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“Think & discuss” should be answered after discussion in groups.

The problems in exercises should be given as homework. Everyday, the solved home work problems should be corrected. And
misconceptions of students should be corrected.

The teacher should mark the answer scripts and analyze the mistakes and scores. She should discuss the mistakes/performance and take
feedback from the children . Based on the observations and feedback she should take up remedial teaching.

b. Teaching Learning Materials:

While teaching mathematics to classes 6,7, and 8, the teacher should keep the following material available. She should definitely use this
material in organizing various teaching learning activities.

Reference books and magazines related to mathematics

Grid paper, graph paper, ISO metric sheet

Mathematical instruments box

Modern electronic gadgets like TV, DVD, Tape Recorder, CDs, Computer, Internet, etc.
Geo-board, two dimensional and three dimensional geometrical shapes and solids, Models.
Maths kit.

¢. Textbooks:
While designing textbooks for classes 6,7, and 8, the organization of units should be based on the points discussed hereunder.

The textbooks should be attractive and the children should enjoy them. To achieve this, pictures, cartoons, stories, and other such
material the children like should find place in the textbooks.

The language in the textbooks should be so simple that the children can read and understand the books on their own. The teacher can
only be a facilitator.

Every new concept should be introduced linking it with the concept already learnt by the children.

Various concepts in the textbook should be linked with one another.

Since mathematics has scope for discoveries and inventions, the problems in the textbooks should not be like the casts from the same
mould. Instead, there should be new challenges for the children as they go from one problem to another.

The textbook should contain activities that give opportunities to children to reason logically.

The textbook should give opportunities for the children to observe patterns, generalize, and continue the pattern by prediction.

The textbook should give space for the children to use various strategies in solving problems and find more than one solution to
problems.

The exercises in the textbook should promote self learning and encourage the children to read other mathematics books.
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At this stage, way of proof should be given priority over solution. Hence, the concepts in the textbooks should be organized in a way
that they give more weightage to proof.

The textbook should encourage children to create new problems in groups as well as individually.

Guidelines to use the textbook and the expected outcomes of each unit should be given in the textbook.

The textbooks should suggest suitable projects that help children learn by direct experience.

Puzzles and riddles should find their way into the textbooks to enable the children to get ready for the new challenges inside and outside
the classroom.

The textbooks should give historical background of concepts and details (biographical as well as academic) of mathematicians.

Teacher Readiness — performance indicators

The teacher should prepare annual, unit, lesson, and period plans.

The teacher should read the textbooks of classes 6,7, and 8 thoroughly and develop comprehension of the concepts and problems. She
should first do all the exercises herself.

The teacher should check the children’s understanding of the previous mathematical concepts related to the ones in classes 6,7, and 8.
She should extend her cooperation wherever necessary.

The syllabus should be finished on time.

The teacher should prepare the question papers herself and conduct the Summative Evaluation.

The teacher should prepare or collect all necessary teaching learning materials beforehand.

The teacher should see that all children achieve all competencies in each unit.

The teacher should attend in-service teacher training programmes and use that knowledge/skills in classroom teaching.

Evaluation

Apart from evaluation in the form of marks at discontinuous periods, the assessment should be continuous and comprehensive.

In formative assessment the student should be assessed, continuously while learning with tools & classroom responses, written works,
project works, slip test.

This formative assessment should encourage the learning of student but not to discourage the students.

The both assessments should assess the students for the skills of problem solving, reasoning, communications, connection and
representation.

The summative test should be conducted thries in a year in the written form.

40% of the assessment should be conducted for problem solving skills.

The teacher should prepare the question paper herself and conduct the Summative Evaluation.
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10. MATHEMATICS — CURRICULUM IMPLEMENTATION -
LEVEL: CLASSES IX AND X

(Teaching Learning Process, TL.M, Text Books, Teacher Preparation and Evaluation)

Introduction :

At the level of 9™ & 10™ classes students are at the end stage of secondary education. After completion of 10" class the students are

expected to achieve minimum competencies of arithmetic geometry and mensuration and data handling. Student is about to continue his
education of his desired choice. To continue that education the required skills of mathematics should be developed.

