consecutive angles

D C
/D = /B = 180°- ZA
= 180°-60° = 120°.
0
Thus the remaining angles are 120°, 60°, 120°. A 60
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In a parallelogram ABCD, ZDAB =40° find the other angles of the parallelogram.

pyad o

ABCD is a parallelogram

ZDAB = ZBCD =40°and AD || BC Extend AB to E. Find ZCBE. What do
As sum of consecutive angles
Z/CBA + Z/DAB = 180°
. ZCBA =180 —40°
= 140°
From this we can find ZADC = 140° and ZBCD =40°

Two adjacent sides of a parallelogram are 4.5 cm and 3 cm. Find its perimeter.

you notice. What kind of angles are

ZABC and £CBE ?

Since the opposite sides of a parallelogram are equal the other two sides are 4.5 cm
and 3 cm.

Hence, the perimeter =4.5+ 3 +4.5+3=15cm.

In aparallelogram ABCD, the bisectors of the consecutive angles ZA and ZB
intersect at P. Show that ZAPB =90°.

ABCD is a parallelogram AP and BP are bisectors of consecutive angles, ZA
and ZB.

As, the sum of consecutive angles of a parallelogram is supplementary,
ZA + /B =180°

D C
101, 180 P
2 2
— /PAB + /PBA = 90°
A B

In A APB,
ZPAB+ /APB+ /PBA=180° (angle sum property of triangle)

ZAPB = 180° - (/PAB+ /PBA)
=180° - 90°
=90°

Hence proved.
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1. State whether the statements are True or False.

(1) Every parallelogram is a trapezium )
(i1) All parallelograms are quadrilaterals )
(ii1) All trapeziums are parallelograms C )
(iv) A square is a rhombus C )
(v) Every rhombus is a square C )
(vi) All parallelograms are rectangles )

2. Complete the following table by writing (YES) if the property holds for the particular
Quadrilateral and (NO) if property does not holds.

Properties Trapezium | Parallelogram | Rhombus | Rectangle | square

a. Only one pair of opposite YES
sides are parallel

b.  Two pairs of opposite
sides are parallel

c.  Opposite sides are
equal

d.  Opposite angles
are equal

e. Consecutive angles
are supplementary

f.  Diagonals
bisect each other

g.  Diagonals are equal

h.  Allsides are equal

i Eachangleisa
right angle

j.  Diagonals are per-
pendicular to each
other.

3. ABCD is trapezium in which AB || CD. If AD = BC, show that ZA = /B and
LC = 4D .

4. The four angles of a quadrilateral are in the ratio 1: 2:3:4. Find the measure of each angle
of the quadrilateral.

5. ABCDis arectangle AC is diagonal. Find the nature of AACD. Give reasons.
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We have seen parallelograms are quadrilaterals. In the following we would consider
the properties of parallelograms.

Cut-out a parallelogram from a sheet of paper again and cut along one of its
diagonal. What kind of shapes you obtain? What can you say about these triangles?

Place one triangle over the other. Can you place each side over the other exactly.
You may need to turn the triangle around to match sides. Since, the two traingles
match exactly they are congruent to each other.

Do this with some more parallelograms. You can select any diagonal to cut along.
We see that each diagonal divides the parallelogram into two congruent triangles.

Let us now prove this result.

Theorem-8.1 : A diagonal of a parallelogram divides it into two congruent triangles.

Proof: Consider the parallelogram ABCD.
D C

Join A and C. AC is a diagonal of the parallelogram.

Since AB || DC and AC is transversal

/DCA = ZCAB. (Interior alternate angles) A B

Similarly DA || CB and AC is a transversal therefore Z/DAC = ZBCA.
We have in AACD and ACAB

/DCA = ZCAB and £ZDAC = /BCA

also AC = CA. (Common side)

Therefore AABC = ACDA.

This means that the two traingles are congruent by A.S.A. rule (angle, side and angle).
This means that diagonal AC divides the parallelogram in two congruent traingles.
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Theorem-8.2 : In a parallelogram, opposite sides are equal.

Proof: We have already proved that a diagonal of a parallelogram divides it into two
congruent triangles.

Thus in figure AACD = ACAB D C
We have therefore AB = DC and ZCBA = ZADC

also AD =BC and £ZDAC = ZACB

ZCAB = 2ZDCA
- ZACB + ZDCA = ZDAC + ZCAB
i.e. ZDCB = ZDAB

We thus have in a parallelogram

i.  The opposite sides are equal.

ii. The opposite angles are equal.

It can be noted that with opposite sides of a convex quadrilateral being parallel we can
show the opposite sides and opposite angles are equal.

We will now try to show if we can prove the converse i.e. if the opposite sides of a
quadrilateral are equal, then it is a parallelogram.

Theorem-8.3 : If each pair of opposite sides of a quadrilateral is equal, then it is a parallelogram.

Proof : Consider the quadrilateral ABCD with AB=DC and BC=AD.
Draw a diagonal AC. A

Consider AABC and ACDA 0
We have BC =AD, AB =DC and AC = CA (Common side)

So AABC = ACDA (why?) B C
Therefore /ZBCA = ZDAC with AC as transversal

or AB ||DC (1)

Since ZACD = ZCAB with CA as transversal

We have BC || AD (2)

Therefore, ABCD is a parallelogram. By (1) and (2)

You have just seen that in a parallelogram both pairs of opposite sides are equal and
conversely if both pairs of opposite sides of a quadrilateral are equal, then itis a parallelogram.

Can we show the same for a quadrilateral for which the pairs of opposite angles are equal?
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Theorem-8.4 : In aquadrilateral, if each pair of opposite angles are equal then it is a parallelogram.

Proof: In a quadrilateral ABCD, ZA= ZCand £B = ZD then prove that ABCD is a
parallelogram.

We know ZA + ZB + £C + £ZD = 360°

360° D E
2

A+/B=/AC+ /D=

i1.e. ZA + /B = 180°
Extend DCto E

/C + ZBCE = 180° hence Z/BCE = ZADC
If /ZBCE = ZD then AD || BC (Why?)
With DC as atransversal

We can similarly show AB || DC or ABCD is a parallelogram.

1. In the adjacent figure ABCD is a parallelogram g D E
ABEF is a rectangle show that AAFD = ABEC.

2. Show that the diagonals of a thombus divide it
four congruent triangles.

Al
3. In a quadrilateral ABCD, the bisector of ZC and
/D intersect at O.

1
Prove that £COD = E (LA +4£B)

Theorem-8.5 : The diagonals of a parallelogram bisect each other.
Proof: Draw a parallelogram ABCD.
Draw both of its diagonals AC and BD to intersect at the point ‘O’.
In AOAB and AOCD

Mark the angles formed as £1, £2, /3, /4

Z1=/3(AB || CD and AC transversal)

/2 = /4 (Why) (Interior alternate angles)
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and AB = CD (Property of parallelogram)

By A.S.A congruency property

AOCD = AOAB

CO= OA, DO = OB or diagonals bisect each other.

Hence we have to check if the converse is also true. Converse is if diagonals of a
quadrilateral bisect each other then itis a parallelogram.

Theorem-8.6 : If the diagonals of a quadrilateral bisect each
other then it is a parallelogram.

Proof: ABCD is a quadrilateral. (0
AC and BD are the diagonals intersect at ‘O’,
such that OA = OC and OB = OD. Al B
Prove that ABCD is a parallelogram.

(Hint : Consider AAOB and ACOD. Are these congruent? If so then what can we say?)

8.5.1 More geometrical statements

In the previous examples we have showed that starting from some generalisation we
can find many statements that we can make about a particular figure(Parallelogram). We
use previous results to deduce new statements. Note that these statements need not be verified
by measurements as they have been shown as true in all cases.

Such statements that are deduced from the previously known and proved statements
are called corollary. A corollary is a statement, the truth of which follows readily from an
established theorem.

Corollary-1 : Show that each angle of a rectangle is a right angle.
Solution : Rectangle is a parallelogram in which one angle is a right angle.
ABCD is a rectangle. Let one angle is ZA = 90° D C
We have to show that /B = ZC = ZD =90°
Proof : Since ABCD is a parallelogram,
thus AD || BC and AB is a transversal Al B
so ZA + /B =180° (Interior angles on the same side of a transversal)
as ZA =90° (given)
. ZB = 180°- ZA
= 180°-90°=90°
Now ZC = ZA and ZD = /B (opposite angles of parallelogram)

So ZC =90°and £D=90°.
Therefore each angle of a rectangle is aright angle.
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Corollary-2 : Show that the diagonals of a rhombus are perpendicular to each other.
Proof : A rhombus is a parallelogram with all sides equal.
ABCD is arhombus, diagonals AC and BD intersect at O ¢
We want to show that AC is perpendicular to BD
Consider AAOB and ABOC

OB = OB (common side to AAOB and ABOC)
AB =BC (sides of rhombus)

OA =0C (Diagonals of a parallelogram bisect each other) D<0 B

Therefore AAOB = ABOC (S.S.S rule) A

So ZAOB = /BOC
But /AOB + /BOC = 180° (Linear pair)

Therefore 2/AOB=180°

or ZAOB=

Similarly /BOC = ZCOD = ZAOD=90° (Same angle)
Hence AC is perpendicular on BD

So, the diagonals of a rhombus are perpendicular to each other.

Corollary-3: In a parallelogram ABCD, if the diagonal AC bisects the angle A, then ABCD is a
rhombus.

Proof : ABCD is a parallelogram
Therefore AB || DC. AC is the transversal intersects ZA and ZC
So, ZBAC= ZDCA (Interior alternate angles) ...(1)
4BCA = ZDAC -(2) D C
Butitis given that AC bisects LA
So /BAC=/DAC
. ZDCA = ZDAC -(3)
Thus AC bisects £C also
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From (1), (2) and (3), we have

ZBAC = ZBCA

In AABC, ZBAC = ZBCA means that BC = AB (isosceles triangle)

But AB = DC and BC = AD (opposite sides of the parallelogram ABCD)
.. AB=BC=CD=DA

Hence, ABCD is a rhombus.

Corollary-4 : Show that the diagonals of a rectangle are of equal length.
Proof : ABCD is arectangle and AC and BD are its diagonals
We want to know AC =BD

ABCD is arectangle, means ABCD is a parallelogram with all its angles equal to right
angle. D C
Consider the triangles A ABC and ABAD,

AB =BA (Common)

/B = ZA =90° (Each angle of rectangle) Al B

BC =AD (opposite sides of the rectangle)
Therefore, A ABC = ABAD (S.A.S rule)
This implies that AC=BD

or the diagonals of a rectangle are equal.

Corollary-5 : Show that the angle bisectors of a parallelogram form a rectangle.

Proof : ABCD is a parallelogram. The bisectors of D C
angles ZA, /B, ZCand £D intersectatP,Q, R, S NP7
to form a quadrilateral. (See adjacent figure) SN \ 6

Since ABCD is a parallelogram, AD || BC. -~

LR

Consider AB as transversal intersecting them then A

ZA + /B =180°(Consecutive angles of Parallelogram) B

1 1 S _
We know ZBAP = ) ZAand ZABP = ) /B [Since AP and BP are the bisectors

of ZA and /B respectively]

:>14A+14B = lx180°
2 2 2

Or /BAP+ ZABP =90° ...(1)
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ButIn AAPB,
/BAP+ ZAPB+ ZABP = 180° (Angle sum property of the triangle)

So ZAPB =180° —(/BAP + ZABP)

= ZAPB = 180" —90’ (From (1))
= 90°

We can see that ZSPQ = ZAPB = 90°
Similarly, we can show that ZCRD = ZQRS =90° (Same ang
But ZBQC = ZPQR and ZDSA = ZPSR (Why?)

. ZPQR = ZQRS = ZPSR = ZSPQ = 90°
Hence PQRS has all the four angles equal to 90°.
We can therefore say PQRS is a rectangle.

RT

1. Show that the diagonals of a square are equal and right bisectors of each other.”

E

2. Show that the diagonals of a rhombus divide it into four congruent triangles.

~

Some Illustrative examples

AB and DC are two parallel lines D R /

and a transversal /, intersects E at P and DC
at R. Prove that the bisectors of the interior angles Q
form a rectangle.

o

Proof: AB || DC , lis the transversal intersecting

A
>0
2]
osk

v

AB atPand DCatR respectively.

Let %, fd, RS and PS are the bisectors of Z/RPB, ZCRP, ZDRP and ZAPR
respectively.

Z/BPR = ZDRP (Interior Alternate angles) ..(1)

1 —
But £RPQ = EZBPR (- PQis the bisector of ZBPR )

(2
1 .
also £PRS = EZDRP (-+ RS is the bisector of ZDPR ).
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From (1) and (2)
ZRPQ =/PRS

These are interior alternate angles made by PR with the lines P—Q and RS

PQ || RS
Similarly
/PRQ = /RPS, hence P$ || RO
Therefore PQRS is a parallelogram .. (3)

We have Z/BPR + ZCRP =180° (interior angles on the same side of

the transversal [ with line AB || DC)

%LBPR +%LCRP =90°

— /RPQ +/PRQ = 90°
But in APQR,

ZRPQ +/PQR + /PRQ = 180° (three angles of a triangle)

ZPQR =180° —(£LRPQ+ £PRQ)
=180° —90° =90° .. (4)
From (3) and (4)
PQRS is a parallelogram with one of its angles as a right angle.
Hence PQRS is arectangle

In a triangle ABC, AD is the median drawn on the side BC is produced to E such

that AD = ED prove that ABEC is a parallelogram.
Proof : AD is the median of A ABC A

Produce AD to E such that AD =ED

Join BE and CE.

Now In A*ABD and ECD D C
BD =DC (D is the midpoints of BC)

ZADB = ZEDC (vertically opposite angles) E
AD=ED (Given)

So AABD = AECD (SAS rule)

Therefore, AB=CE (CPCT)

also ZABD = ZECD

These are interior alternate angles made by the transversal BC with lines AB and CE.

- AB || CE
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Thus, in a Quadrilateral ABEC,
AB ||CE and AB =CE
Hence ABEC is a parallelogram.

. The opposite angles of a parallelogram are (3x — 2)° and (x + 48)°.
Find the measure of each angle of the parallelogram.

. Find the measure of all the angles of a parallelogram, if one angle is 24° less than the twice
of the smallest angle.

. In the adjacent figure ABCD is Dp— C

a parallelogram and E is the " i /

midpoint of the side BC. If DE o~ -JE

and AB are produced to meet at / e

F, show that AF = 2AB. A . —=~F

D Q C

. In the adjacent figure ABCD is a parallelogram P and Q

are the midpoints of sides AB and DC respectively. Show

that PBCQ is also a parallelogram.

A I‘, B

Q
. ABC is an isosceles triangle in which AB = /
D

AC. AD bisects exterior angle QAC and CD )
|| BA as shown in the figure. Show that

(1) 4ZDAC = ZBCA
(i1) ABCD is a parallelogram

B C

. ABCD is a parallelogram AP and CQ are
perpendiculars drawn from vertices A and C on D C
diagonal BD (see figure) show that |3

(i) AAPB =ACQD
(ii) AP=CQ A B
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7. In A° ABC and DEF, AB || DE; BC = EF and BC || EF. Vertices A, B and C are
joined to vertices D, E and F respectively (see figure). Show that D

(1) ABED is a parallelogram A

(i1) BCEFE is a parallelogram
(iii) AC=DF E F
(iv) AABC =ADEF

8. ABCD is a parallelogram. AC and BD are the
diagonals intersect at O. P and Q are the points of
tri section of the diagonal BD. Prove that CQ || AP
and also AC bisects PQ (see figure).

9. ABCD is a square. E, F, G and H are the mid points of AB, BC, CD and DA
respectively. Such that AE = BF = CG = DH. Prove that EFGH is a square.

We have studied properties of triangle and of a quadrilateral. Let us try and consider

the midpoints of the sides of a triangle and what can be derived from them.

O-.\

1
)

‘}* }
Draw a triangle ABC and mark the midpoints E and F of two sides of tnangle' d

)

AB and AC respectively. Join the point E and F as shown A
in the figure.

Measure EF and the third side BC of the triangle. Also
measure ZAEF and ZABC. E4 e F

We find ZAEF = Z/ABC and EF = %B_c
As these are corresponding angles made by the
transversal AB with lines EF and BC, we say EF || BC.

Repeat this activity with some more triangles.

So, we arrive at the following theorem.

Theorem-8.7 : The line segment joining the midpoints of two sides of a triangle is parallel
to the third side and also half of it.

Given : ABC is a triangle with E and F as the midpoints of AB and AC respectively.
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A
1 ®
We have to show that : (i) EF || BC (i) EF = EBC
Proof:- Join EF and extend it, and draw a line parallel E# .F 12),
to BA through C to meet to produced EF at D.
/
In A* AEF and ACDF B¢ avA
AF=CF (F is the midpoint of AC)
ZAFE = ZCFD (vertically opposite angles.)
and ZAEF = ZCDF (Interior alternate angles as CD || BA with
transversal ED.)
By A.S.A congruency rule
. A AEF = ACDF ASA congruency rule
Thus AE = CD and EF = DF (CPCT)

We know AE = BE

Therefore BE =CD

Since BE || CD and BE = CD, BCDE is a parallelogram.
SoED || BC

= EF||BC

As BCDE is a parallelogram, ED =BC(how ?) (--DF =EF)
we have shown FD = EF

- 2EF=BC

1
Hence EF = EBC

We can see that the converse of the above statement is also true. Let us state it and then
see how we can prove it.

Theorem-8.8 : The line drawn through the midpoint of one of the sides of a triangle and parallel
to another side will bisect the third side

Proof: Draw AABC. Mark E as the mid point of side AB. Draw a line [ passing through E and
parallel to BC. The line intersects AC at F.

Construct CD || BA
‘We have to show AF = CF
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Consider AAEF and ACFD A

ZEAF = ZDCF (BA || CD and AC is
transversal) (How ?)

ZAEF = /D (BA || CD and ED is
transversal) (How ?)

We can not prove the congruence of the B C
triangles as we have not shown any pair of sides in
the two triangles as equal.

To do so we consider EB || DC
and ED| BC
Thus EDCB is a parallelogram and we have BE =DC.
Since BE = AE we have AE =DC.
Hence AAEF = ACFD
. AF=CF

Some more examples

o

In AABC, D, E and F are the midpoints of
sides AB, BC and CA respectively. Show that AABC is
divided into four congruent triangles, when the three midpoints Dy
are joined to each other. (ADEF is called medial triangle)

Proof : D, E are midpoints of AB and BC of triangle ABC
respectively

[T &

so by Mid-point Theorem,
DE ||AC
Similarly DF || BC and EF || AB.
Therefore ADEF, BEFD, CFDE are all parallelograms
In the parallelogram ADEF, DF is the diagonal

So AADF = ADEF (Diagonal divides the parallelogram into
two congruent triangles)

Similarly ABDE = ADEF

and ACEF = ADEF

aF



191

So, all the four triangles are congruent. P q

We have shown that a triangle ABC is divided
in to four congruent traingles by joining the midpoints D
of the sides.

N
~V

[, m and n are three parallel lines B
intersected by the transversals pand q at A, B, C
and D,E, F such that they make equal intercepts
AB and BC on the transversal p. Show that the
intercepts DE and EF on q are also equal.

C
Proof : We need to connect the equality of AB /
and BC to comparing DE and EF. We join Ato F
and call the intersection point with ‘m’ as G.

In AACF, AB =BC (given)

Therefore B is the midpoint of AC.

and BG || CF (how ?)

So G is the midpoint of AF (By the theorem).

A

/N

Now in A AFD, we can apply the same reason as G is the midpoint of AF and GE || AD,
E is the midpoint of DF.

Thus DE =EF.

Hence [, m and n cut off equal intersects on q also.

In the Fig. AD and BE are medians of AABC and BE || DE. Prove that

1
CF = 1 AC.
Proof : If A ABC, D is the midpoint of BC and BE || DF; By Theorem F is the midpoint of CE.
! CE é
.. CF= 3
1(1
= —(—AC) (How ?) »E
212
1 X\
Hence CF= —AC,
4 B¢ ].) oC

ABC isatriangle and through A, B, C lines are drawn parallel to BC, CA and AB
respectively intersecting at P, Q and R. Prove that the perimeter of APQR is double the perimeter
of AABC.
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Proof : AB || QPand BC||RQ So ABCQis aparallelogram. R 2SN »Q
Similarly BCAR, ABPC are parallelograms

. BC=AQ and BC =RA 7 N
= Ais the midpoint of QR B¥ > v C
Similarly B and C are midpoints of PR and PQ - v
respectively.
1 1 1 ¥
- AB = EPQ; BC = EQR and CA = EPR (How) 4

(State the related theorem)

Now perimeter of APQR =PQ + QR + PR
=2AB + 2BC + 2CA
=2(AB +BC + CA)
= 2 (perimeter of AABC).

point on AC such that AE = iAC. If DE=2cm find BC.

2. ABCD is quadrilateral E, F, G and H are the midpoints of AB, BC, CD and DA
respectively. Prove that EFGH is a parallelogram.

3. Show that the figure formed by joining the midpoints of sides of arhombus successively
is arectangle.

4. Ina parallelogram ABCD, E and F are the midpoints of the =~ D E C
sides AB and DC respectively. Show that the line segments /
AF and EC trisect the diagonal BD. P \

5. Show that the line segments joining the midpoints of the Q
opposite sides of a quadrilateral and bisect each other. /

6. ABCisatriangle right angled at C. Aline through the midpoint A E =
M of hypotenuse AB and Parallel to BC intersects AC at D. Show that
(i) Dis the midpoint of AC Aq
i) MD LAC
D+ M

1
(i) CM=MA=_AB.

Co oB



1. A quadrilateral is a simple closed figure formed by four line segments in a plane.
2. The sum of four angles in a quadrilateral is 360° or 4 right angles.

3. Trapezium, parallelogram, rhombus, rectangle, square and kite are special types of
quadrilaterals

4. Parallelogram is a special type of quadrilateral with many properties. We have proved
the following theorems.

a) The diagonal of a parallelogram divides it into two congruent triangles.
b) The opposite sides and angles of a parallelogram are equal.
c) Ifeach pair of opposite sides of a quadrilateral are equal then it is a parallelogram.
d) Ifeach pair of opposite angles are equal then itis a parallelogram.
e) Diagonals of a parallelogram bisect each other.
f) If the diagonals of a quadrilateral bisect each other then it is a parallelogram.
5. Mid point theorm of triangle and converse

a) The line segment joining the midpoints of two sides of a triangle is parallel to the
third side and also half of it.

b) The line drawn through the midpoint of one of the sides of a triangle and parallel
to another side will bisect the third side.

/ Brain teaser \

1.  Creating triangles puzzle

[ \

Add two straight lines to the above diagram and produce 10 triangles.

2.  Take arectangular sheet of paper whose length is 16 cm and breadth is 9 cm. Cut it
in to exactly 2 pieces and join them to make a square.

9cm

\ 16 cm 12 em J




194 (’
«

09

One day Ashish visited his mathematics teacher at his home.
At that time his teacher was busy in compiling the information which
he had collected from his ward for the population census of India.

Good evening sir, it seems you are very busy. Can
I'help you in your work, Sir?

Ashish, I have collected the household information
for census i.e. number of family members has, their
age group, family income, type of house they live

and other data.
Sir, what is the use of this information?

This information is useful for government in planning the developmental
programmes and allocation of resources.

How does government use this large information?

The Census Department compiles this massive data and by using required data
handling tools analyse the data and interpretes the results in the form of information.
Ashish, you must have learnt basic statistics (data handling) in your earlier classes,
didn’tyou?

Like Ashish we too come across a lot of situations where we see information in the form of
facts, numerical figures, tables, graphs etc. These may relate to price of vegetables, city temperature,
cricket scores, polling result and so on. These facts or figures which are numerical or otherwise
collected with a definite purpose are called ‘data’. Extraction of meaning from the data is studied
in a branch of mathematics called statistics.

Lets us first revise what we have studied in statistics (data handling) in our previous classes.

The primary activity in statistics is to collect the data with some purpose. To understand
this let us begin with an exercise of collecting data by performing the following activity.



Divide the students of your class into four groups. Allot each group the work of :
collecting one of the following kinds of data:

i. Weights of all the students in your class.
ii. Number of siblings that each student have.
iii. Day wise number of absentees in your class during last month.

iv. The distance between the school and home of every student of your class.

Let us discuss how these students have collected the required information?

1. Have they collected the information by enquiring each student directly or by visiting every

house personally by the students?
2. Have they got the information from source like data available in school records?

In first case when the information was collected by the investigator (student) with a definite

objective, the data obtained is called primary data (as in (i), (ii), (iv)).

In the above task (iii) number of absentees in the last month could only be known by
school attendance register. So here we are using data which is already collected by class teachers.
This is called secondary data. The information collected from a source, which had already been

recorded, say from registers, is called secondary data.

4 HIS e ‘*

1. Collection of the data about enrollment of students in your school for a period from 2001
to 2010.

ii. Height of students in your class recorded by physical education teacher.

Which of the following are primary and secondary data?

"

Once the data is collected, the investigator has to find out ways to present it in the form
which is meaningful, easy to understand and shows its main features at a glance. Let us take
different situation where we need to present the data.

Consider the marks obtained by 15 students in a mathematics test out of 50 marks:

25, 34, 42, 20, 39, 50, 28, 30, 50, 11, 20, 42, 45, 40, 7.
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The data in this form is called raw data.

From the given data you can easily identify the minimum and maximum marks. You also
remember that the difference between the minimum and maximum marks is called the range of
given data.

Here minimum and maximum marks are 7 and 50 respectively.
So the range = 50 — 7 =43,
From the above we can also say that our data lies from 7 to 50.
Now let us answer the following questions from the above date.
1. Find the middle value of the given data.

ii. Find how many children got 60% or more marks in the mathematics test.

Discussion

(1)  Ikram said that the middle value of the data is 25 because the exam was conducted for 50
marks. What do you think?

Mary said that it is not the middle value of the data. In this case we have marks of 15
students as raw data, so after arranging the data in ascending order,

7, 11, 20, 20, 25, 28, 30, 34, 39, 40, 42, 42, 45, 50, 50

we can say that the 8" term is the middle term and it is 34.

. . . 60
(i)  Youalready know how to find 60% of 50 marks (i.e. ﬁx 50=30).

You find that there are 9 students who 2ot 60% | Marks Tally No of
or more marks (i.e. 30 marks or more). Marks students

When the number of observations in a data are 1 [H1 | 6
too many, presentation of the data in ascending or 2 11 6
descending order can be quite time consuming. So we 3 Il 3
have to think of an alternative method. 4 I 9

See the given example. 5 K111 7
Examp Consider the marks obtained by 50 6 i 5
students in a mathematics test for a total marks of 10. 7 H-H | 2

8 6

5,8,6,4,2, 5,4,9,10, 2, 1,1,3,4,5, 9 I )
8,6,7, 10,2, 1,1,3,44, 5,8,6,7, 10, 10 Il 4
2,8,6,4,2, 5,4,9,10, 2, 1,1,3,4,5,
8,64,5,8 Total 50
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The data is tabulated by using the tally marks, as shown in table.

Recall that the number of students who have obtained a certain number of marks is called
the frequency of those marks. For example, 9 students got 4 marks each. So the frequency of 4
marks is 9.

Here in the table, tally marks are useful in tabulating the raw data.
Sum of all frequencies in the table gives the total number of observations of the data.

As the actual observations of the data are shown in the table with their frequencies, this
table is called ‘Ungrouped Frequency Distribution Table’or ‘Table of Weighted

Make frequency distribution table of the initial letters of that denotes surnames of your -
classmates and answer the following questions.

Observations’.

(1) Which initial letter occured mostly among your classmates?
(i) How many students names start with the alphabat ‘I’?

(@) Which letter occured least as an initial among your classmates?

Suppose for specific reason, we want to represent the data in three categories (i) how
many students need extra classes, (i1) how many have an average performance and (iii) how
many did well in the test. Then we can make groups as per the requirement and grouped
frequency table as shown below.

Class interval (marks) Category Tally marks No. of students
1-3 (Need extra class) M N M 15
4-5 (Average) YU 16
6- 10 (Well AU N TN 19

To classify the data according to the requirement or if there are large number of observations.
We make groups to condense it. Let’s take one more example in which group and frequency
make us easy to understand the data.