Every student has to treat the classroom mathematics is same as the daily life mathematics. He should be able to apply the mathematics

learnt in the classroom in his daily life.

To achieve above standards in mathematics, the teachers, the classroom, the textbook and the evaluation should be as following :

a. Classroom Environment — Teaching Learning Processes
The classroom environment and the organization of teaching learning activities in classes 9 and 10 should be on the lines discussed hereunder.

The teaching learning activities at secondary stage should primarily develop mathematical reasoning in children .

Opportunities should be given to promote abstract thinking.

The teacher should explain secondary stage mathematical concepts linking them with real life situations and their use in day to day life.
The teaching of mathematics should enable the children to understand how and why mathematics is around them every day, every time.
The teaching learning activities should be organized giving priority to mathematical constructions and proofs.

Priority should be given to mathematical concepts over formulas and definitions.

Instead of solving problems using the formulas memorized, the children should be given opportunities to discover/invent formulas by
generalization and logical reasoning.

The teacher should show various ways of solving a problem. She should also encourage the children to solve problems in more than one
way.

The teacher should ensure conducive environment in the classroom that enable not just a few but all the children in the class to learn
mathematics.

Opportunities should be given to the children to create new problems and solve them.

Before starting a new topic, the teacher should give information to the children about the mathematicians who worked in the respective
field.

The children should be given enough time to finish when they are given a problem/proof/construction. The teacher should go round the

class observing the way the children approach the task and give suitable suggestions wherever necessary.
Page 108 of 155




e Since analytical geometry and trigonometry are introduced for the first time at this stage, the teacher should inform the children about
their importance and their relationships with other branches. She should also tell them the importance of these two in learning
mathematics at this stage.

e The teacher should see that the children do the exercises in their notebooks and check them regularly.

e After understanding the concept, a model problem solving should be discussed on black board.

e The exercises of “Do this”, “Try this” and “Think & discuss” should be practiced by students.

e “Do this” should be solved individually by students.

e “Try this” should be solved individually or in groups.

e “Think & discuss” should be answered after discussion in groups.

e The problems in exercises should be given as homework. Everyday, the solved home work problems should be corrected. And
misconceptions of students should be corrected.

e The classroom environment should be conducive for the children to talk freely about their difficulties in learning mathematics and to
clear their doubts.

e The teaching learning processes should link the formulaic calculation of areas of a triangle, a square, a circle, etc., with geometrical
solutions.

e The teacher should see that the children solve problems in their notebooks. She should check them and give suitable suggestions
regularly.

e The teacher should see that the children create new problems and solve them.

b. Teaching Learning Materials:

While teaching mathematics to classes 9 and 10, the teacher should keep the following materials readily available and use them definitely.
e Reference books and other books related to mathematics

e Magazines

e Graph paper

e Mathematical instruments box

e Geometrical shapes (2D, 3D)

e Modern electronic gadgets like TV, DVD, Tape Recorder, CDs, Computer, Internet, etc.
e Geo-board, etc.
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. Textbooks:

The language used in the textbook should be so simple and easy to understand that the children can read and understand the books on
their own. Especially, the language in word problems should not pose any problems to the children. The language should not stand in
the way of solving a problem.

Every concept should be introduced with the help of appropriate pictures and situations.

The teacher should link the present concepts to the concepts already learnt by the children.

The exercises in the textbook should make the children think and develop logical reasoning.

Multiple solutions to the problems should be given in the textbook.

The proofs should be given in an organized manner so that the children understand the logical reasoning embedded in them.

Wherever necessary, historical background of the topic and information about the mathematicians who worked in that area should be
given.

Textbooks should give time and space to develop abstract thinking and mathematical reasoning. They should be so designed that
learning proceeds from specific to general and vice versa.

The textbooks should not give undue importance to definitions and formulas. They should facilitate understanding of mathematical
concepts through various examples, proofs, and generalization. They should enable the children to devise formulas and give definitions
on their own.

The textbooks should be so designed that the children are not restricted to them but go beyond and consult relevant reference books to
have a better understanding of mathematical concepts.

The textbook design should promote learning mathematics by experimentation.

The textbook should contain the aims of the book, organization of the book, directions / instructions to the teachers, and topic-wise (or
unit-wise) competencies to be achieved.