I The weight (in grams) of 50 oranges, picked at random from a basket of oranges,
are given below:

35,45, 55, 50, 30, 110, 95, 40, 70, 100, 60, 80, 85, 60, 52, 95, 98, 35, 47, 45, 105, 90,
30, 50, 75, 95, 85, 80, 35, 45, 40, 50, 60, 65, 55, 45, 30, 90, 115, 65, 60, 40, 100, 55, 75,
110, 85, 95, 55, 50
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To present such a large amount of data and to make sense of it, we make groups like
30-39, 40-49, 50-59, ..... 100-109, 110-119. (since our data is from 30 to 115). These groups
are called ‘classes’ or class-intervals, and their size is called length of the class or class width,
which s 10 in this case. In each of these classes the least number is called the lower limit and the
greatest number is called the upper limit, e.g. in 30-39, 30 is the ‘lower limit’ and 39 is the ‘upper
limit’.

(Oranges weight) Tally marks (Number of oranges)—‘
Class interval Frequency

30 -39 M | 6
40 - 49 M 8
50 - 59 U111 9
60 - 69 M | 6
70 - 79 1l 3
80 - 89 I\ 5
90 - 99 NI 7
100-109 11| 3
110 - 119 1] 3

Total 50

Presenting data in this form simplifies and condenses data and enables us to observe certain
important features at a glance. This is called a grouped frequency distribution table.

‘We observe that the classes in the table above are non-

overlappingi.e. 30-39,40-49 ... no number is repeatingin | Classes Class boundaries
two class intervals. Such classes are called inclusive classes. 20 - 29 195-295
Note that we could have made more classes of shorter size, |30 . 39 295-395
or lesser classes of larger size also. Usually if theraw datais | 4() - 49 39.5-495
given the range is found (Range = Maximum value —Minimum | 50 _ 59 495-595
value). Based on the value of ranges with convenient, class | g0 _ g9 59.5 - 69.5
interval length, number of classes are formed. Forinstance, |7¢ _ 79 69.5 - 79.5
the intervals could have been 30-35, 36-40 and so on. 80 - 89 79.5-895

Now think if weight of an orange is 39.5 gm. thenin |9() - 99 890.5-995
which interval will we include it? We cannot include 39.5 100 - 109 = 99.5-109.5
either in 30-39 or in 40-49. 110-119  109.5-119.5

In such cases we construct real limits (or boundaries) | 120 - 129  119.5-129.5
forevery class.

Average of upper limit of a class interval and lower limit of the next class interval becomes
the upper boundary of the class. The same becomes the lower boundary of the next class interval.
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Similarly boundaries of all class intervals are calculated. By assuming a class interval
before the first class and next class interval after the last class, we calculate the lower boundary
any of the first and upper boundary any of the last class intervals.

Again a problem arises that whether 39.5 has to be included in the class interval 29.5-39.5
or 39.5 - 49.5?7 Here by convention, if any observation is found to be equivalent to upper
boundary of a particular class, then that particular observation is considered under next class, but
not that of the particular class.

S0 39.5 belongs to 39.5 - 49.5 class interval.

The classes which are in the form of 30-40, 40-50, 50-60, .... are called over lapping
classes and called as exclusive classes.

If we observe the boundaries of inclusive classes, they are in the form of exclusive classes.
The difference between upper boundary and lower boundary of particular class given the length
of class interval. Length class interval of 90 — 99 is (i.e. 99.5 — 89.5 = 10) 10.

The relative humidity (in %) of a certain city for a September month of 30 days was
as follows:

98.1 98.6 992 903 865 953 929 963 942 95.1
89.2 923 97.1 935 927 951 972 933 952 973
96.0 92.1 849 900 957 983 973 96.1 92.1 &9

@i  Construct a grouped frequency distirubtion table with classes 84-86, 86,-88 etc.
(i) Whatis the range of the data?

(i) The grouped frequency distribution table is as follows-

Relative humidity Tallymarks Number of days

84-86 | 1 [Note:- 90 comes in interval
86-88 | 1 90-92 likewise 96 comes in
88-90 I 2 96-98 class interval]
90-92 I 2
92-94 I 7
94-96 W 6
96-98 M 7
98-100 Il 4

(i) Range99.2-84.9 =14.3 (vary for different places).
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. Write the mark wise frequencies in the following frequency distribution table.

Marks Up to5 Upto6 = Upto7 Upto8 @ Upto9 | UptolO
No of students 5 11 19 31 40 45

The blood groups of 36 students of IX class are recorded as follows.

A O A O A B O A B A B O
B O B O O A B O B AB O A
O O O A AB O A B O A O B

Represent the data in the form of a frequency distribution table. Which is the most common

and which is the rarest blood group among these students?

Three coins were tossed 30 times simultaneously. Each time the number of heads occurring
was noted down as follows;

1 2 3 2 3 1 1 1 0 3 2 1
2 2 1 1 2 3 2 0 3 0 1 2
3 2 2 3 1 1

Prepare a frequency distribution table for the data given above.

A TV channel organized a SMS(Short Message Service) poll on prohibition on smoking,
giving options like A—complete prohibition, B — prohibition in public places only, C —not
necessary. SMS results in one hour were A B A B C B

A B B A C C B B A B
B A B C B A B C B A
B B A B B C B A B A
B C B B A B C B B A
B B A B B A B C B A
B B A B C A B B A

Represent the above data as grouped frequency distribution table. How many appropriate
answers were received? What was the majority of peoples’ opinion?
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5. Represent the data in the adjacent bar graph as frequency distribution table.

90

80

70

60

50

Number of students —8 —F———

40

30

20

I Class

11 Class

I Class

1V Class

=
o
=

VI Class

)

90

ars

Bikes

Autos

Cycles

Scale : on X-axis 1 ¢m = 5 Vehicles

A ¥

A

5 10015 2P 25 130135 1| 40111451150
Number of Vehicles

X

Identify the scale used on the axes of
the adjacent graph. Write the
frequency distribution fromit.

7. The marks of 30 students of a class, obtained in a test (out of 75), are given below:
42,21, 50, 37,42, 37, 38, 42, 49, 52, 38, 53, 57, 47, 29
59, 61, 33,17, 17, 39, 44, 42, 39, 14, 7, 27, 19, 54, 51.

Form a frequency table with equal class intervals. (Hint : one of them being 0-10)

8. The electricity bills (in rupees) of 25 houses in a locality are given below. Construct a

grouped frequency distribution table with a class size of 75.
170, 212, 252, 225, 310, 712, 412, 425, 322, 325, 192, 198, 230, 320, 412,
530, 602, 724, 370, 402, 317, 403, 405, 372, 413

9. A company manufactures car batteries of a particular type. The life (in years) of 40

batteries were recorded as follows:

2.6
3.5
2.5
3.5
4.6

3.0
2.3
4.4
3.2
3.8

3.7
3.2
34
3.9
3.2

3.2
34
3.3
3.2
2.6

2.2
3.8
29
3.2
3.5

4.1 35 45
32 46 37
30 43 28
3.1 37 34
42 29 36

Construct a grouped frequency distribution table with exclusive classes for this data,

using class intervals of size 0.5 starting from the interval 2 - 2.5.
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Consider the following situations:

Case-1: In a hostel 50 students usually eat 200 idlies in their breakfast. How many more idlies
does the mess incharge make if 20 more students joined in the hostel.

Case-2 : Consider the wages of staff at a factory as given in the table. Which salary figure

represents the whole staff:
Staff 1 2 3 - 5 6 7 8 p 10
SalaryinT 12 14 15 15 15 16 17 18 90 95

(in thousands)

Case-3 : The different forms of transport in a city are given below. Which is the popular means

of transport?
1. Car 15%
2. Train 12%
3. Bus 60%

4. Two wheeler 13%

In the first case, we will usually take an average (mean), and use it to resolve the problem.
But if we take average salary in the second case then it would be 30.7 thousands. However,
verifying the raw data suggests that this mean value may not be the best way to accurately reflect
the typical salary of a worker, as most workers have their salaries between 12 to 18 thousands.
So, median (middle value) would be a better measure in this situation. In the third case mode
(most frequent) is considered to be a most appropriate option. The nature of the data and its
purpose will be the criteria to go for average or median or mode among the measures of central

tendency.

) § }Y -9

1. Give 3 situations, where mean, median and mode are separately appropriate and counted.

Considier a situation where fans of two cricketers Raghu and Gautam claim that their star
score better than other. They made comparison on the basis of last 5 matches.

Matches it o B A0 G
Runs Raghu 50 50 76 31 100
made Gautam 65 23 100 100 10
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Fans of both the players added the runs and calcuated the averages as follows.

307
Raghu’s average score = S5 = 61.4

298
Gautam average score = S = 59.6

Since Raghu’s average score was more than Gautam’s, Raghu fan’s claimed that Raghu
performed better than Gautam, but Gautam fans did not agree. Gautam fan’s arranged both their
scores in descending order and found the middle score as given below:

Raghu 100 76 50 50 31

Gautam 100 100 = 65 23 10

Then Gautam fan’s said that since his middle-most score is 65, which is higher than Raghu
middle-most score, i.e. 50 so his performance should be rated better.’

But we may say that Gautam made two centuries in 5 matches and so he may be better.

Now, to settle the dispute between Raghu’s and Gautam’s fans, let us see the three measures
adopted here to make their point.

The average score they used first is the mean. The ‘middle’ score they used in the argument
is the Median. Mode is also a measure to compare the performance by considering the scores
repeated many times. Mode score of Raghu is 50. Mode score of Gautam is 100. Of all these
three measures which one is appropriate in this context?

Now let us first understand mean in details.

9.4.1 Arithmetic Mean
Mean is the ‘sum of observations of a data divided by the number of observations’. We
have already discussed about computing arithmetic mean for a raw data.

& Sum of observations _ X
Mean X = or x =

Number of observations n

9.4.1.1 Mean of Raw Data

] Rain fall of a place in a week is 4cm, 5cm, 12cm, 3cm, 6¢cm, 8cm, 0.5cm. Find
the average rainfall per day.

The average rainfall per day is the arithmetic mean of the above observations.

Given rainfall through a week are 4cm, Scm, 12cm, 3cm, 6¢cm, 8cm, 0.5cm.
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Number of observations (n)=7

XX X txtx el _
Mean = = Where x,, x, ..... X, are n observation
n n n

4+5+12+3+6+8+0.5 38.5
7 7

and y is their mean = =55cm.

If the mean of 10, 12, 18, 13, Pand 17 is 15, find the value of P.

_ XX
We know that Mean , = o

10+12+18+13+P+17
5= 6

90=70+P
P =20.

9.4.1.2 Mean of Ungrouped frequency distribution

Consider this example; Weights of 40 students in a class are given in the following frequency
distribution table.

Weights in kg (x) 30 32 33 35 37 41
No of students ( f) 5 9 15 6 3 2

Find the average (mean) weight of 40 students.

From the table we can see that 5 students weigh 30 kg., each. So sum of their weights is
5x30=150kg. Similarly we can find out the sum of weights with each frequency and then their

total. Sum of the frequencies gives the number of observations in the data.

. ()—C) _ Sum of all the observations
‘% Total number of observations
S5x30+9%32+15%x33+6%x35+3%x37+2%x41 1336
So Mean = = =33.40 kg.

549+15+6+3+2 40

If observations are x|, x,, X3, X4, X5, Xc and corresponding frequencies are f, f,, f5, f,, f5, f,

then we may write the above expression as



Mean X= Jix + X%+ [+ X + fsxs + foXe _ Zfixi
hthth+fit i+ .
N
SoX =
>
Find the mean of the following data.
X 5 10 15 20 25
f 3 10 25 7 5
x; f;
Step-1 : Calculate f; X x; of each row S 3
Step-2 : Find the sum of frequencies ( 2f; ) 1 1L
15 25
and sum of the f; X x. (Xfx;)
20 7
_ xfx, 755
Step-3 : Calculate x = ﬁ =——=15.1 25 5
zf 50
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I
15
100
375
140
125

Sf, =50 Sfix, =755

If the mean of the following datais 7.5, then find the value of ‘A’.

Marks 5 6 7 8 9
No. of Students 3 10 17 A 8
ion Marks No. of
(x;) Students
Sum of frequencies (Xf;)=42+A )
il
Sum of the f; X x; (Xf;x;) =306 + 8A 5 3
Sf i 6 10
Mean x = /X 7 17
2 f,
8 A
Given Arithmetic Mean =7.5 9 3
S 75 306+ 8A p
© 0T T p+A 10
42+A

306 +8A = 315+75A

10
4

7

15
60
119
8A
72
40

306+8A
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8A-T75A =315-306
05A =9
A=18

9.4.1.3 Mean of ungrouped frequency Distribution by Deviation

method

Find the arithmetic mean of the following data:

x 10 12 14 16 18 20 22
f la |5 |8 |10 |7 |4 |2

(i) Simple Method

Thus in the case of ungrouped frequency distribution,

you can use the formula,
7
21
i 22 _isss
YN T 40 T T
i=1
(i) Deviation Method
In this method we assume one of the X
observations which is convenient as assumed
mean. Suppose we assume ‘16’ as a mean, 10
be A= 16 the deviation of other observations %
from the assumed mean are given in table. 14
Sum of frequencies =40 16 A
Sum of the f;xd; products = — 60 + 42 18
2fd. =-18
’ 20
Xfd. -
Mean Y:A+ﬂ:16+ﬁ 22
Xf, 40

=16-045
=15.55

X;

10
12
14
16
18
20
22

40

o L A SH

~

fi%;
40
60
112
160
126
80
44

7 7
D fi=a0 D fx =622
i=1 i=1

14,

—24
-20
-16
0
+14
+16
+12
—-60+42=-18
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9.4.2 Median

Median is the middle observation of a given raw data, when it is arranged in an order
(ascending / descending). It divides the data into two groups of equal number, one part comprising

all values greater than median and the other part comprising values less than median.

We have already discussed in the earlier classes that median of a raw data with observations,

arranged in order is calculated as follows.

th
n+1
When the data as ‘n’ number of observations and if ‘n’ is odd, median is (T)

observation.

th th
n n
When n is even, median is the average of (Ej and (5 + lj observations

1. Find the median of the scores 75, 21, 56, 36, 81, 05, 42

2. Median of a data, arranged in ascending order 7, 10, 15, x, y, 27,301s 17 and
when one more observation 50 is added to the data, the median has become 18
Findx and y.

9.4.2.1 Median of a frequency distribution
Let us now discuss the method of finding the median for a data of weighted observations
consider the monthly wages of 100 employees of a company.

Wages (in<) 7500 8000 8500 9000 9500 10000 11000
No. of employees 4 18 30 20 15 8 5
How to find the median of the given Wages No.of Cumulative
data? First arrange the observations given (x) employees (f) frequency (cf)
either in ascending or descending order. Then 7500 4 —>4
write the corresponding frequencies in the table 8000 18 ———>22
and calculate less than cumulative frequencies. 8500 30 52
The cumulative frequency upto a particular 9000 20 72
observation is the progressive sum of 9500 15 87
frequencies upto that particular observation. 10000 8 95
11000 5 100

100
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N
Find 5 and identify the median class, whose cumulative frequencies just exceeds

? , where N is sum of the frequencies.

th th
N N
Here N= 100 even so find (?) and (? + 1) observations which are 50 and 51

respectively.
From the table corresponding values of 50" and 51% observations is the same, falls in the
wages of 8500. So the median class of this distribution is 8500.

1. Find the median marks in the data.
Marks 15 20 10 25 5
No of students 10 8 6 4 1

2. Infinding the median, the given data must be written in order. Why?

9.4.3 Mode

Mode is the value of the observation which occurs most frequently, i.e., an observation
with the maximum frequency is called mode.

The following numbers are the sizes of shoes sold by a shop in a particular day. Find
the mode.
6,7,8,9,10,6,7,10,7,6,7,9,7, 6.
First we have to arrange the observations in order 6, 6,6,6,7,7,7,7,7,8,9,9, 10,
10 to make frequency distribution table
Size 6 7 8 9 10

No. of shoes sold 4 5 1 2 1

Here No. 7 occurred most frequently. i.e, 5 times.

.. Mode (size of the shoes) of the given data is 7. This indicates the shoes of size No. ‘7
is afastselling item.

1. Classify your class mates according to their heights and find the mode of it.

2. If shopkeeper has to place a order for shoes, which number shoes should he order more?



(a)
(b)
©

(@)

(b)
©
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Test scores out of 100 for a class of 20 students are as follows:
93, 84, 97, 98, 100, 78, 86, 100, 85, 92, 55, 91, 90, 75, 94, 83, 60, 81, 95
Make a frequency table taking class interval as 91-100, 81-90, .....
Find the modal class. (The “Modal class” is the class containing the greatest frequency).

find the interval that contains the median.

Test Scores Frequency Greater than
Cumulative frequency

91-100 9 20

81-90 6 11

71-80 3 5

61-70 0 2

51-60 2 2

Total 20

91-100 is the modal class. This class has the maximum frequency.

The middle of 20 is 10. If I count from the top, 10 will fall in the class interval 81-90. If
I count from the bottom and go up, 10 will fall in the class interval 81-90. The class
interval that contains the median is 81-90.

IATIC V/

What will happen to the measures of central tendency if we add the same amount to all

data values, or multiply each data value by the same amount.

Let us observe the following table

Particular Data Mean Mode Median
Original Data Set 6,7,8, 10, 12, 14, 14, 15, 16, 20 12.2 14 13
Add 3 to each data 9, 10, 11, 13, 15, 17, 17, 18, 19, 23 15.2 17 16
value

Multiply 2 timeseach 12, 14, 16, 20, 24, 28, 28, 30, 32,40 24.4 28 26
data value
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After observing the table, we see that

When added : Since all values are shifted by the same amount, the measures of central tendency
are all shifted by the same amount. If 3 is added to each data value, the mean, mode and median
will also increase by 3.

When multiplied : Since all values are affected by the same multiplicative values, the measures
of central tendency will also be affected similarly. If each observation is multiplied by 2, the
mean, mode and median will also be multiplied by 2.

1. Weights of parcels in a transport office are given below.

Weight (kg) 50 65 75 90 110 120
No of parcels 25 34 38 40 47 16

Find the mean weight of the parcels.

2. Number of families in a village in correspondence with the number of children are given

below:
No of children 0 1 2 3 4 5
No of families 11 25 32 10 5 1

Find the mean number of children per family.
3. Ifthe mean of the following frequency distribution is 7.2 find value of ‘K.

X 2 4 6 8 10 12

f 4 7 10 16 K 3

4. Number of villages with respect to their population as per India census 2011 are given
below.

Population (in thousands) 12 5 30 20 15 8

Villages 20 15 32 35 36 7

Find the average population in each village.
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5. AFLATOUN social and financial educational program intiated savings program among
the high school children in Hyderabad district. Mandal wise savings in a month are given
in the following table.

Mandal No. of schools Total amount saved (in rupees)
Amberpet 6 2154
Thirumalgiri 6 2478
Saidabad 5 975
Khairathabad 4 912
Secundrabad 3 600
Bahadurpura 9 7533

Find arithmetic mean of school wise savings in each mandal. Also find the arithmetic
mean of saving of all schools.

6. The heights of boys and girls of IX class of a school are given below.

Height(cm) 135 140 147 152 155 160
Boys 2 5 12 10 7 1
Girls 1 2 10 5 6 5

Compare the heights of the boys and girls

[Hint : Find median heights of boys and girls]

7. Centuries scored and number of cricketers in the world are given below.

No. of centuries 5 10 15 20 25
No. of cricketers 56 23 39 13 8

Find the mean, median and mode of the given data.

8. On the occasion of New year’s day a sweet stall prepared sweet packets. Number of
sweet packets and cost of each packet are given as follows.

Cost of packet (in%) 25 I50 75 100 125 R 150
No of packets 20 36 32 29 22 11

Find the mean, median and mode of the data.

9. The mean (average) weight of three students is 40 kg. One of the students Ranga weighs
46 kg. The other two students, Rahim and Reshma have the same weight. Find Rahims

weight.
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10. The donations given to an orphanage home by the students of different classes of a secondary

11.

school are given below.
Class Donation by each student (in <) No. of students donated
VI 5 15
VI 7 15
VIII 10 20
IX 15 16
X 20 14

Find the mean, median and mode of the data.

There are four unknown numbers. The mean of the first two numbers is 4 and the mean
of the first three is 9. The mean of all four numberis 15, if one of the four number is 2 find
the other numbers.

Representation of the data with actual observations with frequencies in a table is
called ‘Ungrouped Frequency Distribution Table’ or ‘Table of Weighted

Observations’

Representation of a large data in the form of a frequency distribution table enables us to
view the data at a glance, to find the range easily, to find which observation is repeating

for how many times, to analyse and to interpret the data easily.

A measure of central tendency is a typical value of the data around which other

observations congregate.
Types of measure of central tendency : Mean, Mode, Median.

Mean is the sum observation of a data divided by the number of observations.

Sum of observations :
Mean = or ¥ — &

. X
Number of observations n

For a ungrouped frequency distribution arithmetic mean x = ki

Zf;
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>f.d.
By deviation method, arithmetic mean =A + % where A is assumed mean and
where 2f; is the sum of frequencies and 2fd; is the sum of product of frequency

and deviations.

Median is the middle observation of a data, when arranged in order (ascending /
descending).

n+1

th
‘When number of observations ‘n’ is odd, median is [T) observation.

th
n
When number of observations ‘n’is even, median is the average of (Ej and

L
> +1| observations

Median divides the data into two groups of equal number, one part comprising all

values greater and the other comprising all values less than median.

Mode is the value of the observation which occurs most frequently, i.e., an observation

with the maximum frequency is called mode.

Brain teaser

In arow of students, Gopi is the 7th boy from left and Shankar is the 5th
boy from the right. If they exchange their seats, Gopi is the 8th boy from the
right. How many students are there in the row?

A boy chaitanya carved his name on the bark of a tree at a height of 1.5 m
tall. The tree attains a height of a 6.75 m from the ground at what height

from the ground will chaitanya’s name can be located now?

Give reason to your answer.



214

10

Observe the following figures

A
\

(b)

)
\/

Have you noticed any differences between the figures of group (a) and (b)?

From the above, figures of group (a) can be drawn easily on our note books. These figures
have length and breadth only and are named as two dimensional figures or 2-D objects. In group
(b) the figures, which have length, breadth and height are called as three dimensional figures or
3-D objects. These are called solid figures. Usually we see solid figures in our surroundings.
You have learned about plane figures and their areas. We shall now learn to find the surface
areas and volumes of 3-dimensional objects such as cylinders, cones and spheres.

Observe the cuboid and find how many faces it H G
has? How many corners and how many edges it has? }%’/ Cc-~
Which pair of faces are equal in size? Do you get any | h = 2cm.
1
idea to find the surface area of the cuboid? ' E ¥
1 - -
. . L=” ~“p =
Now let us find the surface area of a cuboid. A 7= 5cm. g b=3m

In the above figure length (/) =5 cm; breadth
(b) =3 cm; height (h)=2cm
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If we cut and open the given cuboid along CD, ADHE and BCGF. The figure we obtained

is shown below: D C
)
b 2 b
D H G C
b [ b
h 3) h @ h (€)) h
b l b
b ) b
A L B
h ©) h
L C

This shows that the surface area of a cuboid is made up of six rectangles of three identical
pairs of rectangles. To get the total surface area of cuboid, we have to add the areas of all six
rectangular faces. The sum of these areas gives the total surface area of a cuboid.

Areaof therectangle EFGH=[ X h=lh ... (D)

Area of therectangle HGCD =[x b=1b ... 2)

Area of the rectangle AEHD =b X h=bh ... 3)

Area of therectangle FBCG=b X h=bh ... @

Areaof therectangle ABFE=Ixb=1b ... &)

Area of the rectangle DCBA =X h=lh ... (6)

On adding the above areas, we get the surface area of cuboid.

Surface Area of a cuboid =Areasof (1)+12) +B3)+ @) +(5) + (6)
=lh+1b+bh+bh+1b+I1h
=21b+ 2lh + 2bh
=2(lb + bh + [h)

(1), (3), (4), (6) are lateral surfaces of the cuboid

Lateral Surface Area of a cuboid = Area of (1) + (3) + (4) + (6)
=1lh+ bh+ bh + lh
=2lh + 2bh
=2h(l+D)

Now let us find the surface areas of cuboid for the above figure. Thus total surface area is

62 cm.” and lateral surface area is 32 cm.”.
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Take a cube of edge ‘I’ cm. and cut it as we did in the previous activity and find iy

total surface area and lateral surface area of cube.

1. Find the total Surface area and lateral surface area of the

Cube with side 4 cm. (By using the formulae deduced

above)

2. Eachedge of acubeisincreased by 50%. Find the
percentage increase in the surface area.

4 cm.

4 cm. 4 cm.

10.2.1 Volume

To recall the concept of volume, Let us do the following activity.

Take a glass jar, place it in a container. Fill the glass jar with water up to the its brim.
Slowly drop a solid object (a stone) in it. Some of the water from the jar will overflow into the
container. Take the overflowed water into measuring jar. It gives an idea of space occupied by

asolid object called volume.

T

T

i g

Every object occupies some space, the space occupied by an object is called its volume.

Volume is measured in cubic units.

10.2.2 Capacity of the container

If the object is hollow, then interior is empty and it can be filled with air or any other liquid,
that will take the shape of its container. Volume of the substance that can fill the interior is called

the capacity of the container.

Volume of a Cuboid : Cut some rectangles from a cardboard of same dimensions and arrange
them one over other. What do you say about the shape so formed?
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The shape is a cuboid.
Now let us find volume of a cuboid.

Its length is equal to the length of the rectangle, and breadth
is equal to the breadth of the rectangle. 7

The height up to which the rectangles are stacked is the
height of the cuboid is ‘#’

Space occupied by the cuboid = Area of plane region occupied by rectangle X height
Volume of the cuboid =1b X h=1bh

.. Volume of the cuboid =1 bh

Where [, b, h are length, breadth and height of the cuboid.

(a) Find the volume of a cube whose edge is ‘a’ units.

(b) Find the edge of a cube whose volume is 1000 cm’. ¢ a

a
We know that cuboid and cube are the solids. Do we call them as right prisms? You have
observed that cuboid and cube are also called right prisms as their lateral faces are rectangle and
perpendicular to base.

We know that the volume of a cuboid is the product of the area of its base and height.

Remember that volume of the cuboid = Area of base x height

=lbxh
= Ibh
Incube =1[=5b="h=s(All the dimensions are same)
volume of the cube = x

:S3

Hence volume of a cuboid should hold good for all right prisms.

Hence volume of right prism = Area of the base x height

3
In particular, if the base of aright prism is an equilateral triangle its volume is v @*xh cu.units.

Where, ‘a’ is the length of each side of the base and ‘A’ is the height of the prim.



218

1. Find the volume of cuboid if /=12 cm., b =10 cm.
and 2 =8 cm.

2. Find the volume of cube, if its edge is 10 cm.

3. Find the volume of isosceles right angled triangular S em. (Fig 1)
prismin (fig. 1).

Like the prism, the pyramid is also a three dimentional solid figure. This figure has fascinated
human beings from the ancient times. You might have read about pyramids of Egypt, which are,
one of the seven wonders of the world. They are the remarkable examples of pyramids on
square bases. How are they built? It is a mystery. No one really knows that how these massive
structures were built.

Can you draw the shape of a pyramid?

What is the difference you have observed between the prism
and pyramid?

What do we call a pyramid of square base?

Here OABCD is a square pyramid of side ‘S’ units and height
‘R’ units.

Can you guess the volume of a square pyramid in terms of volume
of cube if their bases and height are equal?

Take the square pyramid and cube containers
of same base and with equal heights.

Fill the pyramid with a liquid and pour into the
cube (prism) completely. How many times it takes
to fill the cube? From this, what inference can you

make?
Thus volume of pyramid
=3 of the volume of right prism. h
1 <«——S—>
=3 X Area of the base x height. 2

Note : A Right prism has bases perpendicular to the lateral edges and all lateral faces are
rectangles.
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. Find the volume of a pyramid whose square base is 10 cm. and height 8 cm.

. The volume of cube is 1728 cubic cm. Find the volume of square pyramid of the same

height.

. Find the later surface area and total surface area of the following right prisms.

() (1)

4 cm.

f
4 cm. IETD

. The total surface area of a cube is 1350 sq.m. Find its volume.

. Find the area of four walls of a room (Assume that there are no doors or windows) if its
length 12 m., breadth 10 m. and height 7.5 m.

. The volume of a cuboid is 1200 cm”. The lengthis 15 cm. and breadth is 10 cm. Find its height.
. How does the total surface area of a box change if

Each dimension is doubled? (i) Eachdimensionis tripled?

Express in words. Can you find the total surface area of the box if each dimension is raised

to n times?

. The base of a prism is triangular in shape with sides 3 cm., 4 cm. and 5 cm. Find the
volume of the prism if its height is 10 cm.

. Aregular square pyramid is 3 m. height and the perimeter of its base is 16 m. Find the
volume of the pyramid.