. Teacher Readiness — performance indicators

The teacher should develop complete understanding of classes 9 and 10 textbooks.

The teacher should prepare annual, unit, and period plans.

The teacher should be prepared with all necessary teaching learning materials.

The teacher should attend in-service teacher training programmes and use that knowledge/skills in classroom teaching.
The teacher should complete the syllabus on time.

The teacher should give exercises other than those in the textbook.

The teacher should prepare question papers on her own and conduct the examinations.

The teacher should see that all children achieve all competencies and all mathematical skills in each unit.

The teacher should make notes in her diary about the progress of the children and the classroom management.
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The teacher should see that the children work on a project, exhibit it and discuss it in the classroom.This can be on the history of
mathematical concepts or mathematicians, mathematical proofs, constructions, etc.

. Evaluation

As per RTE-2009 ACT, the CCE is implemented till elementary level (1 to 8th)

The nature and qualitative items should be continued even in 9th & 10th class.

CCE can be implemented in 9th class and 10th Class.

The students in 10th class has to appear for a board exam in 10th class.

The evaluation in the 10th class should not completely dependent upon the marks in the annual test. But there should be importance for
the internal assessment during teaching learning process.

Projects in mathematics, assignments, portfolios of children etc can be taken into consideration for internal assessment.

As this internal assessment conducted regularly, it identifies of the difficulties of the learner in learning mathematics. Therefore the
stress and strain caused by board examinations can be reduced.

The teacher should prepare the question paper herself and conduct the Summative Evaluation.

\

Implications of critical pedagogy:

Critical pedagogy is a strategy for construction of knowledge.

Reflective thinking skills, critical thinking skills, dialectical thinking skills and creative skills play an important role in critical
pedagogy. The TLP should be organized to promote these skills. In all subjects it should be applied.

Teacher should know that students have life experiences and their own knowledge that is key in shaping their education and learning.
Good Education System or school does not blame students for their failures or strip students of the knowledge they bring to the
classroom.

A deep respect should exist between teacher and student.

We should think in terms of teacher student and student teacher that is “A teacher also learns and a learner who teaches”.

The professionalism of the teacher might be respected.

It is vital to know children’s culture, knowledge base, language etc.

Part of the role of any educator involves becoming scholar and a researcher.

Praxis is a problems solving method that is to identify a problem, research the problem, develop a plan of collective plan of action,

implementation and evaluation.

- APSCF-2011
/

Page 111 of 155




11. Resources for Teaching mathematics

Introduction

Remarkable progress in the information and communication technologies (both hardware and software) in the past decade or so has made it
possible for teachers to access quality digital resources and use them either directly or indirectly in the classroom.
What makes it attractive for teachers are some unique features of these resources such as:

1. Extensive availability
Range of resources across topics and grades
Innovative ideas
Can be used on or offline
Resources in Mathematics from other countries / regions can easily be used / customized for our schools as math is universal subject
A large number of non-text resources like audio / video / applets etc.

7. Very low recurring cost
Teachers have taken to this new idea with enthusiasm (is it because of novelty alone? quite possible). Of course, there are critics who do not
approve their usage. There are several studies to understand the effective of using these resources in the classroom. Some of the data has
provided useful insights and pointers.

SNk

Digital resources can surely augment meaningful learning experiences of the child can be specifically used for the following:

1. Introduction of to a new topic / Conceptual understanding
2. Formation of key concepts

3. Repetitive practice (read drill)

4. Selfrelearning

5. Group work

6.

to develop mathematical reasoning, communication and problem solving abilities

7. To develop creative abilities among the children as well as teachers
Teachers can use them in their classes if they fit into their lesson plan.
The following list gives a rough idea of the range of digital resources (mostly free) available on the internet. This is only indicative and by no
means representative on comprehensive to be used more as pointers - and the readers are requested to make their own judgments regarding their
suitability to their work.
The resources have been grouped into a few (loose) categories to facilitate easy navigation and exploration.