. An Olympic swimming pool is in the shape of a cuboid of dimensions 50 m. long and 25
m. wide. If itis 3 m. deep throughout, how many liters of water does it hold?
(1 cu.m= 1000 liters)



220

Cut out a rectangular sheet of paper. Paste a thick
string along the line as shown in the figure. Hold the = S —
string with your hands on either sides of the rectangle
and rotate the rectangle sheet about the string as fast —
as you can.
Do you recognize the shape that the rotating
]

rectangle is forming ? T’
N

Does it remind you the shape of a cylinder ? F

Observe the following cylinders:

(1) What similiarties you have observed in figure (1), (ii) and (iii)?
(i) What differences you have observed between fig. (1), (ii) and (iii)?
@iii) In which figure, the line segment is perpendicular to the base?

Every cylinder is made up of one curved surface and with two congruent circular faces on
both ends. If the line segment joining the centre of circular faces, is perpendicular to its base, such
acylinder is called right circular cylinder.

Find out which is right circular cylinder in the above figures? Which are not? Give reasons.
Let us do an activity to generate a cylinder

10.3.1 Curved Surface area of a cylinder

Take a right circular cylinder made up of cardboard. Cut the curved face vertically and
unfold it. While unfolding cylinder, observe its transformation of its height and the circular base.
After unfolding the cylinder what shape do you find?
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You will find it is in rectangular shape. The area of rectangle is equal to the area of curved
surface area of cylinder. Its height is equal to the breadth of the rectangle, and the circumference

of the base is equal to the length of the rectangle.
Height of cylinder = breadth of rectangle (h = b)

Circumferance of base of cylinder with radius ‘7’ =length of the rectangle (27tr =1)

Curved surface area of the cylinder = Area of the rectangle
=length X breadth
h —p | =2mr X h
= 2nrh
<€ 2nr

Therefore, Curved surface area of a cylinder = 27trh

cylinders

‘\ 14 cm. (
] -

Find CSA of each of following II
£
<
=

@i r=xcm., h=ycm.

() d=7cm., h=10 cm.
<==—tr==
(i) r=3 cm., h =14 cm. 7Cﬁm->'
10.3.2 Total Surface area of a Cylinder

Observe the adjacent figure.
Do you find that it is a right circular cylinder? What surfaces you have to add to get its total
surface area? They are the curved surface area and area of two circular faces.

Now the total surface area of a cylinder

= Curved surface area + Area of top + Area of base ES

= 2mrh + e + T

= 2mrh + 27
=2mr (h+r)

=2mr (r + h) 9

.. The total surface area of a cylinder = 27r (r + h)

Where ‘r’is the radius of the cylinder and ‘h’is its height.
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Find the Total surface area of each of the following cylinders.
) (ii)

g
o
~

7 cm.

250 cm’

10 cm.

10.3.3 Volume of a cylinder
Take circles with equal radii and arrange one over the other.
Do this activity and find whether it form a cylinder or not.

In the figure ‘r’ is the radius of the circle, and the ‘h’ is the height up to which the circles
are stacked.

Volume of acylinder = mir” X hei ght

|
Wi

=mr’ X h

|
AN

= nr’h

|
\\

T =

|
\

So volume of a cylinder = nr’h

'0'0
\)

0'0
\

Where ‘r’is the radius of cylinder and ‘h’is its height.

A Rectangular paper of width 14 cm is folded along its width and a cylinder of

22
radius 20 cm is formed. Find the volume of the cylinder (Fig 1) ? (Take n= 7)

A cylinder is formed
by rolling a rectangle about its
width, Hence the width of the <>
paper becomes height of cylinder
and radius of the cylinder is 20 cm.

Height of the cylinder=h =14 cm. 20 cm.

14 cm
Y

radius (r) =20 cm.

14 cm.

Volume of the cylinder V = mur’h Fig. 1
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= %x 20%x20x14

= 17600 cm®.

Hence the volume of the cylinder is 17600 cm’.

A Rectangular piece of paper 11 cm X 4 cm is folded without overlapping to

make a cylinder of height 4 cm. Find the volume of the cylinder.

Length of the paper becomes the circumference of the base of the cylinder and width

becomes height.
Letradius of the cylinder =r and height=h

Circumference of the base of the cylinder =2nr= 11 cm.

2xzzxr=11 11 cm.
7
g
7 it
r= 4 cm.
h=4cm

Volume of the cylinder (V)= nir’h

:gxzxzx4 cm®
7 4 4

=38.5cm’.

ple A rectangular sheet of paper 44 cm X 18 cm is rolled along the length to form a
cylinder. Assuming that the cylinder is solid (Completely filled), find its radius and the total

surface area.
on : Height of the cylinder = 18 cm
Circumference of base of cylinder =44 cm

2nr =44 cm

44 44xT

= = = 7cm.
2Xm  2%x22
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Total surface area = 2mr (r +h)

2x%x7(7+18)cm2

= 1100 cm>.

Circular discs 5 mm thickness, are placed one above the other to form a cylinder
of curved surface area 462 cm’. Find the number of discs, if the radius is 3.5 cm.

. . 5
Thickness of disc =5 mm = Ecm =0.5cm

Radius of disc = 3.5 cm.
Curved surface area of cylinder =462 cm?.
. 2mth =462 L. (1)

Let the no of discs be x
". Height of cylinder = h = Thickness of disc X no of discs
=05x

. 2mrh= 2x%x3.5x0.5x ..... (i1)

From (i) are (i1) we get
2x%x3.5x0.5x = 462

& 462x7
2%x22%x3.5%0.5

= 42 discs

ample-5. A hollow cylinder having external radius 8 cm and height 10 cm has a total
surface area of 338 7cm?. Find the thickness of the hollow metallic cylinder.

on : External radius = R=8 cm

A@
Internal radius =r | \{_—{/
| 1
Height=10cm
TSA = 33871 cm> h

But TSA = Area of external cylinder (CSA)
+ Area of internal cylinder (CSA)

+ Twice Area of base (ring)
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=2nRh + 2mrh + 271 (R% - 1)
=21 (Rh +th + R>=1?)
o 2n(Rh+th+R*-1%) =338n
Rh+rth+R*-r* =169
— (10X 8)+(x 10)+8>—r* =169

— = 10r+25=0
— r-57%=0
r=>5

.. Thickness of metal =R —r=(8 —5)cm =3 cm.

. If the radius of a cylinder is doubled keeping its lateral surface area the
same, then what is its height ?

. A hot water system (Geyser) consists of a cylindrical pipe of length 14 m and
diameter 5 cm. Find the total radiating surface of hot water system.

0

. A closed cylindrical tank of height 1.4 m. and radius of the base is 56 cm.

is made up of a thick metal sheet. How much metal sheet is required (Express
in square meters)

. The volume of a cylinder is 308 cm.>. Tts height is 8 cm. Find its lateral surface area
and total surface area.

. A metal cuboid of dimension 22 cm. X 15 cm. x 7.5 cm. was melted and cast into a
cylinder of height 14 cm. What s its radius?

. An overhead water tanker is in the shape of a cylinder has capacity of 61.6 cu.mts.

The diameter of the tank is 5.6 m. Find the height of the tank. @R

. A metal pipe is 77 cm. long. The inner diameter of a cross section is 4
cm., the outer diameter being 4.4 cm. (see figure) Find its
(i) inner curved surface area
(i) outer curved surface area
(i) Total surface area.
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10.

I1.

A cylindrical piller has a diameter of 56 cm and is of 35 m high. There are 16
pillars around the building. Find the cost of painting the curved surface area of all
the pillars at the rate of ¥5.50 per 1 m’.

The diameter of a roller is 84 cm and its length is 120 cm. It takes 500 complete
revolutions to roll once over the play ground to level. Find the area of the play ground
inm?.
The inner diameter of a circular well is 3.5 m. Itis 10 m deep. Find

(1) itsinner curved surface area

(i) The cost of plastering this curved surface at the rate of Rs. 40 per m’.
Find

(i) The total surface area of a closed cylindrical petrol storage tank whose diameter

4.2 m. and height 4.5 m.

1
(i) How much steel sheet was actually used, if I of the steel was wasted in making

the tank.

A one side open cylinderical drum has inner radius 28 cm. and height 2.1 m. How much
water you can store in the drum. Express in litres. (1 litre = 1000 cc.)

The curved surface area of the cylinder is 1760 cm.” and its volume is 12320 cm”. Find
its height.

Observe the above figures and which solid shape they resemble?
These are in the shape of a cone.

Observe the following cones:
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(1) What common properties do you find among these cones?
(i) What difference do you notice among them?

In fig.(i), lateral surface is curved and base is circle. The line segment joining the vertex of
the cone and the centre of the circular base (vertical height) is perpendicular to the radius of the
base. This type of cone is called Right Circular Cone.

In fig.(ii) although it has circular base, but its vertical height is not perpendicular to the
radius of the cone.

Such type of cones are not right circular cones.

In the fig. (iii) although the vertical height is perpendicular to the base, but the base is not in
circular shape.

Therefore, this cone is not a right circular cone.

10.4.1 Slant Height of the Cone

In the adjacent figure (cone), AO is perpendicularto OB
AAOB is aright angled triangle.

AO is the height of the cone (h) and OB is equal to the radius of the cone ()
From AAOB

AB? = AO? + OB?

AB%=h?+1?> (ABiscalled slant height=1)

P=h>+r

[ =+h?+1?

Making a cone from a sector
Follow the instructions and do as shown in the
figure. A B
(i) Draw acircle on a thick paper Fig(a) @)
(i) Cutasector AOB fromit Fig(b).

@iii) Fold the ends A, B nearer to each other slowly
and join AB. Remember A, B should not overlap
on each other. After joining A, B attach them
with cello tape Fig(c). (b) (©
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(iv) What kind of shape you have obtained?

Is it a right cone?

While making a cone observe what happened to the edges ‘OA’ and ‘OB’ and
length of arc AB of the sector?

10.4.2 Curved Surface area of a cone

@ (ii) (iii)

Let us find the surface area of a right circular cone that we made out of the paper as

discussed in the activity.

While folding the sector into cone you have noticed that OA, OB of sector coincides and

becomes the slant height of the cone, whereas the length of AR becomes the circumference of
the base of the cone.

Now unfold the cone and cut the sector AOB as shown in the figure as many as you can,
then you can see each cut portion is almost a small triangle with base b, b,, b ..... etc. and
height ‘I’ i.e. equal to the slant height of the cone.

If we find the area of these triangles and adding these, it gives area of the sector. We
know that sector forms a cone, so the area of a sector is equal to curved the surface area of the
cone formed with it.

Area of the cone = Sum of the areas of triangles.

1 1 1 1 A sector with radius
=—bl+—b,l+—bl+=b,l+... ‘r’ and length of its arc ‘I’

2 2 2 2 is cut from a circular sheet
of paper. Fold it as a
cone. How can you derive the formula

= %l(b1 +b,+b,+b, +.....)
of its curved surface area A = 17l

1
= El (Iength of the curved part from A to B or circumference of the base of the cone)

1
= El(an) (o by +by+by+....=271r, where ‘r’” is the radius of the cone)

as AB forms acircle.
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Thus, lateral surface area or curved surface area of the cone = mrl

Where ‘I’ is the slant height of the cone and ‘r’ is its radius

10.4.3 Total surface area of the cone

If the base of the cone is to be covered, we need a circle whose radius is equal to the
radius of the cone.

How to obtain the total surface area of cone? How many surfaces you have to add to get
total surface area?

The area of the circle =t

Total surface area of a cone = lateral surface area + area of its base
= nurl + e’
=7r(l+71)

Total surface area of the cone =7r (I + r) ©

Where ‘r’ is the radius of the cone and ‘I’ is its slant height.

1. Cutarightangled triangle, stick a string along its perpendicular side, as shown
in fig. (i) hold the both the sides of a string with your hands and rotate it with

constant speed.
What do you observe ?
2. Find the curved surface area and total surface area of the each following Right
Circular Cones. P
P I A
|
fig. () v
A Ue A<= (& B
OP =2cm.; OB = 3.5cm. OP =3.5cm.; AB = 10cm.

10.4.4 Volume of a right circular cone

& S

N

A
v
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Make a hollow cylinder and a hollow cone with the equal radius and equal height and
do the following experiment, that will help us to find the volume of a cone.

i. Fill water in the cone up to the brim and pour into the hollow cylinder, it will fill up
only some part of the cylinder.

ii. Again fill up the cone up to the brim and pour into the cylinder, we see the cylinder is
still not full.

iii. When the cone is filled up for the third time and emptied into the cylinder, observe
whether the cylinder is filled completely or not.
With the above experiment do you find any relation between the volume of the cone
and the volume of the cylinder?

We can say that three times the volume of a cone makes up the volume of cylinder,
which both have the same base and same height.

So the volume of a cone is one third of the volume of the cylinder.

1

.. Volume of a cone = 5 wh

where ‘r’ is the radius of the base of cone and ‘h’ is its height.

ample-6. A corn cob (see fig), shaped like a cone, has the radius of its broadest end as
1.4 cm and length (height) as 12 cm. If each lem? of the surface of the cob carries an
average of four grains, find how many grains approximately you would find on the entire

cob.

; Here [=/r> + 1% = \/(1.4)* +(12)°cm.

= /145.96 = 12.08 cm. (approx.)

Therefore the curved surface area of the corn cob = mrl

= %x1.4x12.08 cm’®
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= 53.15cm’
=532 cm’ (approx)
Number of grains of corn on 1 cm? of the surface of the corn cob = 4.

Therefore, number of grains on the entire curved surface of the cob.

= 53.2 x4 =212.8 =213 (approx)
So, there would be approximately 213 grain of corn on the cob.

Find the slant height and vertical height of a Cone with radius 5.6 cm and

curved surface area 158.4 cm’.

Radius =5.6 cm, vertical height = h, slant height =1/
CSA of cone = mrl = 158.4 cm?

= ¥X5.6xl =158.4

158.4x7 18
=————=-—=9m
22%5.6 2

weknow P=r’+h?
h2 =1 -r*=9>-(5.6)
=81 —31.36
= 49.64

h= {4964

h =7.05 cm (approx)

A tentis in the form of a cylinder surmounted by a cone having its diameter of the

base equal to 24 m. The height of cylinder is 11 m and the vertex of the cone is 5m above the

cylinder. Find the cost of making the tent, if the rate of canvas is 10 per m’.

Diametre of base of cylinder = diametre of cone =24m
. Radius of base =12 m
Height of cylinder=11m=h,
Height of Cone =5m =h,

Let slant height of cone be /
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| = GD= 4t +h*> =122 +5° = 13m
Area of canvas required = CSA of cylinder + CSA of cone

G = 27'crhl + Tir!
1 = Tr (2h1 +1)

Z é
w
C oF D 22

7><12(2><11+13)m2

£ _ 2X12 e
A S—1 B = 22 x 60 m*
24 . - 2
=1320m

Rate of canvas = 10 per m?

.. Cost of canvas = Rate X area of canvas
T10 x 1320
<13,200.

A conical tent was erected by army at a base camp with height 3m. and base
diameter 8m. Find;

(i) The cost of canvas required for making the tent, if the canvas cost X 70 per 1 sq.m.
(i) If every person requires 3.5 m.> air, how many can be seated in that tent.

Diameter of the tent = &8 m.

48,
r=- =5 =4m
height =3 m. E
en
Slantheight (1) = /2 + 2
W
8m.

=3 +4°
=25 =5m.
. Curved surface area of tent= 17/

245@2
_7><x_7m
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1

Volume of the cone = g rh

(1) Cost of canvas required for the tent
= CSA X Unit cost

Mo
_7x

=34400

(i1) No. of persons can be seated in the tent

Volume of conical tent

air required for each

E . 35
- 7 -~ .
7 Y35
= 14 men (approx.)

XERCISE =1\

. The base area of a cone is 38.5 cm?. Its volume is 77 cm?. Find its height.

. The volume of a cone is 462 m°. Its base radius is 7 m. Find its height.
. Curved surface area of a cone is 308 cm? and its slant height is 14 cm Find.
(i) radius of the base (ii) Total surface area of the cone.

. The cost of painting the total surface area of a cone at 25 paise per cm? is T176. Find the
volume of the cone, if its slant height is 25 cm.

. From a circle of radius 15 cm., a sector with angle 216° is cut out and its bounding radii
are bent so as to form a cone. Find its volume.

. The height of a tent is 9 m. Its base diameter is 24 m. What is its slant height? Find
the cost of canvas cloth required if it costs ¥14 per sq.m.
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5 4
7. The curved surface area of a cone is 1159 = cm’. Area of its base is 254— cm®.

7 7
Find its volume.

8. A tentis cylindrical to a height of 4.8 m. and conical above it. The radius of the base
is 4.5m. and total height of the tent is 10.8 m. Find the canvas required for the tent in
square meters.

9. What length of tarpaulin 3 m wide will be required to make a conical tent of height
8m and base radius 6m ? Assume that extra length of material that will be required
for stitching margins and wastage in cutting is approximately 20 cm (use 7 = 3.14)

10. A Joker’s cap is in the form of a right circular cone of base radius 7 cm and height
27 cm. Find the area of the sheet required to make 10 such caps.

11. Water is pouring into a conical vessel of diameter 5.2m and Py
slant height 6.8m (as shown in the adjoining figure), at the rate -!T.&';—{ T
of 1.8 m’ per minute. How long will it take to fill the vessel?

12. Two similiar cones have volumes 127 cu. units and 967 cu.

units. If the curved surface area of the smaller cone is 157 sq.
units, what is the curved surface area of the larger one?

AY (V)
Hint : For similar cones | 7 | = 7
2

A2

@ (i)

All the above figures are well known to you. Can you identify the difference among them.

Figure (i) is a circle. You can easily draw it on a plane paper. Because it is a plane
figure. A circle is plane closed figure whose every point lies at a constant distance (radius)
from a fixed point (centre)

The remaining above figures are solids. These solids are circular in shape and are
called spheres.

A sphere is a three dimensional figure, which is made up of all points in the space,
which is at a constant distance from a fixed point. This fixed point is called centre of the
sphere. The distance from the centre to any point on the surface of the sphere is its radius.
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. . . i T
Draw a circle on a thick paper and cut it neatly. o
Stick a string along its diameter. Hold the both the
ends of the string with hands and rotate with constant

speed and observe the figure so formed.

10.5.1 Surface area of a sphere y
Let us find the surface area of the figure

with the following activity. -
Take a tennis ball as shown in the figure

and wind a string around the ball, use pins to

keep the string in place. Mark the starting and QA

ending points of the string. Slowly remove the string
from the surface of the sphere.

Find the radius of the sphere and draw four circles
of radius equal to the radius of the ball as shown in the
| pictures. Start filling the circles one after one with
-~ the string you had wound around the ball.

What do you observe?

The string, which had completely covered the surface area of the sphere (ball), has
been used to completely fill the area of four circles, all have same radius as of the sphere.

With this we can understand that the surface area of a sphere of radius (r) is equal to
the four times of the area of a circle of radius (r).

. Surface area of a sphere =4 X the area of circle
= 4 mr?

Surface area of a sphere =4 nr?

Where ‘r’ is the radius of the sphere Can you find the surfac;_
area of sphere in any other way?

10.5.2 Hemisphere

Take a solid sphere and cut it through the middle with a plane that passes through its
centre.
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Then it gets divided into two equal parts as shown in the figure
Each equal part is called a hemisphere.

A sphere has only one curved face. If it is divided into two equal
parts, then its curved face is also divided into two equal curved faces.

What do you think about the surface area of a hemisphere ?
Obviously,

Curved surface area of a hemisphere is equal to half the surface area of the sphere

So, surface area of a hemisphere = ) surface area of sphere

X 4

1
"2

2 mr’

*. surface area of a hemisphere =2 i’
The base of hemisphere is a circular region.
Its area is equal to = m’

Let us add both the curved surface area and area of the base, we get total surface
area of hemisphere.
Total surface area of hemisphere = Its curved surface area + area of its base
=2’ +
=3 .

Total surface area of hemisphere = 3nr’.

1. A right circular cylinder just encloses a sphere of radius r (see figure).

—
Find : (i) surface area of the sphere
(i) curved surface area of the cylinder

(iii) ratio of the areas obtained in (i) and (ii) — ]
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2. Find the surface area of each the following figure.

10.5.3 Volume of Sphere

To find the volume of a sphere, imagine that a sphere is composed of a great number of
congruent pyramids with all their vertices join at the centre of the sphere, as shown in the figure.

Base of
Pyramid
R

(@ (ii) (iii)

Let us follow the steps:
1. Let ‘r’ be the radius of the solid sphere as in fig. (i).

2. Assume that a sphere with radius ‘r’ is made of ‘n’ number of pyramids of equal sizes as
shown in the fig. (ii).

3. Consider a part (pyramid) among them. Each pyramid has a base and let the area of the
base of pyramids are A, A, As.....

The height of the pyramid is equal to the radius of sphere, then the

1
Volume of one pyramid =3 x Area of the base x height

1

=3 Ajr you can take any
polygon as base of a
4. Asthere are ‘n’ number of pyramids, then pyramid
. . 1 1 .

Volume of ‘n’ pyramids =7 Ar+ 3 Ajr+ 3 Asr+ ... ntimes

W= W~

r[A+A,+A5+... n times]
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1 A=A +A,+A;+... ntimes
=— XAr , .
3 = Surface areas of ‘n’ pyramids

5. As the sum of volumes of all these pyramids is equal to the volume of sphere and the

sum of the areas of all the bases of the pyramids is very close to the surface area of
the sphere, (i.e. 4Tcr2).

So, volume of sphere (4nr2) r

7ir° cub. units

4
Volume of a sphere = E” r’

Where ‘t’ is the radius of the sphere

How can you find volume of hemisphere? It is half the volume of sphere.

1
. Volume of hemisphere = ) of volume of a sphere

3

—X—7r
2 3

2

S
3

[Hint : You can try to derive these formulae using water melon or any other like that]

1. Find the volume of the sphere given in the
adjacent figures.

2. Find the volume of sphere of radius 6.3 cm. 7= 3cm. d = S.4cm.

-10. If the surface area of a sphere is 154 cmz, find its radius.
on : Surface area of sphere = 4

4nr® = 154 :>4><%><r2 —154

2 154x7 7
4x22  2°

:>r:z=3.50m
2
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A hemispherical bowl is made up of stone whose thickness is 5 cm. If the inner
radius is 35 cm, find the total surface area of the bowl.

Let R be outer radius and ‘r’ be inner radius Thickness of ring =5 cm
S R=@+5ccm =3B5+5) cm=40cm
Total Surface Area = CSA of outer hemisphere + CSA of inner hemisphere + area of the ring.
= 2nR? + 2mr” + (R - 1)

= TQ2R*+ 2 + R* - 1))

35 cm. 5 cm.
El—e 55
= g(3R2 +r2) =£(3><402 +352)0m2
7 7
6025 x22 5
= —7 cm

18935.71 cm? (approx).

The hemispherical dome of a building needs to be painted (see fig 1). If the
circumference of the base of dome is 17.6 m, find the cost of painting it, given the cost of painting
is Rs.5 per 100 cm?.

Since only the rounded surface of the dome is to be painted we need to find the
curved surface area of the hemisphere to know the extent of painting that needs to be done.
Now, circumference of base of the dome =17.6 m Therefore 17.6 = 2mr

7
2x22

So, The radius of the dome =17.6 X m

=2.8m

The curved surface area of the dome = 27tr”

=2 x%xz.g x2.8m>

=49.28 m>. 10

Now, cost of painting 100 cm? is Rs.5
So, cost of painting 1m? = Rs. 500
Therefore, cost of painting the whole dome

=Rs.500 X 49.28
= Rs. 24640.
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The hollow sphere, in which the circus motor cyclist performs his stunts, has
a diameter of 7m. Find the area available to the motor cyclist for riding.

Diameter of the sphere = 7 m. Therefore, radius is 3.5 m. So, the riding space

available for the motorcyclist is the surface area of the ‘sphere’ which is given by

4mr’ =4 x%x&s x3.5m>
=154 m°.

A shotput is a metallic sphere of radius 4.9 cm. If the density of the metal is
7.8 g. per cm?®, find the mass of the shotput.

Since the shot-put is a solid sphere made of metal and its mass is equal to the product
of its volume and density, we need to find the volume of the sphere.

Now, volume of the sphere = 3 mr’

_ %x%x4.9x4.9x4.9 cm’

=493 cm® (nearly)

Further, mass of lcm?® of metal is 7.8 g
Therefore, mass of the shot-put = 7.8 X493 g
=3845.44¢g =3.85 kg (nearly)

15. A hemispherical bowl has a radius of 3.5 cm. What would be the volume of water

it would contain ?

lution : The volume of water the bowl can contains = Volume of hemisphere
2

= —Tr
3

- %x%x3.5x3.5x3.5 cm’®

=89.8 cm”. (approx).
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10.

I1.
12.

. The radius of a sphere is 3.5 cm. Find its surface area and volume.
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2
The surface area of a sphere is 1018 7 sq.cm. What is its volume?
The length of equator of the globe is 44 cm. Find its surface area.

The diameter of a spherical ball is 21 cm. How much leather is required to prepare
5 such balls.

The ratio of radii of two spheres is 2 : 3. Find the ratio of their surface areas and

volumes.
Find the total surface area of a hemisphere of radius 10 cm. (use T = 3.14)

The diameter of a spherical balloon increases from 14 cm. to 28 cm. as air is being

pumped into it. Find the ratio of surface areas of the balloons in the two cases.

A hemispherical bowl is made of brass, 0.25 cm. thickness. The inner radius of the

bowl is 5 cm. Find the ratio of outer surface area to inner surface area.

. The diameter of a lead ball is 2.1 cm. The density of the lead used is 11.34 g/c3.

What is the weight of the ball?

1
A metallic cylinder of diameter 5 cm. and height 3 3 om. is melted and cast into a

sphere. What is its diameter.
How many litres of milk can a hemispherical bowl of diameter 10.5 cm. hold?

A hemispherical bowl has diameter 9 cm. The liquid is poured into cylindrical

bottles of diameter 3 cm. and height 3 cm. If a full bowl of liquid is filled in the
bottles, find how many bottles are required.

. Cuboid and cube are regular prisms having six faces and of which four are e

lateral faces and the base and top.

If length of cuboid is /, breadth is ‘b’ and height is ‘A’ then,
Total surface area of a cuboid =2 (Ib + bh + lh)
Lateral surface area of a cuboid=2 4 (I + b)
Volume of a cuboid = lbh
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10.

11.

If the length of the edge of a cube is ‘I’ units, then
Total surface area of a cube = 6/°
Lateral surface area of a cube = 41>

Volume of a cube =P

1
The volume of a pyramid is 3 rd volume of a right prism if both have the same base

and same height.

A cylinder is a solid having two circular ends with a curved surface area. If the line
segment joining the centres of base and top is perpendicular to the base, it is called

right circular cylinder.

If the radius of right circular cylinder is ‘r’ and height is ‘h’ then;
Curved surface area of a cylinder = 27mtrh
Total surface area of a cylinder = 27tr (r + h)

Volume of a cylinder = mr’h

Cone is a geometrical shaped object with circle as base, having a vertext at the top.
If the line segment joining the vertex to the centre of the base is perpendicular to the

base, it is called right circular cone.

The length joining the vertex to any point on the circular base of the cone is called
slant height (/)

P=n+r
If ‘r’ is the radius, ‘h’ is the height, ‘I’ is the slant height of a cone, then
Curved surface area of a cone = mr/

Total surface area of a cone = 7ir (7 + [)

1
The volume of a cone is 3 rd the volume of a cylinder of the same base and same height

i.e. volume of a cone = 3 nirh.
A sphere is an geometrical object formed where the set of points are equidistant

from the fixed point in the space. The fixed point is called centre of the sphere and

the fixed distance is called radius of the sphere.
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12. If the radius of sphere is ‘r’ then,

Surface area of a spheie = 4mr?

Volume of a sphere = 3 e

13. A plane through the centre of a sphere divides it into two equal parts, each of which is

called a hemisphere.
Curved surface area of a hemisphere = 2mr?
Total surface area of a hemisphere = 3mr?

Volume of a hemisphere = 3 i

Do You Know?
Making an 8 X 8 Magic Square

Simply place the numbers from 1 to 64 sequentially in the square grids, as illustrated
on the left. Sketch in the dashed diagonals as indicated. To obtain the magic square below,
replace any number which lands on a dashed line with its compliment (two numbers of a
magic square are compliments if they total the same value as the sum of the magic’s square

smallest and largest numbers).

a 248 ,g_’--‘a\ 6 |7 |8] |84 2|3|8160|6 |7 b7’
9 }Q e di 1213 (14 }5 16 9 5554|1213 51 50|16
17]16129 20|21 (2223 24|  [17]a7 %6 20|21 |43 |32 24
28726 |27 2@329’ 30 |31 |32] 46’_ 26 27 |37 36 30|31 |33
33|34 |35 36 |37 38 |39 40 ?32\' 34|35 ,2:_9’ 28 |38 |39 |25
a1 |42 |48 |44 a5 |26 |27 [a8] |1 23 |27 |44 |45 |19 16 |48
19 (507184 52 (53 |54 (35 56| 19 15714 52 53 |17 [1q |56
57| 58| 59 ‘BQ_,G‘L' 62/63 [6¢]| |8/]58|59/5, |4 |62 |63 EY

* A magic square is an array of numbers arrange in a square shape in which any row,
column total the same amount. You can try more such magic squares.
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11

Have you seen agricultural fields around your village or town? The land is divided amongst
various farmers and there are many fields. Are all the fields of the same shape and same size?
Do they have the same area? If a field has to be further divided among some persons, how will
they divide it? If they want equal area,
what can they do?

How does a farmer estimate the
amount of fertilizer or seed needed for
field? Does the size of the field have
anything to do with this number?

The earliest and the most important
reason for the initiation of the study of
geometry is agricultural organisation. This

includes measuring the land, dividing it
into appropriate parts and recasting
boundaries of the fields for the sake of
convenience. In history you may have discussed the floods of river Nile (Egypt) and the land
markings generated later . Some of these fields resemble the basic shapes such as square, rectangle
trapezium, parallelograms etc., and some are in irregular shapes. For the basic shapes, we
follow the rules to find areas from given measurements. We would study some of them in this
chapter. We will learn how to calculate areas of triangles, squares, rectangles and quadrilaterals
by using formulae. We will also explore the basis of those formulae. We will discuss how are
they derived ? What do we mean by ‘area’?

You may recall that the part of the plane enclosed by a simple closed figure is called a
planar region corresponding to that figure. The magnitude or measure of this planar region is its

area.
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/

Triangular Quadrilateral Circular Rectangular Square
region region region region region

A planar region consists of a boundary and an interior region. How can we measure the
area of this? The magnitude of measure of these regions (i.e. areas) is always expressed with a
positive real number (in some unit of area) such as 10 cmz, 215 m2, 2 kmz, 3 hectares etc. So,
we can say that area of a figure is a number (in some unit of area) associated with the part of the

plane enclosed by the figure.

The unit area is the area of a square of a side of unit length. Hence square centimeter

(or lem?) isthe area of a square drawn on a side one centimeter in length.

1lem 1m 1 km

1cm

Area=1sq.cm I m

Area=1sq. m 1 km

Area =1 sq. km

The terms square meter (lmz), square kilometer (lkmz), square millimeter (lmmz) are to
be understood in the same sense. We are familiar with the concept of congruent figures from earlier
classes. Two figures are congruent if they have the same shape and the same size.

Observe Figure I and II. Find the
area of both figures. Are the areas equal?
Trace these figures on a sheet of
paper, cut them. Cover fig. I with fig. II.

Do they cover each other completely?
Are they congruent?
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Observe fig. [l and I'V.
Find the areas of both. What
do you notice?

24 cm
Are they congruent?
Now, trace these figures on 5 cI:{/n

sheet of paper. Cut them let
us cover fig. Il by fig. IV by conciding their bases (length of same side).

As shown in figure V are they covered completely?

We conclude that Figures I and 11 are congruent and equal
in area. But figures [Il and IV are equal in area but they are

not congruent.

Now consider the figures given below:

p A —

(@)
*|
T

X Y Z
You may observe that planar region of figures X, Y, Z is made up of two or more planar
regions. We can easily see that
Area of figure X = Area of figure P + Area of figure Q.

Similarly  areaof (Y) =area of (A) + area of (B) + area of (C)
area of (Z) = area of (E) + area of (F).

Thus the area of a figure is a number (in some units) associated with the part of the plane
enclosed by the figure with the following properties.

(Note : We use area of a figure (X) briefly as ar(X) from now onwards)
(i) The areas of two congruent figures are equal.
If A and B are two congruent figures, then ar(A) =ar(B)

(i) The area of a figure is equal to the sum of the areas of finite number of parts of it.
If a planar region formed by a figure X is made up of two non-overlapping planar regions
formed by figures P and Q then ar(X) = ar(P) + ar(Q).
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If the number of units in the length of a rectangle is multiplied by the number of units in its

breadth, the product gives the number of square units in
D

C

the area of rectangle

Let ABCD represent a rectangle whose length AB
is 5 units and breadth BC is 4 units.

Divide AB into 5 equal parts and BC into4 equal

4 Units

parts and through the points of division of each line draw

=~

parallels to the other. Each compartment in the rectangle A

represents one square unit (why ?)
.. The rectangle contains (5 units X 4 units). Thatis 20 square
units.

Similarly, if the length is ‘a’ units and breadth is ‘b’ units then

the area of rectangle is ‘ab’ square units. Thatis “length X breadth”

square units gives the area of a rectangle.

5 Units

1 unit

This is defined
as 1 sq unit area

1 unit

1. If lcmrepresents 5Sm, what would be an area of 6 square cm. represent ?

2. Rajnisays1sq.m= 100° sg.cm. Do you agree? Explain.

Ae
1. InAABC, ZABC =90°, AD=DC,AB=12cm
and BC =6.5 cm. Find the area of AADB.
g
Q
a
Bo

=D

6.5 cm
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2. Find the area of a quadrilateral PQRS in which ZQPS = ZSQR =90°, PQ =12 cm,
PS =9 cm, QR =8 cm and SR = 17 cm (Hint: PQRS has two parts)

S 17 cm
R
9cm
8 cm
P 12 cm Q

3. Find the area of trapezium ABCD as given in the figure in which ADCE is a rectangle.
(Hint: ABCD has two parts)

3cm
E C
3cm
ALl D
8cm
4. ABCDis aparallelogram. The D C
diagonals AC and BD intersect
each other at ‘O’. Prove that O
ar(AAOD) = ar(ABOC). (Hint:
Congruent figures have equal A B

area)

We shall now study some relationships between the areas of some geometrical figures
under the condition that they lie on the same base and between the same parallels. This study will
also be useful in understanding of some results on similarity of triangles.

Look at the following figures.
A B
E F

C
) (i) (i) D v
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In Fig(i) atrapezium ABCD and parallelogram EFCD have a common side CD. We say
that trapezium ABCD and parallelogram EFCD are on the same base CD. Similarly in fig(ii) the
base of parallelogram PQRS and parallelogram TURS is the same. In fig(iii) Triangles ABC and
DBC have the same base BC. In Fig(iv) parallelogram ABCD and triangle PCD lie on DC so, all
these figures are of geometrical shapes are therefore on the same base. They are however not
between the same parallels as AB does not overlap EF and PQ does not overlap TU etc.
Neither the points A, B, E, F are collinear nor the points P, Q, T, U. What can you say about
Fig(iii) and Fig (iv)?

Now observe the following figures.

Al B, E FoP T QU

V) (vi) (vii) (vii)

What difference have you observed among the figures? In Fig(v), We say that trapezium
A,B,C,D, and parallelogram EF,C, D, are on the same base and between the same parallels
A F andD,C,. The points A;,B,, E, F, are collinear and A F, || D,C,. Similarly in fig. (vi)
parallelograms P,Q,R,S, and T,U RS, are on the same base S|R, and between the same
parallels P, U, and S |R,. Name the other figures on the same base and the parallels between
which they lie in fig. (vii) and (viii).

So, two figures are said to be on the same base and between the same parallels, if they
have a common base (side) and the vertices (or the vertex) opposite to the common base of each
figure lie on a line parallel to the base.

Which of the following figures lie on the same base and between the same
parallels?

In such a cases, write the common base and the two parallels.
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Now let us try to find a relation, if any, between the areas of two parallelograms on the
same base and between the same parallels. For this, let us perform the following activity.

0 ¢
o R

(/3

Take a graph sheet and draw two parallelograms ABCD and PQCD on it as

show in the Figure-
The parallelograms are on the same base DC E & 2 £
and between the same parallels PB and DC Clearly
the part DCQA is common between the two
parallelograms. So if we can show that
ADAP and ACBQ have the same area then we can D C

say ar(PQCD) = ar(ABCD).

Theorem-11.1 : Parallelograms on the same base and between the same parallels are equal in
area.

Proof: Let ABCD and PQCD are two parallelograms on the samebase DC and between the
parallel lines DC and PB. p

A Q B
In ADAP and ACBQ
PD || CQ and PB is transversal /DPA = ZCQB
and AD || CB and PB is transversal ZDAP = ZCBQ
D C

also PD=QC as PQCD is a parallelogram.
Hence ADAP and ACBQ are congruent and have equal areas
So we can say ar(PQCD) = ar (AQCD) + ar(DAP)

= ar(AQCD) + ar(CBQ) = ar(ABCD)

. . D C D, C,
You can verify by counting the squares of these parallelogram
as drawn in the graph sheet.
Can you explain how to count full squares below half a
square, above half a square on graph sheet.
Reshma argues that the parallelograms between same
A B A, B,

parallels need not have acommon base for equal area. They

only need to have an equal base. To understand her

statement look at the adjacent figure.

If AB=A,B, When we cut out parallelogram A B, C, D, and place it over parallelogram ABCD,
Awould concide in with A | and B with B, and C|, D, coincide with C, D. Thus these are equal
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in area. Thus the parallelogram with the equal base can be considered to be on the same base for
the purposes of studying their geometrical properties.

Let us now take some examples to illustrate the use of the above Theorem.
ABCD s parallelogram and ABEF is arectangle and DG is perpendicular on AB.
Prove that (i) ar (ABCD) =ar(ABEF) F_D E
(ii) ar (ABCD)=AB x DG
(1) Arectangle is also a parallelogram
.. ar(ABCD) =ar(ABEF) ..... (1) A G_l s
(Parallelograms lie on the same base and between the same parallels)
(i)) ar(ABCD) =ar(ABEF) (- from (1))

= AB X BE (- ABEFis arectangle)

= AB X DG (- DG L AB and DG=BE)
Therefore ar(ABCD) =AB X DG

From the result, we can say that “area of a parallelogram is the product of its any side and
the corresponding altitude”.

C

Triangle ABC and parallelogram ABEF are on the same base, AB as in between

1
the same parallels AB and EE. Prove that ar(AABC) = 5 ar(|| gm ABEF)
Through B draw BH || AC to meet FE produced at H

: F C E___ q
.. ABHC is a parallelogram
Diagonal BC divides it into two congruent triangles 7 ’
. ar(AABC) = ar(ABCH) ,
/
1 /
= — ABHC
> ar (|| gm ) Al B

But || gm ABHC and || gm ABEF are on the same base AB and between same parallels
AB and EF

. ar(]| gm ABHC) = ar(|| gm ABEF)
1
Hence ar(AABC)= Ear(|| gm ABEF)

From the result, we say that “the area of a triangle is equal to half the area of the
parallelogram on the same base and between the same parallels”.
Find the area of a figure formed by joining the mid-points of the adjacent sides of
arhombus with diagonals 12 cm. and 16 cm.
Join the mid points of AB, BC, CD, DA of arhombus ABCD and name them M, N,
O and P respectively to form a figure MNOP.
What is the shape of MNOP thus formed? Give reasons?
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Join the line PN, then PN || AB and PN || DC (How?)
We know that if a triangle and a parallelogram are on the same base and between the same

parallels, the area of the triangle is equal to one-half area of the parallelogram.
From the above result parallelogram ABNP and triangle MNP are on the same base PN

and in between same parallel lines PN and AB.

1
- ar AMNP= ) arABPN . @)
1
Similarly ar APON = ) arPNCD ... (i1)
1
and Area of rhombus = EX dd, .. (iii)

From (1), (ii) and (iii) we get
ar(MNOP) = ar(AMNP) + ar(APON)

1 1

5 ar(ABNP) + 5 ar(PDCN)
1
2

ar(rhombus ABCD)

1(1 )
— —| =x12x16| — 2
=513 =48 cm.

D CE g
1. The area of parallelogram ABCD is 36 cm®.
Calculate the height of parallelogram ABEF
ifAB=4.2cm.
A B
A B 2. ABCDisaparallelogram. AEis perpendicular
@ on DC and CF is perpendicular on AD.
If AB=10cm, AE=8cmand CF=12cm.
1 Find AD.
D Y C in
. A 2 B
3. If E, F G and H are respectively the
midpoints of the sides AB, BC, CD and AD H .
of a parallelogram ABCD, show that
1
ar(EFGH) = Ear(ABCD) : D G C

4. What type of quadrilateral do you get, if you join AAPM, ADPO, AOCN and AMNB in
the example 3.
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D P C
Q 5. Pand Q are any two points lying on the sides
DC and AD respectively of a parallelogram
ABCD show that ar(AAPB) = ar A(BQC).
A B
6. Pisapointin the interior of a parallelogram
ABCD. Show that A B
(1) ar(AAPB) + ar(APCD) = %ar(ABCD) .
(i1) ar(AAPD) + ar(APBC) = ar(AAPB) + ar(APCD)
(Hint : Through P, draw a line parallel to AB) D C
7. Prove that the area of a trapezium is half the sum of the parallel sides multiplied by the
distance between them.
P A Q B 8. PQRS and ABRS are parallelograms and X is
any point on the side BR. Show that
(1) ar(PQRS) =ar(ABRS)
1
ii = —ar(PQRS
S 4 (ii) ar(AAXS) = —-ar(PQRS)
9. A farmer has a field in the form of a parallelogram PQRS as S A R

shown in the figure. He took the mid- point A on RS and
joined it to points P and Q. In how many parts of field is
divided? What are the shapes of these parts ?

The farmer wants to sow groundnuts which are equal to the

sum of pulses and paddy. How should he sow? State reasons?  p Q

10. Prove that the area of a rhombus is equal to half of the product of the diagonals.

We are looking at figures that lie on the same base and between the
same parallels. Let us have two triangles ABC and DBC on the same base
BC and between the same parallels, AD and BC.

What can we say about the areas of such triangles? Clearly there

can be infinite number of ways in which such pairs of triangle between the

same parallels and on the same base can be drawn.
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Let us perform an activity.

Draw pairs of triangles one the same base or ( equal bases) and between the
same parallels on the graph sheet as shown in the Figure.

Let AABC and ADBC be the two triangles lying on the same base BC and between
parallels BC and AD. Extend AD on either sidesand draw CE || AB and BF || CD.
Parallelograms AECB and FDCB are on the same base BC and are between the same
parallels BC and EF.

Thus ar(AECB) = ar(FDCB). (How ?)

1
We can see ar(AABC) = 5 ar(Parallelogram AECB) ...(1)

1
and ar(ADBC) = — ar(Parallelogram FDCB) v (11)(

From (1) and (ii), we get ar(AABC) = ar(ADBC).
You can also find the areas of AABC and ADBC by the method gf counting the squagss
in graph sheet as we have done in the earlier activity and check the areas are whether same.

Draw two triangles ABC and DBC on the
same base and between the same parallels as shown
in the figure with P as the point of intersection of AC
and BD. Draw CE || BA and BF || CD such that E
and F lie on line AD.

Can you show ar(APAB) = ar(APDC)

Hint : These triangles are not congruent but have equal areas.
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Corollary-1: Show that the area of a triangle is half the product of its base (or any side) and the
corresponding attitude (height).

Proof : Let ABC be a triangle. Draw AD || BC such that CD =BA.
Now ABCD is a parallelogram one of whose diagonals is AC.

We knowAABC = AACD

So arAABC =arAACD (Congruent triangles have equal area)

1 A D
Therefore, arAABC = Ear(ABCD)

Draw AE 1 BC
We know ar(ABCD) = BC X AE

1 1 B
We have ar(AABC) = 5 ar(ABCD) = 5 xBCXAE E

1
So arAABC = 5 X base BC X Corresponding attitude AE.

Theorem-11.2 : Two triangles having the same base (or equal bases) and equal areas will lie
between the same parallels. A D

Observe the figure. Name the triangles lying on the same
base BC. What are the heights of AABC and ADBC?
If two triangles have equal area and equal base, what

o [ A

will be their heights? Are A and D collinear? B El_l C
Let us now take some examples to illustrate the use of the above results.
Show that the median of a triangle divides it into two triangles of equal areas.
Let ABC be a triangle and Let AD be one of its medians.
In AABD and AADC the vertex is common and these bases BD and DC are equal.
Draw AE 1 BC.
Now ar (AABD) = %x base BD xaltitude of AADB
1 A
= —x BD XAE .
2 .
1 I
= EX DC xXAE (._- BD:DC) !
= % X base DC Xaltitude of AACD _|
B E D C

= ar AACD
Hence ar (AABD) = ar (AACD)
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In the figure, ABCD is a quadrilateral. AC is the diagonal and DE || AC and also
DE meets BC produced at E. Show that ar(ABCD) = ar(AABE).

ar(ABCD) = ar(AABC) + ar(ADAC) D

ADAC and AEAC lie on the same base AC
and between the parallels DE || AC

ar(ADAC) = ar(AEAC)  (Why?) B C E
Adding areas of same figures on both sides.

ar(ADAC) + ar(AABC) = ar(AEAC) + ar(AABC)

Hence ar(ABCD) =ar(AABE)

In the figure , AP || BQ || CR. Prove that ar(AAQC) = ar(APBR).

A P
AABQ and A PBQ lie on the
same base BQ and between the same parallels
B 5
AP||BQ. > N
ar(AABQ) = ar(APBQ) () c R R

Similarly
ar (ACQB) = ar (ARQB)  (same base BQ and BQ || CR) ...(2)
Adding results (1) and (2)
ar(AABQ) + ar(ACQB) = ar(APBQ) + ar(ARQB)
Hence ar AAQC = ar APBR

EXeERC

1. Inatriangle ABC (see figure), E is the

midpoint of median AD, show that

(i) ar AABE =ar AACE

(i) arAABE = %ar(AABC) B D C

2. Show that the diagonals of a parallelogram divide it into four triangles of equal area.
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3. In the figure, AABC and AABD are two K
triangles on the same base AB. If line A
— As
segment CD is bisected by AB at O, show =
that v
ar (AABC) = ar (AABD). D

4. Inthe figure, AABC, D, E, F are the midpoints of
sides BC, CA and AB respectively. Show that

(i) BDEEF is aparallelogram

(ii) ar(ADEF) = iar(AABC)

(iiiy ar(BDEF) = %ar(AABC)

A
5. Inthe figure D, E are points on

the sides AB and AC
respectively of AABC such that
ar(ADBC) = ar(AEBC). Prove
that DE || BC.

B C

X< >Y 6. Inthe figure, XY is aline parallel to
BCis drawn through A. If BE || CA
and CF || BA are drawn to meet XY

B C at E and F respectively. Show that
ar(AABE) = ar (AACF).

D C

7. Inthe figure, diagonals AC and BD of a

trapezium ABCD with AB || DC intersect
each other at O. Prove that

ar(AAOD) = ar(A BOC).
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0.

10.

A B 8. In the figure, ABCDE is a pentagon. A line through B
E parallel to AC meets DC produced at F. Show that
@) ar (AACB) = ar (AACF)
D C F (i) ar (AEDF) =ar (ABCDE)
P Q

In the figure, if ar ARAS =ar ARBS and [ar (AQRB) =

ar(APAS) then show that both the quadrilaterals PQSR R S

and RSBA are trapeziums. M
B

A villager Ramayya has a plot of land in the shape of a "

quadrilateral. The grampanchayat of the village decided to take over some portion of his
plot from one of the corners to construct a school. Ramayya agrees to the above proposal
with the condition that he should be given equal amount of land in exchange of his land
adjoining his plot so as to form a triangular plot. Explain how this proposal will be

implemented. (Draw a rough sketch of plot).

the sides BC, CA and AB respectively. Line segments AX L DE meets BC at Y.
and DE at X. Join AD, AE also BF and CM (See the figure).

G
Show that
i) AMBC =AABD N ¥
A -
(i) ar(BYXD) = 2ar (AMBC) -
M<—~_/JI)
@) ar(BYXD)=ar(ABMN) 1T\~ —
B
(iv) AFCB = AACE // : \\
(v) ar(CYXE) =2 ar(FCB) [ | \\
(vi) ar(CYXE) =ar (ACFG) / : \
X E

(vii) ar(BCED) = ar(ABMN) + ar(ACFG)

Can you write the result (vii) in words ? This is a famous theorem of Pythagoras. You

shall learn a simpler proof in this theorem in class X.



In this chapter we have discussed the following.

1. Areaofafigure is anumber (in some unit) associated with the part of the plane enclosed
by that figure.

2. Two congruent figures have equal areas but the converse need not be true.

3. IfXisa planerregion formed by two non-overlapping planer regions of figures P and
Q, then ar(X) = ar(P) + ar(Q)

4. Two figures are said to be on the same base and between the same parallels, if they
have a common base (side) and the vertices (on the vertex) opposite to the common
base of each figure lie on a line parallel to the base.

5. Parallelograms on the same base (or equal bases) and between the same parallels are
equal in area.

6. Areaof aparallelogram is the product of its base and the corresponding altitude.

7. Parallelogram on the same base (or equal bases) and having equal areas lie between
the same parallels.

8. Ifaparallelogram and a triangle are on the same base and between the same parallels,
then area of the triangle is half the area of the parallelogram.

9. Triangles on the same base (or equal bases) and between the same parallels are equal
in area.

10. Triangles on the same base (or equal bases) and having equal areas lie between the

same parallels.

Do You Know?

German mathematician David Hilbert (1862-1943) first proved that any polygon can
be transformed into any other polygon of equal area by cutting it into a finite number of
pieces.

Let us see how an English puzzlist, Henry Ernest Dudency (1847 - 1930) transforms an

equilateral triangle into a square by cutting it into four pieces.

1

Try to make some more puzzles using his ideas and enjoy.
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12

We come across many round shaped objects
in our surroundings such as coins, bangles, clocks,

wheels, buttons etc. All these are circular in shape.

You might have drawn an outline along the

edges of a coin, a bangle, a button in your childhood to form a circle.

So, can you tell, the difference between the circular objects and the

circles you have drawn with the help of these objects?

All the circular objects we have observed above have thickness and are
3-dimensional objects, where as, a circle is a 2-dimensional figure, with no
thickness.

Let us take another example of a circle. You might
have seen the oil press called oil mill (Spanish wheel - in Telugu
known as ganuga). In the figure, a bullock is tied to fulcrum
fixed at a point. Can you identify the shape of the path in

which the bullock is moving? It is circular in shape.

A line along the boundary made by the bullock is a
circle. The oil press is attached to the ground at a fixed point,
which is the centre of the circle. The length of the fulcrum with

reference to the circle is radius of the circle. Think of some

other examples from your daily life about circles.

In this chapter we will study circles, related terms and properties of the circle. Before

this, you must know how to draw a circle with the help of a compass.

Let us do this.
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Insert a pencil in the pencil holder of the
compass and tighten the screw. Mark a point ‘O’ on
the drawing paper. Fix the sharp point of the compass

0
/

If we need to draw a circle of given radius, we do this with the help of a scale.

on ‘O’. Keeping the point of the compass firmly
move the pencil round on the paper to draw the circle

as shown in the figure.

Adjust the distance between the sharp point of the compass and tip of the pencil
equal to the length of the given radius, mark a point ‘O’(radius of the circle in the figure is

5 cm.) and draw circle as described above.
C

B
5 cm.
' D
Al
0 1 2 3 4 5 6 7 8§ 9 10 11 12 13 14 15
SCALE E
n

I

Mark any 6 points A, B, C, D E and F on the circle. You can see that the length of
each line segment OA, OB, OC, OD, OE and OF is 5 cm., which is equal to the given
radius. Mark some other points on the circle and measure their distances from the point

‘O’. What have you observed? We can say that a circle is a collection of all the points in a
plane which are at a fixed distance from a fixed point on the plane.

The fixed point ‘O’ is called the centre of the circle and the Start

fixed distance OA, is called the radius of the circle.

In a circular park Narsimha started walking from a point
around the park and completed one round. What do you call the
distance covered by Narsimha? It is the total length of the boundary of
the circular park, and is called the circumference of the park.

So, the complete length of a circle is called its circumference.

Let us now do the following activity. Mark a point on a sheet of
paper. Taking this point as centre draw a circle with any radius. Now
increase or decrease the radius and again draw some more circles with
the same centre. What do you call the circles obtained in this activity?

Circles having same centre with different radii are called

concentric circles.
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1. Inthe figure, which circles are congruent to the circle A?

2. What measure of the circles make them congruent? @
X A circle divides the plane on which it lies into three parts.
They are (i) inside the circle, which is also called interior of the circle;
T w (i1) on the circle, this is also called the circumference and (iii) outside
the circle, which is also called the exterior of the circle. From the
w S & above figure, find the points which are inside, outside and on the circle.

The circle and its interior make up the circular region.

(2]

Take a thin circular sheet and fold it to half and open. Again fold it along
any other half and open. Repeat this activity for several times. Finally when
you open it, what do you observe?

You observe that all creases (traces of the folds) are intersecting at one point. Do you
remember what do we call this point? This is the centre of the circle.

Measure the length of each crease of a circle with a divider. What do you notice ? They
are all equal and each crease is dividing the circle into two equal halves. That crease is called
diameter of circle. Diameter of a circle is twice its radius. Aline segment joining any two points
on the circle that passes through the centre is called the diameter.

In the above activity if we fold the paper in any manner not only in half, we see that
creases joining two points on circle. These creases are called chords of the circle.

So, a line segment joining any two points on the circle is b D
called a chord.

What do you call the longest chord? Is it passes through the centre? A * B
See in the figure, CD, AB and PQ are chords of the circle. Q
arc In the fig.(i), two points A and B are on the

A B

circle and they are dividing the circumference of the circle into two parts.
The part of the circle between any two points on it is called an arc. In the

fig.(i) AB is called an ‘arc’ and it is denoted by AB. If the end points of
@
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an arc become the end points of a diameter then A
such an arc is called a semicircular arc or a
semicircle. In the fig.(ii)) ACB is a semicircle

¢
If the arc is smaller than a semicircle, then
the arc is called a minor arc and if the arc is )
longer than a semicircle, then the arc is called a (i) (lii))

major arc. In the fig.(iii) ACB is a minor arc and ADB 1is a major arc.

If we join the end points of an arc by a chord,
A 4 the chord divides the circle into two parts. The region
’ between the chord and the minor arc is called the
minor segment and the region between the chord and
the major arc is called the major segment. If the chord

happens to be adiameter, then

*B B the diameter divides the circle
into two equal segments.

The region enclosed by an arc and the two radii joining the
centre to the end points of an arc is called a sector. One is minor

sector and another is major sector (see adjacent figure).

1. Name the following parts from the adjacent figure where ‘O’ is the
centre of the circle.

@ Ao G A (i) BC
i) "AC v  DCB (V) ACB

(vii) AD (viii) shaded region \
D

2. State true or false.

1. Acircle divides the plane on which it lies into three parts.
ii. The region enclosed by a chord and the minor arc is minor segment.

iii. The region enclosed by a chord and the major arc is major segment.

v. A sector is the area enclosed by two radii and a chord

(
(
(
iv. A diameter divides the circle into two unequal parts. (
(
vi. The longest of all chords of a circle is called a diameter. (

(

~ = "

vii. The mid point of any diameter of a circle is the centre.
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Let A, B be any two points on a circle with centre ‘O’.

Join AO and BO. Angle is made at centre ‘O’ by AO, BO i.e.

ZAOB is called the angle subtended by the chord AB at the

centre ‘O’.

What do you call the angles ZPOQ, ZPSQ and ZPRQ in
the figure?

i. ZPOQ is the angle subtended by the chord PQ at the centre ‘O’

ii. ZPSQ and ZPRQ are respectively the angles subtended by the
chord PQ at point S and point R on the minor and major arc.

In the figure, O is the centre of the circle and
AB, CD, EF and GH are the chords of the
circle.

e /AN

Central
‘ Angle

G\ NS H ,
EF We can observe from the figure that GH > EF > CD > AB.
A B

Now what do you say about the angles subtended by these chords

at the centre?

After observing the angles, you will find that the angles subtended by the chords at the

centre of the circle increases with increase in the length of chords.

So, now imagine what will happen to the angle subtended at the centre of the circle, if

we take two equal chords of a circle?

Construct a circle with centre ‘O’ and draw equal chords AB

and CD using the compass and ruler.

Join the centre ‘O’ with A, B and with C, D. Now measure the
angles ZAOB and ZCOD. Are they equal to each other? Draw two or
more equal chords of a circle and measure the angles subtended by them

at the centre.

>

You will find that the angles subtended by them at the centre are equal.