Page 112 of 155




Websites
General

The mathforum(@ Drexel University (http://www.mathforum.org)

The Centre for Innovation in Mathematics Teaching (CIMT) (http://www.cimt.plymouth.ac.uk)

Math cats — Fun math for kids (http://www.mathcats.com), count on (http://www.counton.org)

1. Illuminations - Resources for teaching maths (http://illuminations.nctm.org) Interactive (http://www.shodor.org/interactivate)
Gadsen Mathematics Initiative (http://www?2.gisd.k12.nm.us/GMIWebsite/ImathResources.html)
2. Mathematical Interactivities — Puzzles, games and other online educational resources (http://mathematics.hellam.net)

3. National Library of Virtual Manipulatives (http://nlvm.usu.edu/en/nav/vlibrary.html)
4. Mathnet — Interactive mathematics in education (http://www.mathsnet.net)

NewZealand maths (http://www.nzmaths.co.nz)

The Mactutor History of Mathematics archive (http://www.history.mcs.st-and.ac.uk/history)

Math cartons (http://www.trottermath.net/humor/cartoons.html)
Math Comis (http://home.adelphi.edu/~stemkoski/mathematrix/comics.html)
Mathematical quotation server (http://math.furman.edu/~mwoodard/mqs/mquots.html)

Wolfram Mathword — The web’s most extensive mathematical resource (http://mathworld.wolfram.com)

Optical illusions and visual phenomena (http://www.michaelbach.de/ot)

Optical illusions gallery (http://www.unoriginal.co.uk/optical5.html)

Teachers resources online (http://www.cleavebooks.co.uk/trol/index.html)

Interactive : Activities (http://www.shodor.org/interactive/activities/#fun)

Maths articles (http://www.mathgoodies.com/articles)

Math words and some other words of interest (http://www.pballew.net/etyindex.html)

Portraits of scientists and mathematicians
(http://www.sil.si.edu/digitalcollections/hst/scientific-identity/CF/display_results.cfm?alpha sort=R)

Let epsilon < 0 (http://epsilon.komplexify.com)

Grand illusion (http://www.grand-illusions.com)
Portrait gallery — Mathematicians (http://mathdl.maa.org/mathDIL./46/?pa=content&sa=viewDocument&nodeid=2437 &bodyld=2241)
Maths teaching ideas (http://www.teachingideas.co.uk/maths/contents.html)
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E-books

lustrated maths formulas — salim (http://www.arvindguptatoys.com/arvindgupta/mathformulas.pdf)

Ramanujan — the man behind the mathematician Sundaresan and Padmavijayam (http://gyanpedia.in/tft/Resources/books/ramanujan.doc)

A mathematician’s apology — G.H.Hardy (http://math.boisestate.edu/~holems/holmes/A%20Mathematician%27s%20Apology.pdf)

Puzzle maths — G.Gamov and stern (http://www.arvindguptatoys.com/arvindgupta/puzzlemath.pdf)

1000 uses of a hundred square — Leah Mildred Beardsley (http://www.mediafire.com/download.php?detnojrueje)

Geometry comic book — Jeane Pierre Petit (http://www.mediafire.com/?udOnnnujzyy)

Elements — Eucid (http://www.mediafire.com/?udOnnnujzyy)

How children learn mathematics (http://gyanpedia.in/tft/Resources/books/mathsliebeck.pdf)

Suggested experiments in school mathematics — J.N.Kapur (http://www.arvindguptatoys.com/arvindgupta/jnkapur.pdf)

Primary resources — Maths (http://www.primaryresources.co.uk/maths/maths.html)

Proteacher! Maths lesson plans for elementary school teaches (http://www.proteacher.com/100000.html)

Maths activities (http://www.trottermath.net/contents.html)

Maths powerpoints (http://www.worldofteaching.com/mathspowerpoints.html)

Maths is fun — maths resources (http://www,mathsisfun.com)

Middle school portal for maths and science teachers (http://www.msteacher.org/math)

Maths games, maths puzzles and maths lessons designed for kids and fun (http://www.coolmath4kids.com)

Numbers

Magic, squares, magic stars & other patterns (http://recmath.org/Magic%?20squares)

Number recreations (http://www.shyamsundergupta.com)

Broken calculator — Maths investigation (http://www.woodlands-junior.kent.sch.uk/mahts/broken-calculator/index.html)