Let us try to prove this fact.
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Theorem-12.1 : Equal chords of a circle subtend equal angles at the centre.

Given : Let ‘O’ be the centre of the circle. AB and CD are two equal chords and
ZAOB and ZCOD are the angles subtended by the chords at the centre.

R.T.P.: ZAOB = ZCOD

Construction : Join the centre to the end points of each chord and you get two triangles AAOB
and ACOD.

Proof: In triangles AOB and COD C
AB = CD (given) .
OA = OC (radii of same circle) ‘
OB = OD (radii of same circle) Y D
Therefore = A AOB = A COD (SSS rule)

Thus ZAOB = ZCOD (corresponding parts of congruent triangles)

In the above theorem, if in a circle, two chords subtend equal angles at the centre, what
can you say about the chords? Let us investigate this by the following activity.

Take a circular paper. Fold it along any diameter such that the two edges
coincide with each other. Now open it and again fold it into half along another diameter.
On opening, we find two diameters meet at the

centre ‘O’. There forms two pairs of vertically D B
opposite angles which are equal. Name the end
points of the diameter as A, B, C and D 2
Draw the chords A_C, ﬁ, BD and AD.
Now take cut-out of the four segments namely A€

1,2,3 and 4

If you place these segments pair wise one above the other the edges of the pairs
(1,3) and (2,4) coincide with each other.

Is AD=BC and AC=BD?
Though you have seen it in this particular case, try it out for other equal angles too.
The chords will all turn out to be equal because of the following theorem.
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Can you state converse of the above theorem (12.1)?

Theorem-12.2 : If the angle subtended by the chords of a circle at the centre are equal, then the
chords are equal. M

This is the converse of the theorem 12.1. v N
Note that in adjacent figure Z/PQR = ZMQN, then :‘
' R
P

APQR = AMQN (Why?)
Is PR = MN? (Verify)

™) )
Q 2. Tn the figure, PQ = RS and ZORS = 48°.

’ | Find ZOPQand ZROS.

/ / \

3. Inthe figure PR and QS are two diameters. Is PQ =RS?

¢ Construct a circle with centre O. Draw a chord AB and a perpendicular to the chord
AB from the centre ‘O’.

« Let the point of intersection of the perpendicularon AB be P.
 After measuring PA and PB, we will find PA =PB.

Theorem-12.3 : The perpendicular from the centre of a circle to a chord

AT_p B
bisects the chord.
Write a proof by yourself by joining O to A and B and prove that AOPA = AOPB.
What is the converse of the theorem 12.3?

“If a line drawn from the centre of a circle bisects the chord then the line is
perpendicular to that chord”



Take a circle shaped paper and mark centre ‘O’

Fold it into two unequal parts and open
it. Let the crease represent a chord AB, and
then make a fold such that ‘A’ coincides with
B. Mark the point of intersection of the two
folds as D. Is AD = DB? ODA =?
2 Z0DB = ? Measure the angles between
the creases. They are right angles. So, we
can make a hypothesis “the line drawn

through the centre of a circle to bisect a chord is perpendicular to the chord”.

In a circle with centre ‘O’. AB is a chord and ‘M’ is its
midpoint. Now prove that QM is perpendicular to AB.
(Hint : Join OA and OB consider triangles OAM and OBM)

12.3.1 The three points that describe a circle

B
Let ‘O’ be a point on a plane. How many circles we
can draw with centre ‘O’? As many circles as we wish. ‘
We have already learnt that these circles are called ’l
concentric circles. If ‘P’ is a point other than the centre of ‘
the circle, then also we can draw many circles through P.

Suppose that there are two distinct points P and Q

How many circles can be drawn passing through given two points?
We see that we can draw many circles passing through P and Q.

4
Let us join P and Q, draw the perpendicular bisector to PQ. (AN

QN

4

Take any three points R, R, and R, on the perpendicular bisector and
draw circles with centre R, R, R, and radii RP, R|P and R,P
respectively. Does these circles also passes through Q (Why?)

N
If three non-collinear points are given, then how many circles

C .
can be drawn through them? Let us examine it. Take any three

non-collinear points A, B, C and join AB and BC.




268

Draw ﬁé and RS the perpendicular bisectors to AB and

BC. respectively. Both of them intersect at a point ‘O’ (since two
lines cannot have more than one point in common)
Now O lies on the perpendicular bisector of AB,so OA =OB. .....(i)

As every point on PQ is at equidistant from A and B

Also, ‘O’ lies on the perpendicular bisectors of BC
ThereforeOB=OC .. (i1)

From equation (i) and (ii)

We can say thatOA = OB = OC (transitive law)

Therefore, O’ is the only point which is equidistant from the points A, B and C so if
we draw a circle with centre O and radius OA, it will also pass through B and C i.e. we
have only one circle that passes through A, B and C.

The hypothesis based on above observation is “there is one and only one circle that
passes through three non-collinear points”
: If we join AC, the triangle ABC is formed. All its vertices lie on the circle. This

circle is called circum circle of the triangle, the centre of the circle ‘O’ is
circumcentre and the radius OA or OB or OC 1i.e. is circumradius.

If three points are collinear, how many circles can be drawn through these
points? Now, try to draw a circle passing through these three points.

Construct a circumcircle of the triangle ABC where AB =5cm; /B = 75%and
BC=7cm
Draw aline segment AB=35 cm. Draw BX  at B such that

/B =75% Draw an arc of radius 7cm with centre B to cut BX atC
join CA to form AABC, Draw perpendicular bisectors PQ and RS
to AB and BC respectively. PQ, RS intersectat ‘O’. Keeping ‘O’

as a centre, draw a circle with OA as radius. The circle also passes
through B and C and this is the required circumcircle.

12.3.2 Chords and their distance from the centre of the circle

A circle can have infinite chords. Suppose we make many chords of equal length in a
circle, then what would be the distance of these chords of equal length from the centre? Let
us examine it through this activity.



269

Draw a big circle on a paper and take a
cut-out of it. Mark its centre as ‘O’. Fold it in
half. Now make another fold near semi-circular
edge. Now unfold it. You will get two conguent
folds of chords. Name them as AB and CD.
Now make perpendicular folds passing

through centre ‘O’ for them. Using divider
compare the perpendicular distances of these chords from the centre.

Repeat the above activity by folding congruent chords. State your observations as a
hypothesis.

“The congruent chords in a circle are at equal distance from the centre of the circle”

In the figure, O is the centre of the circle and AB = CD. OM is

- _A B
perpendicularon AB and ON is perpendicular on CD . Then prove m
that OM = ON.

As the above hypothesis has been proved logically, it becomes a D
A

theorem ‘chords of equal length are at equal distance from the centre
of the circle.’

In the figure, O is the centre of the circle. Find the length of CD, if AB =5 cm.

In AAOB and A COD, A C

OA = OC(why?)

OB = OD(why?) D)
ZAOB = ZCOD B O

A AOB= A COD
AB = CD (Congruent parts of congruent triangles)
AB =5cm. thenCD =5 cm.

In the adjacent figure, there are two concentric circles
with centre ‘O’. Chord AD of the bigger circle intersects the
smaller circle at B and C. Show that AB = CD.

Given : In two concentric circles with centre ‘O’. AD is the chord of A . % D
the bigger circle. AD intersect the smaller circle at B and C. v
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R.T.P.: AB=CD
Construction : Draw OE perpendicular to AD

Proof : AD is the chord of the bigger circle with centre ‘O’ and OE is perpendicular to AD.
.- OE bisects AD (The perpendicular from the centre of a circle to a chord bisect it)
~AE=ED ... (1)

BC is the chord of the smaller circle with centre ‘O’ and OE is perpendicular to AD.
. OE bisects BC (from the same theorem) A

~BE=CE ... (ii)

Subtracting the equation (ii) from (i), we get

AE -BE=ED - EC

AB=CD

1. Draw the following triangles and construct circumcircles for them.

(i) InA ABC, AB =6¢cm, BC =7cm and ZA = 60°
(i1) InA PQR, PQ=5cm, QR =6cm and RP =8.2cm
(iii) InA XYZ, XY =4.8cm, ZX =60°and LY =70°
2. Draw two circles passing through A, B where AB = 5.4cm

3. If two circles intersect at two points, then prove that their

centres lie on the perpendicular bisector of the common chord.

A
4. If two intersecting chords of a circle make equal angles with C Q
|
diameter passing through their point of intersection, prove B w
D
D
(0)

that the chords are equal.

5. In the adjacent figure, AB is a chord of circle with centre O.
CD is the diameter perpendicualr to AB. Show that AD = BD.

p>
(=
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In the fig.(i), AB is a chord and AB is an arc (minor arc).
The end points of the chord and arc are the same i.e. A and B.
Therefore angle subtended by the chord

at the centre ‘O’ is the same as the angle D_——~C

X 5 subtended by the arc at the centre ‘O’.

()
In fig.(ii) AB and CD are two chords
of a circle with centre ‘O’. If AB = CD, then ZAOB = ZCOD

Therefore we can say that the angle subtended by an arc AR is A (i)
equal to the angle subtended by the arc Cp at the centre ‘O’. (Prove
AAOB = ADOC)

From the above observations we can conclude that “Arcs of equal length subtend
equal angles at the centre”

12.4.1 Angle subtended by an arc at a point on remaining part

of circle

R R
Consider the circle with centre ‘O’.

Let 136 in fig. (i) the minor arc, in fig. (ii)

semicircle and in fig. (iii) major arc. P é)/ Q
A Take any point R on the circumference. Join U
2 RwithPand Q.
® (ii)

ZPRQ is the angle subtended by the arc PQ
at the point R on the circle while ZPOQ is subtended at the centre.

R
Complete the following table for the given figures. / \
Angle Fig. (i) | Fig. (i) Fig. (iii) P < Q
ZPRQ
ZPOQ

(iii)
Similarly draw some circles and subtended angles on the circumference and centre of

the circle by their arcs. What do you notice? Can you make a conjecture about the angle
made by an arc at the centre and a point on the circle? So from the above observations, we
can say that “The angle subtended by an arc at the centre ‘O’ is twice the angle subtended

by it on the remaining arc of the circle”.
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Theorem: The angle subtended by an arc at the centre of a circle is double the angle

Let R be a point on the remaining part of the circle (not on 13(3)

subtended by it at any point on the remaining circle.

R

Given : Let O be the centre of the circle.

13_(3 is an arc subtending ZPOQ at the centre.

Proof:Here we have three different cases in which (i) 136 is minor arc, (ii) 136 1S semi-

circle and
(ii1) 136 is a major arc
Let us begin by joining the point R with the centre ‘O’ and extend it to a point S (in all

cases)

For all the cases in A ROP
RO = OP (radii of the same circle)

Therefore ZORP = ZOPR (Angles opposite = For convenience
to equal sides of an isosceles triangle are equal). Let ZORP = ZOPR = x

ZPOSisanexteriorangleof A ROP(construction) = £POS = £1

ZPOS = ZORP + ZOPR or2 ZORP ... (1 (LlEvrx=w
Let ZORQ = ZOQR =y
(¢, exterior angle = sum of opp. interior angles) /S0Q = /2
Similarly for AROQ L2=y+y=2y

£50Q=ZORQ+£0QR 0r2Z0RQ . () | Now /POQ= L1 4 22 = 2x 42y

(- exterior angle is equal to sum of the =2 (x+y)=2(£LPRO+ ZORQ)
opposite interior angles) (i.e.) ZPOQ =2 /PRQ
From (1) and (2)

ZPOS + ZS0Q =2 (£LORP + ZORQ)
This is same as ZPOQ =2 ZQRP ..... 3)
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Hence the theorem is “the angle subtended by an arc at the centre is twice the angle
subtended by it at any point on the remaining part of the circle.

Let ‘O’ be the centre of a circle, PQ is a diameter, then prove that /PRQ =90°

(OR) Prove that angle in a semi-circle is right angle. -

Itis given that PQ is a diameter and ‘O’ is the centre of the
circle.

#0

. ZPOQ = 180°[Angle on a straight line]

and ZPOQ=2 ZPRQ [ Angle subtended by an arc at the centre is
twice the angle subtended by it at any other point on circle]

180° _ oo

- ZPRQ =

Find the value of x in the adjacent figure
Given ZACB =40
By the theorem angle made by the arc AB at the centre
ZAOB =2 ZACB =2 x40 =80
X + ZAOB =360
Therefore x =360 — 80 =280

12.4.2 Angles in the same segment

Let us now discuss the measures of angles made by an arc in the same segment of a circle.

Consider a circle with centre ‘O’ and a minor arc AB (See figure). Let P, Q, R and S be
points on the major arc AB i.e. on the remaining part of the circle. Now join the end points of
the arc AB with points P, Q, R and S to form angles ZAPB, ZAQB, ZARB and ZASB.

ZAOB = 2/APB (why?)
ZAOB =2/AQB (why?)
ZAOB =2/ARB (why?)
ZAOB =2/ASB (why?)
Therefore ZAPB = ZAQB =/ARB = ZASB

Observe that “angles subtended by an arc in the same segment are equal”.
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: In the above discussion we have seen that the point P, Q, R, S and A, B lie on the same

circle. What do you call them? “Points lying on the same circle are called concyclic”.
The converse of the above theorem can be stated as follows-

Theorem-12.4 : If a line segment joining two points, subtends equal angles at two other
points lying on the same side of the line then these, the four points lie on a circle ( i.e. they

are concyclic)

Given : Two angles ZACB and ZADB are on the same side of a line segment

AB joining two points A and B are equal.
R.T.P : A, B, C and D are concyclic (i.e.) they lie on the same circle.
Construction : Draw a circle passing through the three non colinear point A, B and C.
Proof: Suppose the point ‘D’ does not lie on the Circle.
Then there may be other point ‘E’ such that it will intersect AD (or extension of AD)

If points A, B, C and E lie on the circle then

D
C b C E
ZACB = ZAEB (Why?) v
But it is given that ZACB = ZADB.
Therefore Z/AEB = ZADB _ _
A B A B

This is not possible unless E coincides with D (Why?)

1. Inthe figure, ‘O’ is the centre of the circle.

ZAOB = 100 find ZADB.

’ D 2. In the figure, ZBAD = 40" then find ZBCD.
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3. Inthe figure, O is the centre of the circle and Z/POR = 120 . Find
ZPQR and ZPSR

4. Ifaparallelogramis cyclic, then itis a rectangle. Justify.

5. In the figure, ‘O’ is the centre of the circle.
OM =3cm and AB = 8cm. Find the radius of
the circle

6. In the figure, ‘O’ is the centre of the
AN M _ 7B circle and OM, ON are the >
perpendiculars from the centre to the
chords PQ and RS. If
OM = ON and PQ = 6¢cm. Find RS.

7. Adis the centre of the circle and ABCD is N M _ N
asquare. If BD =4cm then find the radius

of the circle.

8. Draw a circle with any radius and then

=]

draw two chords equidistant from the

centre.

Al \/
9. In the given figure ‘O’ is the centre of the circle and AB, CD are
equal chords. If ZAOB = 70°. Find the angles of the AOCD.
B
D

C
In the figure, the vertices of the quadrilateral A, B, C and D lie on
the same circle, this type of quadrilateral ABCD is called cyclic
quadrilateral.

@)

2 9

Draw a circle. Mark four points A, B, C and

(@}

D on it. Draw quadrilateral ABCD. Measure its

angles. Record them in the table. Repeat this

. . . A
activity for three more times.
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S

0 ZA /B £C ZD ZA+2C ZB+2D

N
1
2
3
4

What do you infer from the table?

Theorem-12.5 : The opposite angles of a cyclic quadrilateral are supplementary.

Given : ABCD s acyclic quadrilateral .
ToProve: <A+ ZC=180°
4B+ /D =180°

Construction : Join OA, OC
1

Proof: ZD = 5 Ly (Why?)
1

/B = 5 Zx (Why?)
By adding of (1) and (ii)

1 1
LD+LB=§Ly+ Eéx

1
4D+4B=5 (Ly + £Lx)

1
AB+LD=E x 360°

ZB + £ZD =180°
Similarly ZA+ ZC=180°

Examp] In the figure, ZA = 120" then find £C?
Solution: ABCD is a cyclic quadrilateral
Therefore ZA + /C =180
120° + £C =180
Therefore ZC = 180 — 120 = 60’

D

D
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What is the converse of the above theorem?

“If the sum of a pair of opposite angles of a quadrilateral is 180°, then the quadrilateral is
cyclic”.
The converse is also true.
Theorem-12.6 : If the sum of any pair of opposite angles in a quadrilateral is 180°, then it is
cyclic.

Given : Let ABCD be a quadrilateral
such that

ZABC + ZADC = 180°

Z/DAB + ZBCD = 180°

R.T.P. : ABCD is a cyclic quadrilateral.

Construction : Draw a circle through three non-collinear points A, B, and C.

If it passes through D, the theorem is proved since A, B, C and D are concyclic. If the circle
does not pass through D, it intersects Cp [fig (i) or cp produced [fig (ii)] at E.

Draw AR

Proof : ABCE is a cyclic quadrilateral (construction)

ZAEC + ZABC = 180° [sum of the opposite angles of a cyclic quadrilateral]

But ZABC + ZADC = 180° Given

- ZAEC + ZABC = ZABC + ZADC = ZLAEC= ZADC

But one of these is an exterior angle of AADE and the other is an interior opposite angle.

We know that the exterior angle of a triangle is always greater than either of the opposite
interior angles.

- ZAEC = ZADC is a contradiction.

So our assumption that the circle passing through A, B and C does not pass through D is false.
.. The circle passing through A, B, C also passes through D.

~.A,B,CandD are concyclic. Hence ABCD is a cyclic quadrilateral.

Infigure, AB is a diameter of the circle, CD is a chord equal to the radius of the

circle. AC and BD when extended intersect at a point E. Prove that ZAEB = 60°.
Join OC, OD and BC.
Triangle ODC is equilateral (Why?)
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Therefore,

Now,
This gives
Again,
So,

Which gives

1. Find the values of x and y in the figures given below.

ZCOD = 60°
1
ZCBD = 5 ZCOD (Why?)
ZCBD =30°
ZACB =90° (Why?)

ZBCE = 180° - ZACB =90°

ZCEB =90° - 30° =60°, i.e. ZAEB = 60°

A

)

2. Given that the vertices A, B, C of a quadrilateral ABCD lie on a circle.

Also ZA + ZC =180°, then prove that the vertex D also lie on the same circle.

3. Prove that a cyclic thombus is a square.

4. For each of the following, draw a circle and inscribe the figure given. If a polygon of the
given type can’t be inscribed, write not possible.

(@)
(b)
()
(d)
(e)

®

Rectangle

Trapezium

Obtuse triangle
Non-rectangular parallelogram

Accute isosceles triangle

A quadrilateral PQRS with PR as diameter.
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same plane is called a circle. The fixed point is called the centre and the fixed distance is
called the radius of the circle

A line segment joining any points on the circle is called a chord

The longest of all chords which also passes through the centre is called a diameter
Circles with same radii are called congruent circles

Circles with same centre and different radii are called concentric circles

Diameter of a circle divides it into two semi-circles

The part between any two points on the circle is called an arc

The area enclosed by a chord and an arc is called a segment. If the arc is a minor arc then
itis called the minor segment and if the arc is major arc then it is called the major segment

The area enclosed by an arc and the two radii joining the end points of the arc with centre
is called a sector

Equal chords of a circle subtend equal angles at the centre

Angles in the same segment are equal

An angle in a semi circle is a right angle.

If the angles subtended by two chords at the centre are equal, then the chords are congruent

The perpendicular from the centre of a circle to a chord bisects the chords. The converse
is also true

There is exactly one circle passes through three non-collinear points
The circle passing through the vertices of a triangle is called a circumcircle

Equal chords are at equal distance from the centre of the circle, conversely chords at
equidistant from the centre of the circle are equal in length

Angle subtended by an arc at the centre of the circle is twice the angle subtended by it at
any other point on the circle.

If the angle subtended by an arc at a point on the remaining part of the circle is 90°, then
the arc is a semi circle.

If aline segment joining two points subtends same angles at two other points lying on the
same side of the line segment, the four points lie on the circle.

The pairs of opposite angles of a cyclic quadrilateral are supplementary.
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13

«

To construct geometrical figures, such as a line segment, an angle, a triangle, a quadrilateral
etc., some basic geometrical instruments are needed. You must be having a geometry box which
contains a graduated ruler (Scale) a pair of set squares, a divider, a compass and a protractor.

Generally, all these instruments are needed in drawing. A geometrical construction is the
process of drawing a geometrical figure using only two instruments - an ungraduated ruler and
acompass. We have mostly used ruler and compass in the construction of triangles and quadrilaterals
in the earlier classes. In construction where some other instruments are also required, you may
use a graduated scale and protractor as well. There are some constructions that cannot be done
straight away. For example, when there are 3 measures available for the triangle, they may not be
used directly. We will see in this chapter, how to extract the needed values and complete the
required shape.

O'

You have learnt how to construct (i) the perpendicular bisector of a line segment, (ii) angle
bisector of 300, 450, 600, 90 and 120 orof a given angle, in the lower classes. However the
reason for these constructions were not discussed. The objective of this chapter is to give the

process of necessary logical proofs to all those constructions.

13.2.1 To Construct the perpendicular bisector of a given line

segment.
])
e Draw the perpendicular bisector of a given line 7‘<
segment AB and write justification.
S Steps of construction.
Steps 1 : Draw the line segment AB Ae o e
1
Step 2 : Taking A centre and with radius more than - AR, draw
L : 2 X
an arc on either side of the line segment AB. p4
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Step 3 : Taking ‘B’ as centre, with the same radius as above, draw arcs so that they intersect the
previously drawn arcs.

Step 4 : Mark these points of intersection as P and Q.
Join P and Q.

Step S : Let PQ intersect AB at the point O
Thus the line POQ is the required perpendicular bisector of AB.

How can you prove the above construction i.e. “PQ is the perpendicular bisector of AB”,

logically?
Draw diagram of construction and join A to P and Q; also B to Pand Q.

We use the congruency of triangle properties to prove the required.

Proof : b
Steps Reasons
In A* PAQ and APBQ Selected
AP=BP; AQ=BQ Equal radii A 1) B
PQ =PQ Common side
. APAQ = APBQ SSS rule
So ZAPO = ZBPO CPCT (corresponding parts of congl(r)uent triangles)
Now In A* APO and BPO Selected
AP =BP Equal radii as before
ZAPO = ZBPO Proved above
OP =OP Common
- AAPO = ABPO SAS rule

SoOA=0B and ZAPO = /BPO  CPCT
As ZAOP + /BOP =180’ Linear pair

o

18 o
We get ZAOP = ZBOP = =90 From the above result

2
Thus PO, i.e. POQ is the perpendicular Required to prove.
bisector of AB
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13.2.2 To construct the bisector of a given angle

Construct the bisector of a given angle ABC.
Steps of construction.
Step 1 : Draw the given angle ABC
Step 2 : Taking B as centre and with any radius, draw an arc to
intersect the rays go and BC , at D and E respectively, as shown in

the figure.
B o &

Step 3 : Taking E and D as centres draw two arcs with equal radii to
intersect each other at F.
A

Step 4 : Draw the ray BF. Itis the required bisector of ZABC.
B
E C

Let us see the logical proof of above construction. Join D, Fand E, F. We use congruency
rule of triangles to prove the required.

Proof :

Steps Reasons
In A* BDF and ABEF Selected triangles
BD=BE radii of same arc
DF =EF Arcs of equal radii
BF =BF Common
.. ABDF = ABEF SSS rule
So #DBF=ZEBF CPCT
Thus BF is the bisector of Required to prove

ZABC
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Observe the sides, angles and diagonals of quadrilateral BEFD. Name the figures given
below and write properties of figures.

A A

L. b . 2. D

B E B E
13.2.3 To construct an angle of 60° at the initial point of a given
ray.
Draw aray AB with initial point A and construct aray AC such that /ZBAC =60°.

Steps of Construction

Step 1 : Draw the given ray AB and taking A as centre and some
radius, draw an arc which intersects AB, say at a point D.

A D >B
E
Step 2 : Taking D as centre and with the
same radius taken before, draw an arc intersecting the previously
drawn arc, say at a point E.
A D >B

Step 3 : Draw aray AC Passing through E then ZBACis
the required angle of 60 .

Let us see how the construction is justified. Draw the figure
again and join DE and prove it as follows .

Steps Reasons
InA ADE Selected
AE=AD radii of same arc
AD=DE Arcs of equal radius
Then AE=AD=DE Same arc with same radii

. AADE is equilateral triangle All sides are equal.

ZEAD =60° each angle of equilateral triangle.
ZBAC issame as /EAD Z/EAD is apart of ZBAC.
ZBAC =60°. Required to prove.
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Draw a circle, Identify a point on it. Cut arcs on the circle
with the length of the radius in succession. How many parts can

the circle be divided into? Give reason.

1. Construct the following angles at the initial point of a given ray and justify the

construction.
(@ 90° (b) 45°
2. Construct the following angles using ruler and compass and verify by measuring them by a
protractor.
(@ 30° b) 223 () 15°
@ 75° (e) 105° f) 135°

3. Construct an equilateral triangle, given its side of length of 4.5 cm and justify the construction.

4. Construct an isosceles triangle, given its base and base angle and justify the construction.
[Hint : You can take any measure of side and angle]

TRI

We have so far, constructed some basic constructions and justified with proofs. Now we
will construct some triangles when special type of measures are given. Recall the congruency
properties of triangles such as SAS, SSS, ASA and RHS rules. You have already learnt how to
construct triangles in class VII using the above rules.

You may have learnt that atleast three parts of a triangle have to be given for constructing
it but not any combinations of three measures are sufficient for the purpose. For example, if two
sides and an angle (not the included angle) are given, then it is not always possible to construct
such a triangle uniquely. We can give several illustrations for such constructions. In such cases
we have to use the given measures with desired combinations such as SAS, SSS, ASA and RHS

rules.

13.3.1 Construction : To construct a triangle,
given its base, a base angle and sum of A
other two sides.

Construct a AABC given BC=5cm., AB+AC=8cm.
and ZABC = 60°.
R c

Steps of construction cm.
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Step 1: Draw arough sketch of AABC and mark the given measurements as usual.
(How can you mark AB + AC =8cm ?)
How can you locate third vertex A in the construction ?
Analysis : As we have AB + AC =8 cm., extend BA up to D so that
BD =8 cm.
.. BD=BA+AD=8cm
but AB + AC =8 cm. (given)
- AD=AC
To locate A on BD what will youdo ?

As Ais equidistant from C and D, draw a perpendicular

a

X ) - Sem.

bisector of CD to locate A on BD.

How can you prove AB + AC=BD ?

X
P D
Step 2 : Draw the base BC =5 cm and construct
ZCBX =60° at B
60°
B / Sem C

Step 3: With centre B and radius 8cm (AB+AC  , A60°

=8 cm) draw an arc on BX tointersect (meet) at
D.

Step 4 : Join CD and draw a perpendicular
bisector of CD to meet BD at A

Step S :Join AC to get the required triangle
ABC.

Now, we will justify the construction.

Proof : Alies on the perpendicular bisector of CD

- AC=AD
AB+AC=AB +AD
=BD
=8 cm.

Hence AABC is the required triangle.
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Can you construct a triangle ABC with BC = 6 cm, /B =60° and
AB +AC =5cm.? If not, give reasons.

13.3.2 Construction : To Construct a triangle given its base, a
base angle and the difference of the other two sides.

Given the base BC of a triangle ABC, a base angle say /B and the difference of other
two sides AB — AC in case AB>AC or AC-AB, in case AB<AC, you have to construct the
triangle ABC. Thus we have two cases of constructions discussed in the following examples.

Case (i) Let AB > AC

Construct AABC in whichBC=4.2cm, /B =30%°and AB—- AC=1.6cm

Steps of Construction A
Step 1: Draw arough sketch of AABC and mark the given
measurements o
(How can you mark AB— AC=1.6cm ?) B= 4.2cm. ¢

Analysis : Since AB— AC =1.6cmand AB>AC,
mark D on AB such that AD = AC Now
BD=AB - AC=1.6cm. Join CD and
draw a perpendicular bisector of CD to
find the vertex A on BD produced.

Join AC to get the required triangle ABC. 4.2cm.

X

Step 2: Construct ABCD using S.A.S rule with
measures BC=4.2cm B =30"and BD = 1.6
cm. (i.e. AB-AC)

X

Step 3 : Draw the perpendicular bisector
of CD. Letitmeetray BDX ata point A.
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Step 4: Join AC to get the required triangle ABC.
X

S

Can you construct the triangle ABC with the same

B ~ measures by changing the base angle ZC instead
¥ 4'2c7 of /B ? Draw arough sketch and construct it.

Case (ii) LetAB<AC
Construct AABC in which BC =5cm, /B=45°and AC- AB=1.8cm.

Solution : Steps of Construction.

A
Step 1: Draw arough sketch of AABC and mark the given
measurements. 45° ;
Analyse how AC — AB = 1.8 cm can be marked? B 5Cm -
Analysis : Since AC—-AB=1.8cmi.e. AB<AC we have to find D on AB produced such
that AD =AC

NowBD=AC-AB=1.8cm (- BD=AD—-AB and AD =AC)
Join CD to find A on the perpendicular bisector of DC
Step 2 : Draw BC =5 cm and construct Z/CBX =45°

With centre B and radius 1.8 cm (BD = AC — AB) draw an arc to intersect the line
XB extended at a point D.

Step 3: Join DC and draw the perpendicular bisector of DC.

Step4: Let it meet BX at A and join AC
AABC is the required triangle.

Now, you can justify the construction.

Proof: In AABC, the point A lies on the
perpendicular bisector of DC.

.. AD=AC
AB+BD=AC
SoBD=AC-AB

=1.8cm

Hence AABC is the required that triangle.
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13.3.3 Construction : To construct a triangle, given its perimeter
and its two base angles.

Given the base angles, say /B and ZC and perimeter AB + BC + CA, you have to
construct the triangle ABC.

Construct a triangle ABC, in which /B =60°, ZC =45°and
AB + BC+CA=11cm. A
Steps of construction.

Step 1 : Draw arough sketch of a triangle ABC and mark the given
measures 00° 45°

ral
\ 2

&

(Can you mark the perimeter of triangle ?)
Analysis : Draw a line segment, say XY equal to perimeter of AABCi.e., AB +BC + CA.

Make angles ZYXL equal to ZB and

ZXYMequal to ZC and bisect them.

Let these bisectors intersect at a point A.

Draw perpendicular bisectors of AX to
intersect XY at B and the perpendicular
bisector of AY to intersect it at C. Then by

joining AB and AC, we get required triangle ~ X B\‘ 11ecm. /C Y
ABC /
Q s
Step 2: Draw aline segment XY =11 cm X: Tiom. Y

(As XY=AB +BC+CA)

L Step 3 : Construct ZYXL = 60° and
M ZXYM =45° and draw bisectors of these angles.
< Step 4 : Let the bisectors of these angles
intersect at a point A and join AX or AY.
60 45 L
X== Ticm. —t

I
|
|
I
|
|
I
|
Step 5: Draw perpendicular bisectors of AX X
|

and AY to intersect X—Y at B and C
respectively

Join AB and AC. B Them. fc Y
Then, ABC is the required triangle. Q S
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You can justify the construction as follows

Proof: B lies on the perpendicular bisector PQ of AX

. XB =AB and similarly CY =AC

This gives AB+BC+CA=XB+BC+CY

Again ZBAX = ZAXB (-- XB=ABinAAXB)and

ZABC = ZBAX + ZAXB Can you draw the triangle

=XY

(Exterior angle of AABC) with the same measurements in
alternate way?
= 2/AXB
= ZYXL (Hint: Take L YXL = ) =30°
= 60°. o
d ZXYM = =225°
Similarly ZACB = /XYM =45° asrequired 2 2 )

- ZB =60°and ZC =45° as given are constructed.

13.3.4 Construction : To construct a circle segment given a
chord and a given an angle.

Construct a segment of a circle on a chord of length

7cm. and containing an angle of 60°. C
Steps of construction.
Step-1:  Draw a rough sketch of a circle and a segment contains an
angle 60°. (Draw major segment Why?) Can you draw a circle without -0
acentre?
A 7 cm B
Analysis: Let ‘O’ be the centre of the
circle. Let AB be the given chord and X

Tcm.

ACB be the required segment of the
circle containing an angle C = 60°.

Let Axp be the arc subtending the angle at C.
Since ZACB =60°, ZAOB = 60° x 2 = 120°

In AOAB, OA=0B (radii of same circle)
180°—120° _ 60°
2 2

=30°

.. ZOAB = ZOBA =

So we can draw AOAB then draw a circle with radius equal to OA or OB.
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Step-2: Draw aline segment AB =7cm. A 7em. B

Step-3: Draw ax such that Z/BAX = 30° and draw gy
such that ZYBA =30° to intersect Ax atO.

[Hint : Construct 30° angle by bisecting 60° angle]

A 7cm. B

Step-4 : With centre ‘O’ and radius OA or OB, draw the circle.
C

Step-5: Mark a point ‘C’

on the arc of the circle.

Join AC and BC. We get

ZACB = 60°

Thus ACB is the required circle segment.

Let us justify the construction

Proof : OA = OB (radii of circle).

Z0AB + ZOBA = 30° + 30° = 60°
ZAOB = 180° - 60° = 120°
AXB Subtends an angle of 120° at the centre of the circle.

120°
2

ZACB = =60°

ACB is the required segment of a circle.

Rv 17 &5 g
’!: P i

A

What happen if the angle in the circle segment is right angle? What kind of =~
segment do you obtain? Draw the figure and give reason.

1. Construct AABC in whichBC=7cm, /B = 75 and AB +AC = 12 cm.
2. Construct APQR in which QR =8 cm, £Q =60°and PQ —-PR=3.5cm

3. Construct A XYZ in which Y =30, Z/Z =60 and XY + YZ +ZX = 10 cm.
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4. Construct aright triangle whose base is 7.5cm. and sum of its hypotenuse and other side
is 15cm.

5. Construct a segment of a circle on a chord of length Scm. containing the following angles.

i 90 i 45 i 120°

.
o
i

1. A geometrical construction is the process of drawing geometrical figures using only two

instruments - an ungraduated ruler and a compass.

2. Construction of geometrical figures of the following with justifications (Logical proofs)
* Perpendicular bisector of a given line segment.
* Dbisector of a given angle.

*  Construction of 60° angle at the initial point of a given ray.
3.  Toconstruct a triangle, given its base, a base angle and the sum of other two sides.

4.  Toconstruct a triangle given its base, a base angle and the difference of the other two

sides.
5. Toconstruct atriangle, given its perimeter and its two base angle.

6.  Toconstruct a circle segment given a chord and an angle.

Brain Teaser
How many triangles are threre in the figure ?

(Itis a ‘Cevian’ write formula of a triangle -
named in honour of Mathematician Ceva)

(Hint : Let the number of lines drawn from each
vertex to the opposite side be ‘n’)
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14

Probability theory is nothing but common sense reduced to calculation.

- Pierre-Simon Laplace

Siddu and Vivek are classmates. One day during their lunch they are talking to each other.

Observe their conversation

Siddu
Vivek :

Siddu :
Vivek :

Siddu :

Vivek :

Siddu :
Vivek :

Siddu :
Vivek :

Hello Vivek , What are you going to do in the evening today?
Most likely, I will watch India v/s Australia

cricket match.

Whom do you think will win the toss ?

Both teams have equal chance to win the toss.
Do you watch the cricket match at home?

There is no chance for me to watch the cricket at
my home. Because my T.V. is under repair.

Oh! then come to my home, we will watch the
match together.

I will come after doing my home work.

Tomorrow is 2nd october. We have a holiday on the occasion of Gandhiji’s
birthday. So why don’t you do your home work tomorrow?

No, first I will finish the homework then I will come to your home.

Ok.

Consider the following statements from the above conversation:

Most likely, 1 will watch India v/s Australia cricket match

There is no chance for me to watch the cricket match.

Both teams have equal chance to win the toss.

Here Vivek and Siddu are making judgements about the chances of the particular

occurrence.
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In many situations we make such statements and use our past experience and logic to take

decisions. For example

Itis a bright and pleasant sunny day. I need not carry my umbrella and will take a chance
to go.

However, the decisions may not always favour us. Consider the situation. “Mary took her
umbrella to school regularly during the rainy season. She carried the umbrella to school for many
days but it did not rain during her walk to the school. However, by chance, one day she forgot

to take the umbrella and it rained heavily on that day™.

Usually the summer begins from the month of March, but one day in that month there was
aheavy rainfall in the evening. Luckily Mary escaped becoming wet, because she carried umbrella

on that day as she does daily.

Thus we take a decision by guessing the future happening that is whether an event occurs
or not. In the above two cases, Mary guessed the occurrence and non-occurrence of the event

of raining on that day. Our decision may favour us and sometimes may not. (Why?)

We try to measure numerically the chance of occurrence or non-occurrence of some events
just as we measure many other things in our daily life. This kind of measurement helps us to take
decision in a more systematic manner. Therefore we study probability to figure out the chance of

something happening.

Before measuring numerically the chance of happening that we have discussed in the above
situations, we grade it using the following terms given in the table. Let us observe the following
table.

Term Chance Examples from conversation
certain something that must occur Gandhiji’s birthday is on 2nd October.
more likely something that would occur Vivek watching the cricket match

with great chance

equally likely somethings that have the same Both teams winning the toss.

chance of occurring

less likely Something that would Vivek doing homework on the day of
occur with less chance cricket match.
impossible Something that cannot happen. Sidhu watching the circket match

at his home.
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Equally likely
(To:sing a cbiﬁ) |
¢ Less likely ‘ i Move likely J
o — g N — |
(Raining in the month of March) (Cold waves in the last week of

December)

g
1. Observe the table given in the previous page and give some other example for each term.

2. Classify the following statements into the categories less likely, equally likely,
more likely.

a) Rolling adie* and getting a number 5 on the top face.
b) Cold waves in your village in the month of November.
c) India winning the next soccer(foot ball)world cup

d) Getting a tail or head when a coin is tossed.

e) Winning the jackpot for your lottery ticket.

14.2.1 Random experiment and outcomes

To understand and measure the chance, we perform the experiments
like tossing a coin, rolling a die and spining the spinner etc.

When we toss a coin we have only two possible results, head
or tail. Suppose you are the captain of a cricket team and your friend
is the captain of the other cricket team. You toss the coin and ask
your friend to choose head or tail. Can you control the result of the
toss? Can you get a head or tail that you want? In an ordinary coin
that is not possible. The chance of getting either is same and you
cannot say what you would get. Such an experiment known as ‘random
experiment’. In such experiments though we know the possible
outcomes before conducting the experiment, we cannot predict the
exact outcome that occurs at a particular time, in advance. The
outcomes of random experiments may be equally likely or may not
be. In the coin tossing experiment head or tail are two possible outcomes.

* A die (plural dice) is a well balanced cube with its six faces marked with numbers from 1 to 6, one number
on each face. Sometimes dots appear in place of numbers.
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1. Ifyoutry to start a scooter , What are the possible outcomes?
2. When you roll a die, What are the six possible outcomes?
3. When you spin the wheel shown, What are the possible
outcomes?
(Out comes here means the possible sector where the pointer

stops)

4. You have a jar with five identical balls of different colours
(White, Red, Blue, Grey and Yellow) and you have to pickup
(draw) a ball without looking at it. List the possible

outcomes you get. @ ®

‘‘‘‘‘‘‘

In rolling a die. —

* Does the first player have a greater chance of getting a
six on the top face?

* Would the player who played after him have a lesser ‘
chance of getting a six on the top face?

* Suppose the second player got a six on the top face. Does it mean that the third
player would not have a chance of getting a six on the top face?

14.2.2 Equally likely outcomes

When we toss a coin or roll a die , we assume that the coin and the die are fair and
unbiased i.e. for each toss or roll the chance of all possibilities is equal. We conduct the experiment
many times and collect the observations. Using the collected data, we find the measure of chance
of occurrence of a particular happening.

A coin is tossed several times and the result is noted. Let us look at the result sheet where
we keep on increasing the tosses.
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Number of Tally marks Number of Tally mark Number of
tosses (Heads) heads (Tails) tails
S0 LELEL AN 22 LELELENY 28
L]
60 LELEZEDY 26 MM T P 34
M | L\ IR
0 | K 40
80 | . 36 | 44
% | ... 42 | L 48
o L 48 | . 52

We can observe from the above table as you increase the number of tosses, the number of
heads and the number of tails come closer to each other.

Toss a coin for number of times as shown in the table. And record your findings in the
table.

No. of Tosses Number of heads No. of tails

10
20
| 30
40
| 50

What happens if you keep on increasing the number of tosses.

This could also be done with a die, roll it for large number of times and observe.
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No. of times Number of times each outcome occured

Die rolled (i.e. each number appearing on the top face)
1 2 3 4 5 6

25 4 3 9 3 3 3

50 9 5 12 9 8 7

75 14 10 16 12 10 13

100 17 19 19 16 13 16

125 25 20 24 18 16 22

150 28 24 28 23 21 26

175 31 30 33 27 26 28

200 34 34 36 30 32 34

225 37 38 40 34 38 38

250 40 40 43 40 43 44

275 44 41 47 47 47 49

300 48 47 49 52 52 52

From the above table, it is evident that rolling a die for a larger number of times, the
each of six outcomes, becomes almost equal to each other.

From the above two experiments, we may say that the different outcomes of the
experiment are equally likely. This means each of the outcome has equal chance of occurring.

14.2.3 Trails and Events

In the above experiments each toss of a coin or each roll of a die is a Trial or

Random experiment.
Consider a trial of rolling a die,
How many possible outcomes are there to get a number more than 5 on the top face?
It is only one (i.e., 6)
How many possible outcomes are there to get an even number on the top face?
They are 3 outcomes (2,4, and 6).
Thus each specific outcome or the collection of specific outcomes make an Event.

In the above trail getting a number more than 5 and getting an even number on the top
face are two events. Note that event need not necessarily a single outcome. But, every

outcome of a random experiment is an event.
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Here we understand the basic idea of the event, more could be learnt on event in
higher classes.

14.2.4 Linking the chance to Probability
Consider the experiment of tossing a coin once. What are the outcomes? There are
only two outcomes Head or Tail and both outcomes are equally likely.

What is the chance of getting a head?

. . .1 . .
It is one out of two possible outcomes i.e. 5 In other words it 1s expressed as the

probability of getting a head when a coin is tossed is % , which is represented by
1
P(H) = 5= 0.5 or 50%

What is the probability of getting a tail?

Now take the example of rolling a die. What are the possible outcomes in one roll? There

are six equally likely outcomes 1,2,3,4,5,0r 6.

What is the probability of getting an odd number on the top face?

1

. . .3
1, 3 or 5 are the three favourable outcomes out of six total possible outcomes. Itis s or

We can write the formula for Probability of an event ‘A’

Number of favourable outcomes for event 'A’

P(A) = Number of total possible outcomes

Now let us see some examples :

Example 1: If two identical coins are tossed simultaneously. Find (a) the possible outcomes, (b)
the number of total outcomes, (c) the probability of getting two heads, (d)
probability of getting atleast one head, (e) probability of getting no heads and (f) probability of
getting only one head.

Solution : (a) The possible outcomes are

Coin1 Coin 2

Head Head
Head Tail
Tail Head

Tail Tail



b)

d)
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Number of total possible outcomes is 4
Probability of getting two heads

Number of favourable outcomes of getting two heads 1
4

Number of total possible outcomes
Probability of getting atleast one head = 1

[Atleast one head means getting a head one or more number of times]

Probability of getting no heads = 1

Probability of getting only one head =

I )
| =

. Ifthree coins are tossed simultaneously then write their outcomes.

a) All possible outcomes
b) Number of possible outcomes

c) Find the probability of getting at least one head
(getting one or more than one head)
d) Find the Probability of getting at most two heads

(getting Two or less than two heads)

e) Find the Probability of getting no tails

Example 2 : (a) Write the probability of getting each number on the top face when a die was

rolled in the following table. (b) Find the sum of the probabilities of all outcomes.

Solution : (a) Out of six possibilities the number 4 occurs once hence probability is

1/6. Similarly we can fill the table for the remaining values.

Outcome ‘1‘2‘3‘4‘5‘6

Probability (P) ‘ ‘ ‘ ‘ 1/6 ‘ ‘
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(b) The sum of all probabilities

P(1) + P(2) + P(3) + P(4)+ P(5) + P(6)

[ B S U
“6"6 6 6 6 6"
We can generalize that

Sum of the probabilities of all the outcomes of a random experiment is always 1

Find the probability of each event when a die is rolled once

Event Favourable| Number of | Total Number Probability =
outcome(s) |favourable | possible | of total Number of favourable outcomes

outcome(s) outcomes possible Number of total possible outcomes
outcomes

Getting a 5 1 1,2, 3,4, 6 1/6
number 5 5 and 6
on the top face

Getting a
number greater
than 3 on the
top face

Getting a prime
number on the
top face

Getting a number
less than 5 on
the top face

Getting a number
that is a factor of
6 on the top face

Getting a number
greater than 7
on the top face

Getting a number
that is a Multiple of
3 on the top face

Getting a
number 6 or
less than 6

on the top face
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You can observe that
The probability of an event always lies between 0 and 1 (0 and 1 inclusive)
0 < probability of an event < 1
a) The probability of an event which is certain = 1

b) The probability of an event which is impossible = 0

14.2.5 CONDUCT YOUR OWN EXPERIMENTS

1. We would work here in groups of 3-4 students each. Each group would take a coin
of the same denomination and of the same type. In each group one student of the
group would toss the coin 20 times and record the data. The data of all the groups

would be placed in the table below (Examples are shown in the table).

Group |No. of tossesCumulative|Number of | Cumulative Cumulative headsCumulative tails
No. tosses of heads No. of headstotal times tossedfotal times tossed
groups
(1 (2) 3 (4) ) (6) (7)
1 20 20 7 7 l E = E
20 20 20
2 20 40 14 21 2L D-2l.D
40 40 40
3 20 60
4 20 80
5 20 100
6 | st
7

What happens to the value of the fractions in (6) and (7) when the total number of tosses
of the coin increases? Could you see that the values are moving close to the probability of

getting a head and tail respectively.

2. Inthis activity also we would work in groups of 3-4. One student from each group would
roll a die for 30 times. Other students would record the data in the following table. All the
groups should have the same kind of die so that all the throws will be treated as the
throws of the same die.
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No. of times

Number of times the following outcomes turn up

Die rolled

1 2

3 4

5 6

30

Complete the following table, using the data obtained from all the groups :

Number of times

Total number of times

Number of times

1st+ 2nd+ 3rd+ 4th

1st+2nd+3rd+4th +5th

Group(s) 1 turned up a die is rolled 1 turned up
Total number of times
a die is rolled
(1) (2) 3) (€))
lsl
1s t + 2nd
lst +2nd +3rd

What do you observe as the number of rolls increases; the fractions in cloumn (4)
move closer to 6 We did the above experiment for the outcome 1. Check the same for the
outcome 2 and the outcome 5.

What can you conclude about the values you get in column (4) and compare these with the

probabilities of getting 1,2, and 5 on rolling a die.

3. What would happen if we toss two coins simultaneously? We could have either both
coins showing head, both showing tail or one showing head and one showing tail. Would
the possibility of occurrence of these three be the same? Think about this while you do
this group activity.

Divide class into small groups of 4 each. Let each group take two coins. Note that all the
coins used in the class should be of the same denomination and of the same type. Each group

would throw the two coins simultaneously 20 times and record the observations in a table.

Number of times
two heads turns up

No. of times Number of times

no head turns up

No. of times

two coins tossed one head turns up

20
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Number of Number of Number of Number of
Group(s) times two coins| times no head| times one times two
are tossed turns up head turns up heads
turns up
lst
15t 4 2nd

1st+ 2nd uE 3rd

1st+ 2nd 4t 3rd+4th

Now we find the ratio of the number of times no head turns up to the total number of

times two coins are tossed. Do the same for the remaining events.

Fill the following table:
No. of times No. of times No. of times
Group(s) no head one head two heads
Total tosses Total tosses Total tosses
(1) (2) 3) “@)
Group 1 %

Group 1 +2 ™

Group 1 +2+3™

Group 1 +2 +3 +4™

As the number of tosses increases, the values of the columns (2), (3) and (4) get closer
to 0.25, 0.5 and 0.25 respectively.

Example-3: A spinner was spun 1000 times and the frequency of outcomes was recorded as
in given table:
Out come Red Orange Purple Yellow Green
Frequency 185 195 210 206 204

Find (a) List the possible outcomes that you can see in the spinner (b) Compute the probability

of each outcome. (c¢) Find the ratio of each outcome to the total number of times that the spinner

spun (use the table)
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(a) The possible outcomes are 5. They are red, orange, purple, yellow

Q
S
Favourable outcomes of red

P(Red) = i
(Red) Total number of possible outcomes SPrget

and green. Here all the five colours occupy equal areas in the

spinner. So, they are all equally likely.

(b) Compute the probability of each event.

L =02
5 =02

Similarly

1
P(Orange), P(Purple), P(Yellow) and P(Green) is also g or0.2.

(c) From the experiment the frequency was recorded in the table

No. of outcomes of red in the above experiment

Ratio forred = i i
atio for red Number of times the spinner was spun

= 1 =0.185
1000

Similarly, we can find the corresponding ratios for orange, purple, yellow and green are
0.195,0.210, 0.206 and 0. 204 respectively.

Can you see that each of the ratio is approximately equal to the probability which we have
obtained in (b) [i.e. before conducting the experiment]

The following table gives the ages of audience in a theatre. Each person was
given a serial number and a person was selected randomly for the bumper prize by choosing a
serial number. Now find the probability of each event.

Age Male Female
Under 2 3 5
3 - 10 years 24 35
11 - 16 years 42 53
17 - 40 years 121 97
41- 60 years 51 43
Over 60 18 13

Total number of audience : 505
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Find the probability of each event given below.

a)

b)

d)

e)

P(A person watching movie is not a male) =

an
and each point on the dart board is equally likely to be
hit in all the three concentric circles where radii of
concetric circles are 3 cm, 2 cm and 1 cm as shown in
the figure below.

the region A. (The outer ring)

The Total area of the circular region with radius 3 cm

The probability of audience of age less than or equal to 10 years
The audience of age less than or equal to 10 years =24 + 35+ 5+ 3 =67
Total number of people = 505

P(audience of age < 10 years) = 505

The probability of female audience of age 16 years or younger
The female audience with age less than or equal 16 years =53 +35+5=93
P(female audience of age < 16 years) = 93/505

The probability of male audience of age 17 years or above
=121+51+18=190
P(male audi f 17 R0 _ 53
(male audience of age > 17 years) = 505 = 101

The probability of audience of age above 40 years
=51+43+18+ 13 =125
P(audi f 40 125 _ 2
(audience of age > 40 years) =505 = 101

The probability of the person watching the movie is not a male
=5+35+53+97+43+13=246

246
505

5 :Assume that a dart will hit the dart board

Find the probability of a dart hitting the board in

Here the event is hitting in region A.

= n(3)?
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Area of circular region A (i.e. ring A) = m(3)* — n(2)?

Probability of the dart hitting the board in region A is p—

A Area of circular region A Remember
PA) B Total Area Area of a citcle = 7tr2
M Areaofaring= 7R —mr?
- ne? — 2%
On — 4m
B on
> 0.556
9 - .

From the figure given in example 5.
1. Find the probability of the dart hitting the board in the circular region B (i.e. ring B).

2. Without calculating, write the percentage of probability of the dart hitting the board in
circular region C (i.e. ring C).

ofF Pi

Meteorological department predicts the weather by observing trends from the data collected
over many years in the past.

Insurance companies calculate the probability of happening of an accident or casuality to
determine insurance premiums.

“Anexitpoll” is taken after the election .
Itis surveying the people to which party
they have voted. This gives an idea of
winning chances of each candidate and
predictions are made accordingly.
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1. A die has six faces numbered from 1 to 6. Itis rolled and the number on

the top face is noted. When this is treated as a random trial.
a) What are the possible outcomes ?
b) Arethey equally likely? Why?
¢) Find the probability of a composite number turning up on the top face.
2. A coinis tossed 100 times and the following outcomes are recorded
Head:45 times Tails:55 times from the experiment
a) Compute the probability of each outcomes.
b) Find the sum of probabilities of all outcomes.
3. Aspinner has four colours as shown in the figure. When we spin it once, find
a) Atwhich colour, is the pointer more likely to stop?
b) Atwhich colour, is the pointer less likely to stop? E
¢) Atwhich colours, is the pointer equally likely to stop? W W
d) Whatis the chance the pointer will stop on white? 4

e) Isthere any colour at which the pointer certainly stops?

4. Abag contains five green marbles, three blue marbles, two red marbles, and two yellow

marbles. One marble is drawn out randomly.
a) Are the four different colour outcomes equally likely? Explain.
b) Find the probability of drawing each colour marble
i.e., P(green), P(blue), P(red) and P(yellow)
¢) Find the sum of their probabilities.
5. Aletter is chosen from English alphabet. Find the probability of the letters being
a) Avowel b) a letter that comes after P

c¢) Avoweloraconsonant d) Nota vowel
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6. Eleven bags of wheat flour, each marked 5 kg, actually contained the following
weights of flour (in kg):

4.97,5.05, 5.08, 5.03, 5.00, 5.06, 5.08, 4.98, 5.04, 5.07, 5.00

Find the probability that any of these bags chosen at random contains more than 5 kg
of flour.

7. Aninsurance company selected 2000 drivers at random (i.e., without any preference
of one driver over another) in a particular city to find a relationship between age

and accidents. The data obtained is given in the following table:

Age of Drivers Accidents in one year More than 3
(in years) 0 1 2 3 accidents
18-29 440 160 110 61 35
30- 50 505 125 60 22 18
Over 50 360 45 35 15 9

Find the probabilities of the following events for a driver chosen at random from
the city:

(i) The driver being in the age group 18-29 years and having exactly 3 accidents

in one year.

(i1) The driver being in the age group of 30-50 years and having one or more

accidents in a year.

(iii) Having no accidents in the year.

8. What is the probability that a 7 cm
randomly thrown dart hits the square
board in shaded region

22
(Take = - and express in percentage)
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There is use of words like most likely, no chance, equally likely in daily life, are

showing the manner of chance and judgement.

There are certain experiments whose outcomes have equal chance of occurring.

Outcomes of such experiments are known as equally likely outcomes.

An event is a collection of a specific outcome or some of the specific outcomes of the

experiment.
In some random experiments all outcomes have equal chance of occurring.

As the number of trials increases, the probability of all equally likely outcomes come

very close to each other.

The probability of an event A

Number of favourable outcomes of event A

P(A) =
(A) Number of total possible outcomes

The probability of an event which is certain = 1.
The probability of an event which is impossible =0

The probability of an event always lies between O and 1 (0 and 1 inclusive).

K Do you Know? \

The diagram below shows the 36 possible outcomes when a pair of dice are thrown. It is

interesting to notice how the frequency of the outcomes of different possible numbers (2 through
12) illustrate the Gaussian curve.

G
(0] BRI CLE
(Il LT L] EE B
CeC ] Celia] Gele] Bl CedfEE] RS
8 I 2 e 4 0 A R
100 2 28 3 W20 0 3 S o A R R
2 3 45 6 7 8 9 10 11 12

This curve illustrate the Gaussian curve, name after 19th century
\ Sfamous mathematician Carl Friedrich Gauss. J
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15

We come across many statements in our daily life. We gauge the worth of each
statement. Some statements we consider to be appropriate and true and some we dismiss.
There are some we are not sure of. How do we make these judgements? In case there is a
statement of conflict about loans or debts. You want to claim that bank owes your money
then you need to present documents as evidence of the monetary transaction. Without that,
people would not believe you. If we think carefully we can see that in our daily life we
need to prove if a statement is true or false. In our conversations in daily life we sometimes
do not consider to prove or check statements and accept them without serious examination.
That however will not be accepted in mathematics. Consider the following:

1. The sun rises in the east. 2. 3+2=5

3. New York is the capital of USA. 4. 4>8

5. How many siblings do you have? 6. Goa has better football team than Bengal.
7

9

. Rectangle has 4 lines of symmetry. 8. x+2=7

. Please come in. 10. What is the probability of getting two
consecutive 6's on throws of a 6 sided dice?
11. How are you? 12. The sun is not stationary but moving at high
speed all the time.
13. x<y 14. Where do you live?

We know, out of these some sentences are false. For example, 4>8 and present New
York is not the capital of USA. Some are correct. These include "sun rises in the east." The
probability............ "

The Sun is not stationary......................

Besides those there are some other sentences that are true for some known cases but not
true for other cases, for example x + 2 =7 is true only when x =5 and x <y is only true for those
values of x and y where X is less than y.
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Look at the other sentences which of them are clearly false or clearly true. These are
statements. We say these sentences that can be judged on some criteria, no matter by what
process for their being true or false are statements.

Think about these:
1. Please ignore this notice..... 2. The statement  am making is false.
3. This sentence has some words. 4. Youmay find water on the moon.