Calculator chaos (http://www.mathpalyground.com/Calculator Chaos.html)

Primary school numeracy (http://durham.schooljotter.com/coxhoe/Curriculam+Links/Numeracy)

Quarks to Quasars, powers of 10 (http:/www.wordwizz.com/pwrsofl0.html)
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Algebra

Algebra puzzle (http://www.mathplayground.com/Algebra_Puzzle.html)
Algebra tiles (http://mathbits.com/MathBits/AlgebraTiles/AlgebraTiles/MathBitssO7ImpFree.html)
(http://mathbits.com/MathBits/AlgebraTiles/AlgebraTiles/MathBitssO7ImpFree.html)

Geometry (http://www.cyffredin.co.uk)

The Fractory : An interactive tool for creating and exploring fractals (http://library.thinkquest.org/3288/fractals.html)

Tessellate (http://www.shodor.org/interactivate/activities/Tessellate)

MathSphere — Free graph paper (http://www.mathsphere.co.uk/resources/MathSphereFreeGraphPaper.html)

Paper models of polyhedral (http://www.korthalsaltes.com)

Problem solving

Mathpuzzle (http://www.mathpuzzle.com)

Puzzling world of polynedral dissections (http://www.johnrausch.com/PuzzlingWorld?contents.html)

Interactive mathematics miscellany and Puzzles (http:/www.cut-the-knot.org)

Puzzles and projects (http://www.delphiforfun.org/Programs/Indices/projectsIndex.html)

10ticks daily puzzle page (http://www.10ticks.co.uk/s dailyPuzzle.aspx)

Archimedes laboratory — teachers’ resource: Improve problem solving skills (http://www.archimedes-lab.org/index_teachers.html)

Brain teasers (http://www.pedagonet.com/brain/brainers.html)

Gymnasium for Brain (http://www.gymnasiumforbrain.com)

Puzzles and games (www.thinks.com)

Miscellaneous

Mathematical imagery (http://www.josleys.com)
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Some Important Readings in Mathematical Education

Pedagogy of Mathematics
— Hriday Kant Dewan

Before we begin certain issues entwined with the word "Pedagogy" need to be pointed out and elaborated. This word is commonly used as
a convenient hold all but because of this and in some contexts inspite of this it still can not be completely discussed by itself. to explore its
implications some other key elements need to be specified.

Can pedagogy stand by itself?

The first pre-requisite is the need to know the discipline being considered well. We need to know what it contains and its nature. this means
to thinik about pedagogy of Mathematics is, what it includes, how it functions and then go to other questions. The first level answer to what it
contains is : aritmetic and its generalization (i.e. algebra), geometry, statistics, analysis of number system and other such categories. It can be
described as abstracting, organizing and generalizing of human experience related to quantity, shape and their transformation. Subsequently it
becomes the basic language for building abstract and general ideas in all disciplines. Knowledge and constructs in Mathematics have gone far
beyond the initial need of the human society for quantification, measurement and spatial visualization. As an abstract language, it links ideas
and concepts in different domains. As it has grown, it has also sought to nurture commonalities across different domains of human experience.

The second pre-requisite is the need to articulate within Mathematics what we going to transact. The manner in which tables can be
memorized is different from the way in which students can be helped to understand how to solve word problems or understand the idea of a
variable. Pedagogy is not an epistemic category and cannot help you choose what you want to transact even though it may relate to and even be
governed by these choices sometimes and vice verse. This relationship, where it can be seen, is striking and crucial. For example, you can not
help children rote learn tables in a so-called constructivist manner nor have children explore open ended patterns in a classical behaviorist
framework.

How do we construct what is to be transacted?

The multifaceted linkages of mathematics and its abstract nature prompt the NCF to suggest

mathematization of child's understanding as a key goal for Mathematics teaching.

This means there needs to be an attempt to help the child abstract logically formulated general
arguments, go into organizing her experiences deeply and equip the child to transend individual
events and chance occurences. In a sense move towards a more general and rational view point.
The Mathematics syllabus for the elementary classes has to revolve around understanding and
using numbers and the system of numbers, understanding comparisons and quantifying them,
understanding shapes and apatial relations, handlind data etc. In order to understand what aspects
of these we need to transact and how we would transact it, the area aof Mathematics needs to be
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understood in a wider perspective. We need to have a broad picture and the entire scope in our minds. This would then need to be narrowed to
the classroom and specific choices. For clarity on these we would require a statement in our mind about the reason for these choices.

The capability of solving problems can be considered in manyh ways. One very obvious way is to get the child to almost copy solutions.
The problems given follow the examples. There are no other types of questions leave alone finding ways to address them. A good problem
solving task requires being able to locate and find a variety of clues within the problem, find the formulation to solve it and then fulfill the steps.
The expectation is development of the ability to solve just one kind of problem in the same way. The way Math is described here is not a system
of handling operations but rather the ability to construct and understand algorithms.

This logically leads us to the other question "Why do we teach Mathematics?" If children fall to learn to abstract and are not able to follow
the logic, do we really need to teach these aspects of the subject to them? Is there a cultural bias to Mathematics or can there even be a genetic
bias that implies only some children can learn it? Is abstraction in Mathematics, Science, Philosophy, other subjects including History and
Music a non-univerrsal ability? Or is ther someting peculiar about abstraction in Mathematics? We can all enjoy the rhythm of a beat but to
appreciate what is known as classical music or classical dance requires an experience or situations that do not appear to be universally available.
Is the ability to generalize and play with numebrs and space similar?

In this situation what then should constitute the universal elementary or secondary school curriculum? What is it that we can expect and
want all children to learn such that they do not end up thinking of themselves or being described as incapable? The question asked can be, is it
not sufficient for them to know counting numebrs and operations on them and a bit of decimal fractions and commonly used fractional
numbers? Do we need to insist on making Math abstract and apparently so complex that many cannot follow it? Is the fact that children do not
understand a certain kind of Math and are terrorized by it, a result of the way it is taught or is it due to the kind of content covered? Is terror the
nature of the subject itself? So there is a complex interplay bewteen the questions - What is Mathematics? And what area of Mathematics is
needed and can be transacted in elementary classes? In this we need to also consider whether all of it need to be universally learnt at this stage.
We have to spell out (a) why is it needed for that age group, that backgound and in that historical context for children and (b) can it be learnt by
students of that backgound at that stage given the circumstances of schools and teachers. The choices made need to be able to go through these
filters. It is obvious that it is neither easy to construct these fillers with comprehensive information and arguments and nor is it easy to reach a
consensus on implementing and discussing them given the hiatus these abilities seem to provide in the social and economic status accessibiligy.

As is evident from above content, 'what is pedagogy?' is difficult to address on its own. Its scope and conceerns are not articulated very
precisely and there is not enough consensus on how it may be defined. There is, however, a common sense understanding that guides the way it
is used generally.

What is Pedagogy?

Pedagogy is broadly used to imply the way a subject will be transacted. Described thus there are many obvious components of the word
pedagogy. They include classroom transaction and process, nature and type of teaching-learning materials, assessment system, teacher student
relationship, the nature of student engagement, the classroom arrangement etc. This is of course influenced by (and for some people includes)
the chosen set of content, information, skills and concepts to be transacted and acquired. Pedagogy needs to worry about the inclusino of all the
learners in the learning engagment. This implies the need for an awareness and sensitivity towards diversity and a concern about choices and
context inthe syllabus. If you carefully consider the mainfestations of pedagogy in the classroom, then we know that it is also concerned with
the way teachers are prepared, how they are dealt with administratively, the school building, the classroom, the social, economic and political
undercurrents existing due to the diversity in the classroom and among teachers. There may also be other systemic and contextual aspects that
may influence how transaction takes place. This then becomes a really extended set.
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We would here, limit ourselves to some of the aspects. In these a few of the clearly discernible aspects mentioned above will be reiterated
as issues that critically influence pedagogic consideration. These include :

a) Aims of teaching Math.

b) Nature of Mathematics and its key principles.
c¢) The teacher and her perspective.

d) How children learn Mathematics.

e) The attitude to the subject in society.