Can you say whether these sentences are true or false? Is there any way to check them
being true or false?

Look at the first sentence, if you ignore the notice, you do that because it tells you to do so.
If you do not ignore the notice, then you have paid some attention to it. So you can never follow
it and being an instruction it cannot be judged on a true/false scale. 2" and 3" sentences are
talking about themselves. 4th sentence have words that show only likely or possibility and hence
ambiguity of being on both sides.

The sentences which are talking about themselves and the sentences with possibility are

b

Make 5 more sentences and check whether they are statements or not. Give A

not statements.

reasons.

We can write infinetely large number of sentences. You can think the kind of sentences you
use and can you count the number of sentences you speak? Not all these however, they can be
judged on the criteria of false and true. For example, consider, please come in. Where do you
live? Such sentences can also be very large in number.

All these the sentences are not statements. Only those that can be judged to be true or
false but not both are statements. The same is true for mathematical statements. A mathemtical
statement can not be ambiguous. In mathematics a statement is only acceptable if it is either true

or false. Consider the following sentences:
1. 31isaprime number. Product of two odd integers is even.

Bhaskara has written a book "Leelavathi".

2

. Forany real number x; 4x + x=5x 4. The earth has one moon.
. Ramuis a good driver. 6
8

3

5

7. All even numbers are composite. A rthombus is a square.
9

x>, 10. 4 and 5 are relative primes.
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11. Silver fish is made of silver. 12. Humans are meant to rule the earth.

13. Fo any real number x, 2x > x. 14. Havana is the capital of Cuba.

Which of these are mathematical and which are not mathematical statements?

Let us consider some of the above sentences and discuss them as follows:
We can show that (1) is true from the definition of a prime number.

Which of the sentences from the above list are of this kind of statements that we can prove
mathematically? (Try to prove).

“Product of two odd integers is even”. Consider 3 and 5 as the odd integers. Their
productis 15, which is not even.

Thus it is a statement which is false. So with one example we have showed this. Here we
are able to verify the statement using an example that runs counter to the statement. Such
an example, that counters a statement is called a counter example.

Which of the above statements can be tested by giving a counter example ?

Among the sentences there are some like “Humans are meant to rule the
earth” or “Ramu is a good driver.”

These sentences are ambiguous sentences as the meaning of ruling the earth is not specific.
Similarly, the definition of a good driver is not specified.

We therefore recognize that a ‘mathematical statement’ must comprise of terms that are
understood in the same way by everyone.
Consider some of the other sentences like
The earth has one Moon.
Bhaskara has written the book "Leelavathi"
Think about how would you verify these to consider as statements?
These are not ambiguous statements but needs to be tested. They require some observations
or evidences. Besides, checking this statement cannot be based on using previously known

results. The first sentence require observations of the solar system and more closely of the earth.
The second sentence require other documents, references or some other records.

Mathematical statements are of a distinct nature from these. They cannot be proved or
justified by getting evidence while as we have seen, they can be disproved by finding an example
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counter to the statement. In the statement for any real number 2x > x, we can take

x=-lor— % .... and disprove the statement by giving counter example. You might have also

noticed that 2x > x is true with a condition on x i.e. x belong to set N.

Restate the following statements with appropriate conditioins, so that they become

true statements.

N o< B

-

For every real number x, 3x > x.

For every real number x, X > X.

If you divide a number by two, you will always get half of that number.
The angle subtended by a chord of a circle at a point on the circle is 90°.

If a quadrilateral has all its sides equal, then it is a square.

If x > 0, then 3x > x.

Ifx<Oorx > 1,thenx2 > X.

If you divide a number other than O by 2, then you will always get half of that number.
The angle subtended by a diameter of a circle at a point on the circle is 90°.

If a quadrilateral has all its sides and interior angles equal, then it is a square.

State whether the following sentences are always true, always false or

ambiguous. Justify your answer. __ Py
There are 27 days in a month. ii. Makarasankranthi falls on a Friday.

The temperature in Hyderabad is 2°C.  iv. Theearth is the only planet where life exist.
Dogs can fly. vi. February has only 28 days.

State whether the following statements are true or false. Give reasons for your answers.
The sum of the interior angles of a ii. For any real number x, x> > 0.
quadrilateral is 350°.

Arhombus is a parallelogram. iv. The sum of two even numbers is even.

Square numbers can be written as the sum of two odd numbers.

Restate the following statements with appropriate conditions, so that they become true
statements.

All numbers can be represented as i. ~ Two times areal number is
the product of prime factors. always even.
For any x, 3x + 1 > 4. iv..  For any x, x > 0.

In every triangle, a median is also an angle bisector.

Disprove, by finding a suitable counter example, the statement 2> y2 forall x>y.
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We human beings are naturally curious. This curiosity makes us to interact with the
world. What happens if we push this? What happens if we stuck our finger in that? What
happens if we make various gestures and expressions? From this experimentation, we begin
to form a more or less consistant picture of the way that the physical world behaves.
Gradually, in all situations, we make a shift from

‘What happens if.....?" to ‘this will happen if

The experimentation moves on to the exploration of new ideas and the refinement of
our world view of previously understood situations. This description of the playtime pattern
very nicely models the concept of ‘making and testing hypothesis.” It follows this pattern:

Make some observations, Collect data based on the observations.

Draw conclusion (called a ‘hypothesis’) which will explain the pattern of the observations.

Test out hypothesis by making some more targeted observations.
So, we have

A hypothesis is a statement or idea which gives an explanation to a series of observations.

Sometimes, following observation, a hypothesis will clearly need to be refined or
rejected. This happens if a single contradictory observation occurs. In general we use

word conjecture in mathematics instead of hypothesis. You will learn the similarities and
difference between these two in the higher classes.

15.4.1Using deductive reasoning in hypothesis testing

There is often confusion between the ideas surrounding proof, making and testing an
experimental hypothesis which is mathematics, which is science. The difference is rather simple:

Mathematics is based on deductive reasoning : a proof is a logical deduction from a set
of clear inputs.

Science is based on inductive reasoning : hypotheses are strengthened or rejected based
on an accumulation of experimental evidence.

Of course, to be good at science, you need to be good at deductive reasoning, although
experts at deductive reasoning need not be mathematicians.

Detectives, such as Sherlock Holmes and Hercule Poirot, are such experts : they collect
evidence from a crime scene and then draw logical conclusions from the evidence to support the
hypothesis that, for example, person M. committed the crime. They use this evidence to create
sufficiently compelling deductions to support their hypothesis beyond reasonable doubt.
The key word here is ‘reasonable’.
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15.4.2Deductive Reasoning

The main logical tool used in establishing the truth of an unambiguous statement is
deductive reasoning. To understand what deductive reasoning is all about, let us begin

with a puzzle for you to solve.

You are given four cards. Each card has a number printed on one side and a letter on

the other side.
A V 8 )

Suppose you are told that these cards follow the rule:
“If a card has an odd number on one side, then it has a vowel on the other side.”
What is the smallest number of cards you need to turn over to check if the rule is true?

Of course, you have the option of turning over all the cards and checking. But can you
manage with turning over a fewer number of cards?

Notice that the statement mentions that a card with an odd number on one side has a
vowel on the other. It does not state that a card with a vowel on one side must have an odd
number on the other side. That may or may not be so. The rule also does not state that a card
with an even number on one side must have a consonant on the other side. It may or may not.

So, do we need to turn over [A]? No! Whether there is an even number or an odd number
on the other side, the rule still holds.

What about | 8|? Again we do not need to turn it over, because whether there is a vowel
or a consonant on the other side, the rule still holds.

Butyoudoneed to turnover| V|and 5.if|V |has an odd number on the other side, then the rule
has been broken. Similarly, if has a consonant on the other side, then the rule has been broken.

The kind of reasoning we have used to solve the puzzle is called deductive reasoning.
It is called ‘deductive’ because we arrive at (i.e., deduce or infer) a result or a statement
from a previously established statement using logic. For example, in the puzzle by a series
of logical arguments we deduced that we need to turn over only E/] and .

Deductive reasoning also helps us to conclude that a particular statement is true,
because it is a special case of a more general statement that is known to be true. For
example, once we prove that the product of two even numbers is always even, we can
immediately conclude (without computation) that 56702 x 19992 is even simply because
56702 and 19992 are even.
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Consider some other examples of deductive reasoning:

1. If a number ends in ‘0’ it is divisible by 5. 30 ends in O.

From the above two statements we can deduce that 30 is divisible by 5 because it is
given that the number ends in O is divisible by 5.

1. Some singers are poets. All lyrists are Poets.

Here the deduction based on two statement is wrong. (Why?) All lyricist are poets
(wrong). Because we are not sure about it. There are three posibilities (i) all lyricists could be
poets, (ii) few could be poets or (iii) none of the lyricists is a poet.

You may come to a conclusion that if - then conditional statement comes into deductive
reasoning. In mathematics we use this reasoning a lot like if linear pair of angles are 180°. Then
only the sum of angles in a triangle is equal to 180°. Like wise if we are using decimal number
system to write a number 5. If we use the binary system we represent the quantity by 101.

Unfortunately we do not always use correct reasoning in our daily life. We often come to
many conclusions based on faulty reasoning. For example, if your friend does not talk to you one
day, then you may conclude that she is angry with you. While it may be true that “if she is angry
at me she will not talk to me”, it may also be true that “if she is busy, she will not talk to me. Why
don’t you examine some conclusions that you have arrived at in your day-to-day existence, and
see if they are based on valid or faulty reasoning?

1.  Usedeductive reasoning to answer the following:

i Human beings are mortal. Jeevan is a human being. Based on these tw
statements, what can you conclude about Jeevan ?

ii.  All Telugu people are Indians. X is an Indian. Can you conclude that X belongs to
Telugu people.

iii. ~ Martians have red tongues. Gulag is a Martian. Based on these two statements,
what can you conclude about Gulag?

iv.  Whatis the fallacy in the Raju’s reasoning in the cartoon below?

50()

All Presidents are smart.
I am smart.
Therefore, I am a President.
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2. Once again you are given four cards. Each card has a number printed on one side
and a letter on the other side. Which are the only two cards you need to turn over to

check whether the following rule holds?

“If a card has a consonant on one side, then it has an odd number on the other side.”

8

3. Think of this puzzle What do you need to find a chosen number from this square?

B 3

Four of the clues below are true but do nothing to help in finding the number.

Four of the clues are necessary for finding it.

Here are eight clues to use:

The number is greater than 9.

The number is not a multiple of 10.
The number is a multiple of 7.

The number is odd.

The number is not a multiple of 11.
The number is less than 200.

Its ones digit is larger than its tens digit.

@R oo a0 o op

Its tens digit is odd.

‘What is the number?

U

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

58

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

77

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

929

Can you sort out the four clues that help and the four clues that do not help in finding it?

First follow the clues and strike off the number which comes out from it.

Like - from the first clue we come to know that the number is not from 1 to 9. (strike off

numbers from 1 to 9).

After completing the puzzle, see which clue is important and which is not?

So far we have discussed statements and how to check their validity. In this section, you

will study how to distinguish between the three different kinds of statements, Mathematics is built

up from, namely, a theorem, a conjecture and an axiom.

You have already come across many theorems before. So, what is a theorem? A mathematical

statement whose truth has been established (proved) is called a theorem. For example, the

following statements are theorems.
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Theorem-15.1 : The sum of the interior angles of a triangle is 180°.
Theorem-15.2 : The product of two odd natural numbers is odd.

Theorem-15.3 : The product of any two consecutive even natural numbers is divisible by
4.

A conjecture is a statement which we believe as true, based on our mathematical
understanding and experience, i.e., our mathematical intuition. The conjecture may turn out to be
true or false. If we can prove it, then it becomes a theorem. Mathematicians often come up with
conjectures by looking for patterns and making intelligent mathematical guesses. Let us look at

some patterns and see what kind of intelligent guesses we can make.

While studying some cube numbers Raju noticed that “if you take three consecutive whole
numbers and multiply them together and then add the middle number of the three, you get the
middle number cubed”; e.g., 3,4, 5, gives 3 x4 x 5 +4 =64, which is a perfect cube. Does this
always work? Take some more consecutive numbers and check it.

Rafi took 6, 7, 8 and checked this conjecture. Here 7 is the middle term so according to

the rule 6 x 7 x 8 + 7=1343, which is also a perfect cube. Try to generalize it by taking numbers
asn, n+1,n+2.See other example:

The following geometric arrays suggest a sequence of numbers. eeov e
(a) Find the next three terms. oo LG LRI
(b)  Find the 100™ term. T, T, T, T,

©) Find the n™ term.

The dots here arranged in such a way that they form a rectangle. Here T = 2,
T,=6,T;=12,T,=20and so on. Can you guess what T is? What about T,? What about T, ?

Make a conjecture about T, .

It might help if you redraw them in the following way.

T, T, T, T, T, T, 1]
2 6 12 20 ? ... T, T, T, T,
L Il Il Il |

+4 +6 +8 +10

So, T5=T,+10=20+10=30=5x6
T,=Ts+12=30+12=42=6x7 ..... Try for T,?
T, 00 = 100 x 101 = 10, 100

Tn=nx(n+1)=n2+n
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This type of reasoning which is based on examining a variety of cases or sets of data,
discovering patterns and forming conclusions is called inductive reasoning. Inductive reasoning
is very helpful technique for making conjecture.

Gold bach the renounced mathematician, observed a pattern:

6=3+3 8=3+5 10=3+7
12=5+7 14=11+3 16=13+3=1145

From the pattern Gold bach in 1743 reasoned that every even number greater than 4 can
be written as the sum of two primes (not necessarily distinct primes). His conjecture has not been
proved to be true or false so far. Perhaps you will prove that this result is true or false and will

become famous.

But just by looking few patterns some time lead us to a wrong conjecture like: in class gh
Janvi and Kartik while studying Area and Perimeter chapter..... observed a pattern

3 cm. 4 cm. 5 cm. 6 cm.
= £ = £
5] (5] 5] (5]
e n e e
()] (i) (i) (iv)
Perimeter : 12 cm. 14 cm. 16 cm. 18 cm.
Area: 9cm’ 12 e’ 15 cm’ 18 cm’

and stated a conjecture that when the perimeter of the rectangle increases the area will also

increase. What do you think? Are they right? 3cm.
While working on this pattern. g
- . 6 cm.
Inder drew some rectangles and £
disproved the conjecture @ (ii)
Perimeter : 12 cm. 14 cm.
stated by Janvi and Kartik. Area: 9 cm’ 6 cm’

Do you understand that while making a conjecture we have to look all the possibilities.

Envied by the popularity of Pythagoras his disciple claimed a different relation -
between the sides of right angle triangles. By observing this what do you notice?
25

13 7
Al 5

3 12 24
(@ (ii) (iii)
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Liethagoras Theorem : In any right angle triangle the square of the smallest side
equals the sum of the other sides.

Check this conjucture, whether it is right or wrong.

You might have wondered - do we need to prove every thing we encounter in

mathematics and if not, why not?

In mathematics some statements are assumed to be true and are not proved, these are
self-evident truths” which we take to be true without proof. These statements are called axioms.
In chapter 3, you would have studied the axioms and postulates of Euclid. (We do not distinguish
between axioms and postulates these days generally we use word postulate in geometry).

For example, the first postulate of Euclid states:

A straight line may be drawn from any point to any other point.

And the third postulate states:

A circle may be drawn with any centre and any radius.

These statements appear to be perfectly true and Euclid assumed them to be true. Why?
This is because we cannot prove everything and we need to start somewhere, we need some

statements which we accept as true and then we can build up our knowledge using the rules of
logic based on these axioms.

You might then wonder why don’t we just accept all statements to be true when they
appear self evident. There are many reasons for this. Very often our intuition can be wrong,
pictures or patterns can deceive and the only way to be sure that something is true is to prove it.
For example, many of us believe that if a number is added to another number, the result will
be large than the numbers. But we know that this is not always true : for example 5 + (-5) =
0, which is smaller than 5.

Also, look at the figures. Which has bigger area ?

It turns out that both are of exactly the same area, even though B 4 2

appears bigger.

You might then wonder, about the validity of axioms. Axioms

B
have been chosen based on our intuition and what appears to be self-

evident. Therefore, we expect them to be true. However, it is possible that later on we
discover that a particular axiom is not true. What is a safeguard against this possibility? We
take the following steps:

i. Keep the axioms to the bare minimum. For instance, based only on axioms and five

postulates of Euclid, we can derive hundreds of theorems.
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1l. Make sure that the axioms are consistent.

We say a collection of axioms is inconsistent, if we can use one axiom to show that
another axiom is not true. For example, consider the following two statements. We will
show that they are inconsistent.

Statement-1 : No whole number is equal to its successor.
Statement-2 : A whole number divided by zero is a whole number.

(Remember, division by zero is not defined. But just for the moment, we assume that it
is possible, and see what happens.)

1
From Statement-2, we get 0=% where a is some whole number. This implies that, 1=0.

But this disproves Statement- 1, which states that no whole number is equal to its successor.

i. A false axiom will, sooner or later, result into contradiction. We say that there is a
contradiction, when we find a statement such that, both the statement and its negation

are true. For example, consider Statement-1 and Statement-2 above once again.

From Statement-1, we can derive the result that2 « 1.

Let x =y
XXX =Xxy
x* =Xy

2 2 _ 2
X -y =xy-y
(x+y) (x-y) =y (x - y) From Statement-2, we can cancel (x - y) from both the sides.

xX+y=y

But xX=y

SO X+x=x

or 2x = x
2=1

So we have both the statements 2 # 1 and its negation, 2 = 1 are true. This is a
contradiction. The contradiction arose because of the false axiom, that a whole number divided
by zero is a whole number.

So, the statement we choose as axioms require a lot of thought and insight. We must
make sure they do not lead to inconsistencies or logical contradictions. Moreover, the
choice of axioms themselves, sometimes leads us to new discoveries.
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We end the section by recalling the differences between an axiom, a theorem and a
conjecture. An axiom is a mathematical statement which is true without proof; a conjecture
is a mathematical statement whose truth or falsity is yet to be established; and a theorem is
a mathematical statement whose truth has been logically established.

1. (i) Take any three consecutive odd numbers and find their product;

for example, 1 X3 x5=15,3x5%x7=105,5%x7x9-.....
(i1) Take any three consecutive even numbers and add them, say,
2+4+6=12,4+6+8=18,6+8+10=24,8 + 10+ 12 =30 and so on.

Is there any pattern can you guess in these sums? What can you conjecture about them?

2. Goback to Pascal’s triangle. 1
Line-1: 1=11° 1 1
Line-2: 11=11" L 2 L
1 3 3 1

Line-3: 121 =112
Make a conjecture about Line-4 and Line-5.

Does your conjecture hold? Does your conjecture hold for Line-6 too?
3. Look at the following pattern:

) 28 =22 x 71, Total number of factors (2+1) (1+1)=3x2=6
28 is divisible by 6 factorsi.e. 1,2,4,7, 14,28

ii) 30=2"x 3! x 5!, Total number of factors (1+1) (1+1) (1+1) =2 x2x2=8
30is divisible by 8 factorsi.e. 1,2, 3, 5, 6, 10, 15, 30

Find the pattern.
(Hint : Product of every prime base exponent +1)

4.  Look at the following pattern:

1°=1
112=121
1112 = 12321

1111% = 1234321
111112 = 123454321
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Make a conjecture about each of the following:
11111% =
1111117 =
Check if your conjecture is true.
5.  List five axioms (postulates) used in this book.

6. Inapolynomial p (x) = X +x+41 put different values of x and find p (x). Can you
conclude after putting different values of x that p (x) is prime for all. Is x an element of
N?Putx =41 in p (x). Now what do you find?

Before you study proofs in mathematics, you are mainly asked to verify statements.

For example, you might have been asked to verify with examples that “the product of two
odd numbers is odd”. So you might have picked up two random odd numbers, say 15 and 2005
and checked that 15 x 2005 = 30075 is odd. You might have done so for many more examples.

Also, you might have been asked as an activity to draw several triangles in the class and
compute the sum of their interior angles. Apart from errors due to measurement, you would have
found that the interior angles of a triangle add up to 180°.

What is the flaw in this method? There are several problems with the process of verification.
While it may help you to make a statement you believe is true, you cannot be sure that it is true
in all cases. For example, the multiplication of several pairs of even numbers may lead us to
guess that the product of two even numbers is even. However, it does not ensure that the product
of all pairs of even numbers is even. You cannot physically check the products of all possible
pairs of even numbers because they are endless. Similarly, there may be some triangles which
you have not yet drawn whose interior angles do not add up to 180°.

Moreover, verification can often be misleading. For example, we might be tempted
to conclude from Pascal’s triangle (Q.2 of Exercise), based on earlier verification,
that 11° = 15101051. But in fact 11° = 161051.

So, you need another approach that does not depend upon verification for some cases
only. There is another approach, namely ‘proving a statement’. A process which can establish the
truth of a mathematical statement based purely on logical arguments is called a mathematical

proof.
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example. So while it is not enough to establish the validity of a mathematical statement by
checking or verifying it for thousands of cases, it is enough to produce one counter example

To make a mathematical statement false, we just have to produce a single counter-

to disprove a statement.

1.

ii.

this theorem in chapter-4. We often resort to diagrams to help us to prove theorems, and this is
very important. However, each statement in proof has to be established using only logic. Very
often we hear or said statement like those two angles must be 90°, because the two lines look as
if they are perpendicular to each other. Beware of being deceived by this type of reasoning.

Let us look what should be our procedure to prove.

First we must understand clearly, what is required to prove, then we should have a

rough idea how to proceed.

A proof is made up of a successive sequence of mathematical statements. Each statement
is a proof logically deduced from a previous statement in the proof or from a theorem

proved earlier or an axiom or our hypothesis and what is given.

The conclusion of a sequence of mathematically true statements laid out in a logically

correct order should be what we wanted to prove, that is, what the theorem claims.

To understand that, we will analyse the theorem and its proof. You have already studied

Theorem-15.4 : The sum of three interior angles of a triangle is 180°.

A

Proof : Consider a triangle ABC.

We have to prove that

ZABC + ZBCA + ZCAB = 180° B &

Construct a line CE parallel to BA through C and produce line BC to D.
CE is parallel to BA and AC is transversal.

So, ZCAB = ZACE, which are alternate angles. ... (1)
Similarly, ZABC = ZDCE which are corresponding angles. ... 2)
adding eq. (1) and (2) we get
ZCAB + ZABC=ZACE+ ZDCE ... 3)
add ZBCA on both the sides.
We get, ZABC + ZBCA + LCAB = ZDCE + Z/BCA+ ZACE ... 4)

But Z/DCE + ZBCA + ZACE = 180°, since they form a straight angle...... (5)
Hence, ZABC + Z/BCA + ZCAB = 180°
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Now, we see how each step has been logically connected in the proof.

Step-1: Our theorem is concerned with a property of triangles. So we begin with a triangle
ABC.

Step-2: The construction of a line CE parallel to BA and producing BC to D is a vital step
to proceed so that to be able to prove the theorem.

Step-3: Here we conclude that ZCAB = ZACE and ZABC = ZDCE, by using the fact that
CE is parallel to BA (construction), and previously known theorems, which states
that if two parallel lines are intersected by a transversal, then the alternate angles
and corresponding angles are equal.

Step-4: Here we use Euclid’s axiom which states that “if equals are added to equals, the
wholes are equal” to deduce ZABC + ZBCA + ZCAB = ZDCE + Z/BCA + ZACE.

That is, the sum of three interior angles of a triangle is equal to the sum of angles on
a straight line.

Step-5: Here in concluding the statement we use Euclid’s axiom which states that “things
which are equal to the same thing are equal to each other” to conclude that

ZABC + ZBCA + ZCAB = ZDCE + ZBCA + ZACE = 180°
This is the claim made in the theorem we set to prove.

You now prove theorem-15.2 and 15.3 without analysing them.

Theorem-15.5 : The product of two odd natural numbers is odd.

Proof :Let x and y be any two odd natural numbers.

We want to prove that xy is odd.

Since x and y are odd, they can be expressed in the form x = (2m — 1), for some
natural number m and y = 2n — 1, for some natural number n.

Then, xy =C2m-1)2n-1)
=4mn—-2m-2n+1
=4dmn-2m—-2n+2-1
=22mn-m—-n+1)—-1
Let 2mn —m— n + 1 =1, any natural number, replace it in the above equation.
=2[-1,le N

This is definitely an odd number.
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Theorem-15.6 : The product of any two consecutive even natural numbers is divisible by 4.

Any two consecutive even number will be of the form 2m, 2m + 2, for some natural
number n. We have to prove that their product 2m (2m + 2) 1s divisible by 4. (Now try to prove
this yourself).

We conclude this chapter with a few remarks on the difference between how mathematicians
discover results and how formal rigorous proofs are written down. As mentioned above, each
proof has akey intiative idea. Intution is central to a mathematicians’ way of thinking and discovering
results. A mathematician will often experiment with several routes of thought, logic and examples,
before she/he can hit upon the correct solution or proof. It is only after the creative phase subsides
that all the arguments are gathered together to form a proper proof.

We have discussed both inductive reasoning and deductive reasoning with some examples.

It is worth mentioning here that the great Indian mathematician Srinivasa Ramanujan used
very high levels of intuition to arrive at many of his statements, whch he claimed were true. Many
of these have turned out to be true and as well as known theorems.

1. State which of the following are mathematical statements and which are not?
Give reason.

i She has blue eyes
L x+7=18
iii. ~ Today is not Sunday.
iv.  For each counting number x, x + 0 =x
v.  Whattimeisit?
2. Find counter examples to disprove the following statements:

L Every rectangle is a square.

1. For any integers x and y, /x> + y:=x+y

iii. If nisawhole number then 2n* + 11 is a prime.

iv.  Two triangles are congruent if all their corresponding angles are equal.
V. A quadrilateral with all sides are equal is a square.

Prove that the sum of two odd numbers is even.

4.  Prove that the product of two even numbers is an even number.
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I1.

12.

13.
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Prove that if x is odd, then ¥ is also odd.
Examine why they work ?

Choose a number. Double it. Add nine. Add your original number. Divide by three. Add
four. Subtract your original number. Your result is seven.

Write down any three-digit number (for example, 425). Make a six-digit number by
repeating these digits in the same order (425425). Your new number is divisible by 7, 11,
and 13.

The sentences that can be judged on some criteria, no matter by what process for their
being true or false are statements.

Mathematical statements are of a distinct nature from general statements. They can not
be proved or justified by getting evidence while they can be disproved by finding a
counter example.

Making mathematical statements through observing patterns and thinking of the rules
that may define such patterns.

A hypothesis is a statement of idea which gives an explanation to a sense of observation.

A process which can establish the truth of a mathematical statement based purely on
logical arguments is called a mathematical proof.

Axioms are statements which are assumed to be true without proof.

A conjecture is a statement we believe is true based on our mathematical intution, but
which we are yet to prove.

A mathematical statement whose truth has been established or proved is called a theorem.
The prime logical method in proving a mathematical statement is deductive reasoning.
A proof is made up of a successive sequence of mathematical statements.

Begining with given (Hypothesis) of the theorem and arrive at the conclusion by means
of a chain of logical steps is mostly followed to prove theorems.

The proof in which, we start with the assumption contrary to the conclusion and arriving
atacontradiction to the hypothesis is another way that we establish the original conclusion
is true is another type of deductive reasoning.

The logical tool used in establishment the truth of an unambiguious statements to
deductive reasoning.

The resoning which is based on examining of variety of cases or sets of data discovering
pattern and forming conclusion is called Inductive reasoning.
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b. A number which can be written in the fo e q#0; p, g are integers, called
arational number.
. 3
2. G = V i) -5
7
) 7 v) -3
3 3 5 11 21 53 4 Q 3_7 ﬂ
T 24816 32 " 307 607 120
8
5' Loy § L S
T 27
6. @) 0.4 Gv) 28.75
(i) 3142857 () 12
; 4 13
i) v
35 4 563
9 (i) 9 (i) 1 (iv) 130
Yes @ No @) Yes @iv) No

. (1)  Irrational
(iv) Rational (v)  Rational (vi) Irrational




ANSWERS

13 _
2. Rational numbers : -1, R 1.25,218,0

Irrational numbers : ﬁ ﬁ 7,2.131415.....,1.1010010001.....

5
3. T , Infinite solutions

4. 0.71727374....., 0.761661666..... 5. J5=2236

6. 2.645751 8. 5.46

9. () Tre (i) True (i) True({/3) (iv) True \/9
(v) Tme (viy False (%j

Exercise - 1.4

L G) 10455 +247 + /35 @) 20

(i) 10+2./21 iv) 4

2. (@)  Irrational (i) Irrational (i) Irrational @iv) Rational
(v)  Irrational (vi) Irrational (vil) Rational

3. (i) Irrational (i) Rational (i) Irrational @iv) Irrational
(v)  Irrational (vi) Rational

4. mis anirrational number, but not a surd.