This will help us derive specific expectations and purposes for different class and age groups. This is what consitutes the syllabus. The first
two components have to be informed by the so-called subject, its nature, purpose for human society and for the students for whom the
transaction program is being developed. One has to keep in mind the person who is going to transact the learning so as to understand what the
aims, expectations and learner backgounds demand from her. The third is: is there any specific understanding that we need about how this
subject is learnt? This will help us construct classrooms that aid learning. The fourth is the prevalent attitude in society about Math-be it
teaches, students or parents. All these contribute critically to the pedagogy of the subject.

Teaching Mathematics : Some Approaches

Discussing teaching-learning of any subject requires a basic understanding of now children learn. That should form the basis of our
program particularly if each different component of the subject has a character that gives a specific tinge to its learning. The experience of these
components for a particular child and the nature of the expectations from her can also be very different in comparison to the other children. For
many years, Mathematics learning, like all other learning was considered to be linear and through repeated practice. Whatever was to be learnt
had to be broken up into small components and given to children to practice bit by bit. The MLL (Minimum Learning Level) was a crucial
example of this approach. In this the pedagogy was claimed to be competence directed.

There is also an expectation from the text book and other materials that for each small element termed as 'competency’, there would be one
page or one section entirely devoted to it. It was expected that once the child has gone through this she would automatically and surely have
developed that once the child has gone through this she would automatically and surely have developed that part of the competency and needs
now to go on to learn the next part. The MLL document itself used the word competency in many different ways. It was used loosely to describe
information recall, procedure following, applying formula and in some cases concepts and problem solving as well. As a result of this, it is not
clear how the word competency in the MLL document should be unpacked. The on-ground discourse on competency has also not moved
forward. In this case Mathematics given its analyzed in the same framework and conceptualized as bit by bit and through practice of procedures
and remembering facts.

Another element that pedagogy is crucially dependent on is the presentation of the teaching learning material (workbook and text book)
and what it expects the child to do and how it suggests the class be organized and assessment made. The material needs to be clear on whom it
is addressed to and therefore what it should contain. If the material is for the child then it has to have approapriate spaces, font size, suitable
illustrations designed for children and appropriate language.

The textbooks and Mathematics classrooms before the advent of MLL and after the advent of MLL have remained essentially similar due
to the fact that students are still being asked to practice algorithms and learn to numerate quickly. Articulation by the child, inclusion of the
language of the child and allowing the child to explore and create new approaches to engage with mathematic situations are still not expected
and not even accepted in materials. They follow the "consider the given solved example and do some more", approach to Mathematics learning.
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We may also point out that the mention of a specific competency to be acquired meant the earlier mixed exercises that at least exerted the mind
of the child in someway, also got limited to practicising just one option. It was at this time recognition for design, need for illustrations and
color in the books emerged so at least the books were different. The principles informing the illustrations, design and other aspects however did
not include the need to create space for the child to actively engage her mind.

In the absence of clear articulation, word competency was focused on explanation and telling short-cuts and facts. The key words 'learning
by doing' and 'competency', in the context of Mathematics were inadequately explored and insufficiently addressed. Addition was a mere
operation and acquiring it was the capability of adding single digit, 2 and more digit numbers with no carry over and then with carry over as
colums additions. In ths quest to make Math a doing subject, competency based fractional numbers became definitions and operations. The
itemized view of Mathematical ideas implied the narrowing of space for the child to formulate and articulate her own ideas and logic.

Two views on how to teach Mathematics

In analyzing how Mathematics is taught there are two contrasting views under which programs can be classified. We see classrooms
constructed as a combination of these in some proportion. One view is that if you have students practice a lot of sums using algorithms and
shortcuts, they eventually start understanding how the algorithm works and may get a sense of why it works. In any case they learn the steps
clearly and are able to use it in any context. The nature of questions would, however, be varied.

The other view is that learning Mathematics is about developing an understanding of how the subject is constructed, its basic elements and
working out the logical steps that lead to the algorithm and short-cuts in some areas. The child here is expected to be able to develop multiple
strategies for problems and also use the algorithms if she finds it appropriate. The argument would not be that this is the best algorithm and has
to be learnt by everyone but choose if appropriate. Students can also know, discover and discuss the nature of shortcuts and apply them if they
so desire.