3-V2 NG

5.0 7 M 7+6 (i) —- ) 3v2+243

372 +243 i 915 -310 - 3+/21 ++/14

6. () 17-12y2 @) 6-+35 (iii) . >

7. 03273 8. (1)2 (i) 2 @ys @G@vy64 v)9 (v 1 9.-8

6
. . -19 5
10. ()a=5,b=2 (11)a:7,b:7 11. J6++/5
EXERcISE - 2.1
1. @ 5 aa 2 @ O @) 6

v) 2 (vi) 1
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IX-CLass MATHEMATICS

(i)  Polynomial (i) Polynomial (iii) No because it has two variables
@iv) Not polynomial because exponent is negative.
(v)  Not polynomial because exponent of x is not a non negative integers.

(vi) Not polynomial in one variable because it has two variables.

0 1 (ii) —12 (i) 2 i) 2
© 5 o i 0 i) 0

(1) Quadratic (@) Cubic @) Quadratic @iv) Linear
(v) Linear (vi)  Quadratic

@  True @) False (i) True (iv) False
(v) Tre (vi) True

ExercISE - 2.2

3

o 3 ) 12 @) 9 () E
o 1,1,3 i 2,4,4 @i 0,1,8 Gv) -1,0,3
v) 2,0,0
@  Yes @) No (i) Yes @iv) No, Yes
(v)  Yes (vi)  Yes (vil) Yes, No (vii)) Yes, No
. ) 3 3
0 -2 G 2 i) v
® 0 ) 0 o)

= .’ 6 =1,b=0
a= 7 a=1,b0=

ExErciSE - 2.3
. .27

@0 (11) 3 () 1
=27
@(v) -m*+3m>-3m+1 (V) KN
-13

S5p 3.  Notafactor, as remainderis 5 4. -3 5. T
—— 7 8 8 21 9 =-7,b=-12

3 . . 2 . a=-1,b=-
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Exercise - 2.4

1. @) Yes @ No @) No @Gv) No
2. @) Yes () Yes (i) Yes @av) Yes
(v) Yes
7. @) G-DExE+1H)x-2) i +1)?x-5)
@ +1)x+2)x+10) av) o+DHo+hHy-1
9. a=3 10. (y-2)(y+3)

Exercise - 2.5

1. ) xX*+7x+10 () x*-10x+25
1
(i) 9x*-4 iv) x*-— = V) 1+2x+x°
9999 3
2. (1) 9999 i) 998001 (iii) .\ = 24991

@) 251001 (v) 899.75

3. 0) @x+3yP ) Q=17 (i) (2x+%}(2x—%)
V) 2(a+5)(Ga-5) O G+ )
viy 3(P-6)P-2)
4. (@) X+ 47+ 1622 + 4xy + 16yz + 8xz
i) 8a’-36a’b + 54ab* —27b°
(i) 4a® + 25b* + 9¢* — 20ab — 30bc + 12ac

(')a—2+z+1—a—b—b+z
Y16 T 4 4 2
) 4 8
v) p+3p*+3p+1 (Vi) x°-2x% + gxy2 - Ey3
50 (1)  (Sx+4y+22)7° () (Ba+2b-4c)

7. ® 970299 i 10,61,208 @) 99,40,11,992 @v) 100,30,03,001

5

10. () (Ba+4b) (9a* - 12ab + 16b?) i) (7y—10) (49y* + 70y + 100)
1. Gx+y+2) O+ y*+72—3xy —yz—3x2)

8. () (Qa+b) i) (2a-b) (i) (1-4a) (iv) (219 —l)
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-5
14. @ -630 i) 16380 (iii) i) iv) -0.018
15. @ @a+3)QRa-1) i) (Sa-3)(Ba-4)
16. 1) 3x(x-2)(x+2) i 4@Cy+5@-1
Exercise - 3.1
. @ 3 @ 13 i) 6 @iv) 180°
(v) Point, Plane, Line
2. a) False b)  Tre c¢) Tre d) Tre
e) True 7. Infinite 8. Lines intersect on the side of the angle less than 180°
9. L1=22

Exercise - 4.1

2. (1) Reflexangle (i) Rightangle (i) Acuteangle

3. (@ False @) Tre @) False
(v) Tme (viy Te (vii) False
4. 1) 270° @)  180° @) 210°

EXERCISE - 4.2

1. x=36° y =54° z=90°
2. (1) x=23° i) x=59° (i) x=20°
3. ZBOE =30°; Reflex angle of ZCOE =250°
4. £LC=126°
8. ZXYQ=122° Reflex ZQYP =302°
EXERcCISE - 4.3
2. x=126°
3. ZAGE=126° ZGEF = 36° ZFGE = 54°
4. ZQRS =60° 5. ZACB=z=x+y
6. a=40°; b =100°
7. () Z£3,/5,/7,29, /11, £13, £15

i) 4, £6, Z8, £10, £12, £14, £16
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ANSWERS

8. x=060° y=59°
9. x=40° y=40°
10. x=060° y=18°
11. x=63° y=11°
13. x=50° y="77°
15. G x=36% y=108° i) x=35° (i) x=29°
16. L1=43=/5=/7=80°; L2=/4=,6=/8=100°
17. x=20° y=060° z=120°
18. x=55° y=35° z=125°
19. 1) x=140° i) x=100° i) x=250°
ExeRcISE - 4.4
I. @ x=110° i) z=130° (iii) y=80°
2. Z1=60° 3. x=35%y=51° 5. x=50° y=20°
6. x=70° y=40° 7. x=30° y=75°
8. ZPRQ =65° 9. Z0OZY =32°; £ZYOZ =121°
10. £ZDCE =92° 11. Z£SQT=60° 12. z=60°
13. x=37° y=153° 4. £ZA=50°; /B =75°
15. (1)78° i) ZADE=67° (iii)£ZCED=78°
16. i) ZABC=72° i ZLACB=72°
i) «DAB=27° iv) ZEAC=32°
17. x=96° y =120°
ExERCISE - 5.1
1. (i)  Water Tank (i) Mr. ‘)’ house
(i) Instreet-2, third house on right side while going in east direction.
@iv) Instreet4, first building on right side while going in east direction.
(v) Instreet4, the third building on left side while going in east direction
Exercise - 5.2
L Q i Q, (i) Q,
(v)  Y-axis (vi) X-axis (vi) X-axis
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2. (i) abscissa:4 (i) abscissa:-5 (i) abscissa:0 (iv) abscissa:5

ordinate : -8 ordinate : 3 ordinate : 0 ordinate : 0
(v) abscissa: 0
ordinate : -8
3. @) (0,13): Y-axis @iv) (-2,0): X-axis
(v)  (0,-8): Y-axis (vi) (7,0): X-axis
(vi) (0, 0) : on both the axis.
4. © -7 @ 7 @) R iv) P
v) 4 (vi)y -3
5. (@) False (i1) True (iii) True (iv) False (v)False (vi)False

Exercise - 5.3

2. No. (5,-8)liesin Q, and (-8, 5) lies in Q,
3. All given points lie on a line parallel to Y-axis at a distance of 1 unit.
4. All points lie on a line parallel to X-axis at a distance of 4 units.
5. 12 Sq.units. 6. 8 Sq. units
ExercISE - 6.1
1. @G a=8 b=5 c=-3
(i) a=28 b =-35 c="7
i) a=93 b=15 c=-12
iv) a=2 b=5 c=0
1 1
V) a= 3 b= 1 c=-7
. 3
vy a= ) b=1 c=0
(vi) a=3 b=5 c=-12
2. 1) a=2 b=0 c=-5
i a=0 b=1 c=-2
1
@ a=0 b= 7 c=-3
. 14
iv) a=1 b=0 c= IE}
3. x+y=34 i 2x-y+10=0
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(@) x-2y-10=0 i) 2x+15y-100=0
(v) x+y-200=0 (vi) x+y-11=0

Exercise - 6.2

17
2.0 0,-30): (.0 a (0,3);(-7,0)

I
i) (0, 5): (50

3. (i) Notasolution @) Solution @)  Solution
@iv) Notasolution (v) Notasolution
8
4. k=7 5. a= 5 6. 3

Exercise - 6.3

2. @ Yes @) Yes
3. 3
4. @ 6 @ -5

3
5.0 (5.3 i (-3,06)

6. () (2,0):(0,-4) i) (-8,0);(0,2)
@) (-2, 0); (0, -3)
7. x+y=1000 8. x+y=5000 9. f=6a 10. 392

Exercise - 6.4

1. 5x=3y;2000 ;480 (No. of voters who cast their vote = x,
Total no. of voters = y)

2. x-y=25;50; 15 (Father age = x, Rupa’s age = y)
3. y=8x+7, 6km, %.63 4, x+4y=27;5,11
5. y=10x+30; 60; 90; 5 hr. (No. of hours = x ; Parking charges = y)
6. d=060t(d=distance, t =time); 90 km.; 120 km.; 210 km.
3 1

7. y=8x; Eor15,12

5
8. y= =X (Quantity of mixture = x; Quantity of milk =y) ; 20
9. (i) 86°F @) 35°C @v) -40
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Exercise - 6.5

@M y=-3 i y=4 @) y=-5
5. @) x=-4 i x=2 @) x=3

Exercise - 7.4

Exercise - 8.1

1. ) Tre @) True (i) False
(v) False (viy False

2. (a) Yes, No, No, No, No (b) No, Yes, Yes, Yes, Yes
(c) No, Yes, Yes, Yes, Yes (d) No, Yes, Yes, Yes, Yes
(e) No, Yes, Yes, Yes, Yes @  No, Yes, Yes, Yes, Yes
(g0 No, No, No, Yes, Yes (h) No, No, Yes, No, Yes
@) No, No, No, Yes, Yes (G) No, No, Yes, No, Yes.

4. Four angles =36°,72°,108°, 144°

Exercise - 8.3

1. Angles of parallelogram =73°, 107°, 73°, 107°
2. Angles of parallelogram = 68°, 112°, 68°, 112°

Exercise - 8.4

1. BC=8cm.

ExercISeE - 9.1

1.[ Marks 5 6 7 8 9 10 AL 3L

Frequency (f) 5 6 8 12 9 5
2.| Blood Group A B AB 0]

Frequency (f) 10 9 2 15

Most common blood group=0; Most rarest blood group = AB
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3. | No. of Heads 0 1 2
Frequency (f) 3 10 10
4. | Options A B C
Frequency (f) 19 36 10

Total appropriate answers = 65
Majority of people’s opinion=B  (Prohibition in public place only)

5. | Type of Vehicles Car Bikes | Autos | Cycles
No. of Vehicles (f) 25 45 30 40

6. Scale: onX-axis=1cm.=1 classinterval

on X-axis = 1 cm. = 10 number of students

Class I I I v A" VI
No. of students (f) 40 55 65 50 30 15
7. |Marks 0-10 [ 10-20 |20-30| 30-40 | 40-50| 50-60 [ 60-70 | 70-80
(Class interval)
No. of students (f) 1 4 3 7 7 7 1 0

8. Electricity Bills (in<) No. of Houses (f)
(Class Interval)
150 - 225 4
225 - 300 3
300 - 375 7
375 - 450 7
450 - 525 0
525 - 600 1
600 - 675 1
675 - 750 2

9. [Lifetime (inyears) | 2-2.5 | 2.5-3.0 | 3.0-3.5 | 3.5-4.0 | 4.0-45 | 45-5.0
(Class Interval)

No. of Batteries 2 6 14 11 4 3
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ExerciSE - 9.2

x=85 2. x=1.71 3.K=10

x=177
i I359, 413, T 195, X228, X200, X 837
i) 444 saving per school.

Boy’sheight=147cm. ; Girl’s height =152 cm.
x =11.18 ;Mode =5 ; Median= 10

x=80; Median =75 ; Mode = 50

37 kgs 10. T11.25, Median =% 10; Mode = T 10

[8=2:2M =634 =19 4 =33
Exercise - 10.1

(1) 64 cm?, 96 cm? (ii) 140 cm?, 236 cm?

3375 m? 3. 330m? 4. 8cm.
(i) 4 times of original area (i) 9timesof original area (iii) n* times
60 cm? 7. 48 m’ 8. 3750000 liters

Exercise - 10.2

6.90 m? 2. 176 cm?; 253 cm?

r=7.5cm. 4, h=25m.

i 968 cm’ (i) 10648 cm? (i) 2035.44 cm?
T 5420. 80 7. 1584 m?

@ 110 m? () 4400
@ 87.12m’> () 96.48 m’ 10. 517.44liters 11

Exercise - 10.3

I. h=6cm. 2. h=9cm.
3. () 7cm. {) 462cm? 4. 1232 cm?
2
5. 1018.3 cm? 6. <7920,15m 7. 3394 7cm3
8. 241.84 m? (approximate) 9.63m  10. 6135.8 cm? 11. 24.7 min

12.

6077 $q. units.
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Exercise - 10.4

. 154 cm?; 179.67 cm? 2. 3054.86 cm®
3. 6l6cm? 4. 6930cm? 5. 4:9:;8:27
6. 9422 cm? 7. 1:4 8. 441 :400 9.55 gms or 0.055 kg
10. Scm. 11. 0.303 liters 12. No. of bottles =9

Exercise - 11.1

1. 19.5 cm? 2. 114 cm? 3. 36cm?

ExercIse - 11.2

1. 8.57cm 2. 6.67 cm

Exercise - 12.1

1. (i) Radius (i) Diameter (ii1) Minor arc
(iv) Chord (v)  Major arc (vi) Semi-circle
(vii) Chord (viii) Minor segment

2. (i) True (i) True (ii1) True (iv) False
(v) False (vi) True (vii) True

ExeERcISE - 12.2

1. 90° 2. 48°,84° 3. Yes

Exercise - 12.4

1. 130° 2. 40° 3. 60° 120° 3.
6. 6cm. 7. 4cm. 9. 70°,55°, 55°

Exercise 12.5

L) x°=75%;y"=75° (i) x°=70°;y°=95°
(i) x°=90°;y° =40°
4. (a), (b), (c), (e), (f) = Possible ; (d) = Not possible
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Exercise - 14.1

(@)

(a)

(a)
(e)
(a)
(b)
(©)

(a)

Exercise - 15.1

@

(ii)
(i)

(iv)

(v)
(vi)
@)

(ii)
(iif)

(iv)
v)

1,2,3,4,5and 6 (b) Yes © %

45 55 -

100" 100 ®)

Red (b)  Yellow (¢c) Blueand Green (d)No chance

No (It is random experiment)

No.

P i P (bl l P d—l' P (yell —l
(green) - 12 ’ ( ue) - 4 ’ (re )_ 6 ’ (ye OW) - 6

1

P(E i b) PE i 1 d ﬂ

T 1
%00 W Pl ) P= 700 " 16

Always false. There are minimum 28 days in a month. Usually we A
have months of 30 and 31 days. NG - :

Ambiguous. In a given year, Makara Sankranthi may or may not fall on frida.

Ambiguous. At some time in winter, there can be a possibility that Hyderabad have
2°C temperature.

True, to the known fact, so far we can say this but it can be changed if scientists find
evidances of life on other planets.

Always false. Dogs cannot fly.

Ambiguous. In a leap year, February has 29 days.

False, the sum of the interior angles of a quadrilateral is 360°.
True - eg. all negative numbers.

True- Rhombus has opposite side parallel to each other therefore rhombus is
parallelogram.

True

No, all square number can not be written as a sum of two odd numbers, eg. 9 =445
(But we can write all square numbers as a sum of odd, eg. 9 =1 + 3 + 5 numbers)
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3. (i)  Only natural number

(i) Two time a natural number is always even.

5
leg. 2><§ =5 (odd number)]

(i) Foranyx>1,3x+1>4 (iv) Foranyx > 0,x*>0
(v) Inanequilateral triangle, a median is also an angle bisector.
4. Take any negative number X oy
2> -3
xX*=-2x-2=4 (here x* < y?)
y¥=-3%x-3=9
Exercise - 15.2

1. @ Jeevanismortal

(i) No, X could be any other state person lke marathi, gujarati, punjabi etc. =
(i) Gulaghasred tongue.

@iv)  All smarts need not be a president. Here we have given only that all presidents are
smart. There could be some other people like some of the teachers, students who
are smart too.

2. Youneedto turn over B and 8. If B has an even number on the other side, then the rule has
been broken. Similarly, if 8 has a consonant on the other side, then the rule has been
broken.

3. The answeris 35.

» Statement ‘a’ does not help because by following the other clues you can tell that you need
more than on digit.

» Statement ‘b’ does not help because the one digit has to be larger than the tens-digit and
the only multiple of 7 and 10 is 70 and O is smaller than the 7.

» Statement ‘c’ helps because being a multiple of 7 concels out a lot of numbers that could
have been possibilities.

» Statement ‘d’ helps because being an odd number it too ancels out a lot of other possibilities.

» Statement ‘e’ does not help because the only multiple of 7 and 11 is 77 and the ones digit
has to bigger than the tens digit.

 Statement ‘f” does not help.
* Statement ‘g’ helps because by using it there will be few numbers left.
» Statement ‘h’ helps by using it only 35 remains.

So-3,4,7 and 8 helps and they only are enough to get the number.
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Exercise - 15.3

(i) The possible three conjucture are:

a) The product of any three consecutive odd number is odd.
b) The product of any three consecutive odd number is divisible by 3.

c¢) The sum of all the digits present in product of three consecutive odd numbers
even.

(i) The possible three conjuctures are:

a) The sum of any three consecutive number is always even.

b) The sum of any three consecutive number is always divided by 3.

¢) The sum of any three consecutive number is always divided by 6.
1111112 = 12345654321 11111112 = 1234567654321
Conjecture is true

Conjecture is false because you can not find a composite number for x =41.

Exercise - 15.4

(i) No (1) Yes (1i1) No
(iv) Yes (v) No

(i) Arectangle has equal angles but may not be a square.

(i) For x=2;y=3, the statement is not true.
(Itis only true forx=0; y=1orx=0,y=0)

(iii) Forn=11,2n*+ 11 =253 which is not a prime number.
(iv)  Youcan give any two triangles with the same angles but of different sides.
(v)  Arhombus has equal sides but may not be a square.

Let x and y be two odd numbers. Then x = 2m + 1 for some natural number m and
vy =2n+ 1 for some natural number n.

x+y=2(m+n+1). Therefore, x + y is divisible by 2 and is even.
Letx=2mandy=2n
Product xy = (2m) (2n)

=4 mn

(i)  Letyour original number be n. Then we are doing the following operations:

3n+9

n—2n—2n+9—->+n=3n+9— =n+3—->n+3+4=n+7—>n+7-n="7

(i) Notethat7 x 11 x 13 =1001. Take any three digit number say, abc. Then abc x
1001 = abcabc. Therefore, the six digit number abcabc is divisible by 7, 11 and 13.
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SYLLABUS

Number System (50 hrs)

(i) Real numbers

)

Real numbers

Review of representation of natural numbers, integers,
and rational numbers on the number line.

Representation of terminating / non terminating recurring
decimals, on the number line through successive
magnification.

Rational numbers as recurring / terminating decimals.

Finding the square root of \/5, \/g , \/g correct to
6-decimal places by division method

Examples of nonrecurring / non terminating decimalssuch
as 1.01011011101111—

1.12112111211112—

and\/z,x/g,x/getc.

Existence of non-rational numbers (irrational numbers)
such as \/E , \/g and their representation on the number
line.

Existence of each real number on a number line by using
Pythogorian result.

Concept of a Surd.

Rationalisation of surds

Square root of a surd of the form a + Jb

Algebra (20 hrs)
(i) Polynomials

(i) Linear Equations in
TwoVariables:

)

Polynomials

Definition of a polynomial in one variable, its coefficients,
with examples and counter examples, its terms, zero
polynomial.

Constant, linear, quadratic, cubic polynomials; monomials,
binomials, trinomials. Zero / roots of a polynomial /
equation.

State and motivate the Remainder Theorem with examples
and analogy to positive integers (motivate).

Statement and verification of the Factor Theorem.
Factorization of ax” + bx + c,a #0wherea, b, c are real
numbers and of cubic polynomials using theFactor
Theorem.
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(ii)

Recall of algebraic expressions and identities.

Further identities of the type:

(x+y+z)2 = x2+y2+X2+ 2xy + 2yz + 27x

(xiy)3 = x3iy3i3xy(xiy)

X+ y3 - 23—3xyz = (X+y+ Z)(X2+ y2 +72— Xy—yZ—ZX)
X4y’ = (x+y)C - xy +y°)

=y’ = (=y)eC +xy +y))

and their use in factorization of polynomials. Simple

expressions reducible to these polynomials.
Linear Equations in TwoVariables

Recall of linear equations in one variable.
Introduction to the equation in two variables.
Solution of a linear equation in two variables
Graph of a linear equation in two variables.
Equations of lines parallel to x-axis and y-axis.

Equations of x-axis and y-axis.

Coordinate geometry
(5 hrs)

Coordinate geometry

Cartesian system

Plotting a point in a plane if its co-ordinates are given.

Geometry (40 hrs)

(i) The Elements of
Geometry

(ii) Lines and Angles

(iii) Triangles

(iv) Quadrilaterals

(v) Area

(vi) Circles

(vii) Geometrical
Constructions

)

The Elements of Geometry
History — Euclid and geometry in India. Euclid’s method

of formalizing observed phenomenon onto rigorous
mathematics with definitions, common / obvious notions,
axioms / postulates, and theorems. The five postulates
of Euclid. Equivalent varies of the fifth postulate. Showing
the relationship between axiom and theorem.

Given two distinct points, there exists one and only one
line through them.

(Prove) Two distinct lines cannot have more than one

point in common.
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(ii) Lines and Angles

. (Motivate) If a ray stands on a line, then the sum of the
two adjacent angles so formed is 180° and the converse.

« (Prove) If two lines intersect, the vertically opposite angles
are equal.

. (Motivate) Results on corresponding angles, alternate
angles, interior angles when a transversal intersects two
parallel lines.

. (Motivate) Lines, which are parallel to given line, are
parallel.

« (Prove) The sum of the angles of a triangle is 180°.

« (Motivate) If a side of a triangle is produced, the exterior
angle so formed is equal to the sum of the two interior
opposite angles.

(iii) Triangles

« (Motivate) Two triangles are congruent if any two sides
and the included angle of one triangle is equal to any two
sides and the included angle of the other triangle (SAS
Congruence).

« (Prove) Two triangles are congruent if any two angles and
the included side of one triangle is equal to any two angles
and the included side of the other triangle (ASA
Congruence).

. (Motivate) Two triangles are congruent if the three sides
of one triangle are equal to three sides of the other triangle
(SSS Congruence).

. (Motivate) Two right triangles are congruent if the
hypotenuse and a side of one triangle are equal respectively
to the hypotenuse and a side of the other triangle.

. (Prove) The angles opposite to equal sides of a triangle
are equal.

. (Motivate) The sides opposite to equal angles of a triangle
are equal.

« (Motivate) Triangle inequalities and relation between ‘angle

and facing side’; inequalities in a triangle.

Free DistriBUTION BY T.S. GoveErRNMENT 2019-20



346

IX-CLass MATHEMATICS

(iv)

Quadrilaterals

(Prove) The diagonal divides a parallelogram into two
congruent triangles.

(Motivate) In a parallelogram opposite sides are equal
and conversely.

(Motivate) In a parallelogram opposite angles are equal
and conversely.

(Motivate) A quadrilateral is a parallelogram if one pair
of its opposite sides are parallel and equal.

(Motivate) In a parallelogram, the diagonals bisect each
other and conversely.

(Motivate) In a triangle, the line segment joining the mid
points of any two sides is parallel to the third side and

(motivate) its converse.

Area

Review concept of area, area of planar regions.

Recall area of a rectangle.

Figures on the same base and between the same parallels.

(Prove) Parallelograms on the same base and between
the same parallels have the same area.

(Motivate) Triangles on the same base and between the
same parallels are equal in area and its converse.

(vi)

Circles
Through examples, arrive at definitions of circle related
concepts radius, circumference, diameter, chord, arc,

subtended angle.

(Prove) Equal chords of a circle subtend equal angles at

the centre and (motivate) its converse.

(Motivate) The perpendicular from the centre of a circle
to a chord bisects the chord and conversely, the line drawn
through the centre of circle to bisect a chord is

perpendicular to the chord.
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(Motivate) There is one and only one circle passing
through three given non-collinear points.

(Motivate) Equal chords of a circle (or of congruent
circles) are equidistant from the centre (s) and conversely.

(Prove) The angle subtended by am arc at the centre is
double the angle subtended by it at any point on the
remaining part of the circle.

(Motivate) Angles in the same segment of a circle are
equal.

(Motivate) A line segment joining any two points subtends
equal angles at two other points lying on the same side
of it then the four points are concyclic.

(Motivate) The sum of the either pair of the opposite
angles of a cyclic quadrilateral is 180% and its converse.

(vii)

Constructions

Construction of a triangle given its base, sum / difference
of the other two sides and one base angles.
Construction of a triangle when its perimeter and base
angles are given.

Construct a circle segment containing given chord and
given an angle.

Mensuration (15 hrs)

(i) Surface Areas and
Volumes

@

Surface Areas and Volumes

Revision of surface area and volume of cube, cuboid.
Surface areas of cylinder, cone, sphere, hemi sphere.
Volume of cylinder, cone, sphere. (including hemi spheres)
and right circular cylinders/ cones.

Statistics and Probability
(15 hrs)

(i) Statistics
(@ii) Probability

Statistics

Revision of ungrouped and grouped frequency
distributions.

Mean, Median and Mode of ungrouped frequency
distribution (weighted scores).

(i)

Probability

Feel of probability using data through experiments. Notion
of chance in events like tossing coins, dice etc.
Tabulating and counting occurrences of 1through 6 in a

number of throws.
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Comparing the observation with that for a coin. Observing
strings of throws, notion of randomness.

Consolidating and generalizing the notion of chance in

eventslike tossing coins, dice etc.

Visual representation of frequency outcomes of repeated
throws of the same kind of coins or dice.

Throwing a large number of identical dice/coins together
and aggregating the result of the throws to get large number
of individual events.

Observing the aggregating numbers over a large number
of repeated events.Comparing with the data fora coin.
Observing strings of throws, notion of randomness.

Proofs in Mathematics
(5 hrs)

(i) Proofsin
Mathematics

Proofs in Mathematics

Mathematical statements, verifying them.
Reasoning Mathematics, deductive reasoning
Theorems, conjectures and axioms.

What is a mathematical proof.
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Academic Standards

Academic standards are clear statements about what students must know and be able to do.

The following are categories on the basis of which we lay down academic standards
Problem Solving

Using concepts and procedures to solve mathematical problems
(@) Kinds of problems:

Problems can take various forms- puzzles, word problems, pictorial problems, procedural
problems, reading data, tables, graphs etc.

(b) Problem Solving
. Reads problems
. Identifies all pieces of information/data
. Separates relevant pieces of information
. Understanding what concept is involved
. Recalling of (synthesis of) concerned procedures, formulae etc.
« Selection of procedure
« Solving the problem
. Verification of answers of raiders, problem based theorems.
(¢) Complexity:
The complexity of a problem is dependent on
« Making connections( as defined in the connections section)
o Number of steps
« Number of operations
« Contextunraveling
« Nature of procedures
Reasoning Proof
. Reasoning between various steps (involved invariably conjuncture).
« Understanding and making mathematical generalizations and conjectures

« Understands and justifies procedures- Examining logical arguments.
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Understanding the notion of proof
Uses inductive and deductive logic

Testing mathematical conjectures

Communication

Writing and reading, expressing mathematical notations (verbal and symbolic
forms)

Ex:3+4=7, 3<5, nj+n,= ny+ng Sum of angles = 180°

Creating mathematical expressions

Explaining mathematical ideas in her own words like- a square is closed figure having
four equal sides and all equal angles

Explaining mathematical procedures like adding two digit numbers involves first adding
the digits in the units place and then adding the digits at the tens place/ keeping in
mind carry over.

Explaining mathematical logic

Connections

Connecting concepts within a mathematical domain- for example relating adding to
multiplication, parts of a whole to a ratio, to division. Patterns and symmetry,
measurements and space

Making connections with daily life
Connecting mathematics to different subjects

Connecting concepts of different mathematical domains like data handling and
arithmetic or arithmetic and space

Connecting concepts to multiple procedures

Visualization & Representation

Interprets and reads data in a table, number line, pictograph, bar graph,
2-D figures, 3-D figures, pictures

Making tables, number line, pictograph, bar graph, pictures.

Mathematical symbols and figures.
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