There are many examples given for the need for having children learn more than just algorithms. The simplest is addition of two digit
numbers and the evidence that every often children introduced to these mechanically, end up viewing them as adding two independent one digit
numbers placed in different columns.

There is also a lack of appreciation of the fact that when we multiply any number by a 2 or 3 digit number, the product from the 'tens' digit
is not placed directly under the product from the unit place number. It is shifted by putting a cross under the units place. For example :

17
x 23
51
34x
we are not always asked to seek a reason for the shift. There are similar examples from division as well.

Some people argue that the concepts of carry over or borrowing require an understanding of place value and therefore, unless we have
children develop reasonable capability in plece value they will not be able to do additions and subtractoins that require such steps. The essential
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point here is that the focus is on learning the structure of the subject and the concepts. Once that happens the applications would gradually be
learnt by the students. So in these while the eventual goals may be agreed upon, the approach is strikingly different.

Concrete to abstract : What does it mean?

Another aspect of pedagogy is related to the role and nature of materials in the classroom. We generally believe that abstract concepts are
acquired through a process of creating, experiencing and analyzing concrete situations. There has been an increasing stress on putting in more
and more concrete materials in the Mathematics classrooms. The idea of so-called Math bad has been supported and advocated widely. The
feeling is that children understand concepts through the experiences in Mathematics laboratory. This needs to be considered carefully.

It is evident that the idea of using concrete materials and contexts for helping children learn is important. These serve as a temporary model
to represent abstract concepts For example 5 stones are a concrete model for 5 and so 5 chairs. A triangle as it can portray some key properties
of the triangle. It must be recognized that these artifacts do not fully represent the concepts of 5 or the triangle. They are only scaffolds for us to
communicate what these terms mean inthe initial stages. Gradually learners have to move away from these concrete scaffolds and be able to
deal with mathematical entities as abstract ideas that do not lend themselves to concrete representations.

A quadrilateral is closed figure bounded by 4 straight lines. A line is a one dimension infinite string that has no thickness. The point is that
an actual line and hence a quadrilateral cannot be represented by even a drawing on the board leave alone by a concrete representation. So while
it is important to begin with concrete experiences, gradually the child must articulate using her own language and move on. Mathematics going
through the stage of using pictures and then tally marks etc. has to transit to symbols. This is an essential component of learning to do Math.
Teh learning of Mathematics has to culminate in being able to deal with mathematical ideas on their own without any scaffolds. Therefore,
when we advocate the Math laboratory for senior schools there is both a pedagogic as well as an epistemic question about whether this is the
appropriate direction to proceed in.

The idea of laboratory in Sciene is to have the students explore some phonomena. She would make observations related to it and then based
on the observations attempt to deduce some kind of causal connections. Utilizing many such experiments and data from earlier experiences, the
student can be checked by further experimentation. The epistemological touch stone for ideas in Science can be arguably experimental
observations and validations. This unfortunately is not true for Mathematics and therefore using the Math lab to have children deduce or prove
mathematical statements by measurements or through models, is an epistemic and also a pedagogic error. The attempt at this stage has to be to
enable the child to deal with abstract ideas.

Unlike the rich experience of language that the child comes to school with, ideas of Mathematics are not so richly experience based. All
children are able to deal with numbers and arithmetic that they need in daily life. They are also able to organize the space around them and carry
out spatial transformation to the extent they need. This knowledge is profound and complex. It shows the innate capability of the child to
acquire these ideas. All children in any society are able to deal with these ideas. The problem comes whien we attempt to transact Mathematics
and want them to de-contextualize and arithmetic that they need in daily life. They are also able to organize the space around them and carry out
spatial transformation to the extent they need. This knowledge is profound and complex. It shows the innate capability of the chhild to acquire
these ideas. All children in any society are able to deal with these ideas. The problem comes when we attempt to transact Mathematics and want
them to de-contextualize and abstract the number, shapes transformation, operations and why all these work. The discipline of Mth is to be able
to talk aout abstractions and how relations between abstract quantities can be understood and developed. In the primary classes Social Science
and Science are also largely experience based and there is recognition that abstract concepts should not be imposed at this stage. Even in the
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upper primary classes it is possible to make Science replete with concrete experiences and use the available experiences of the child as well as
the experiences provided in the classroom to help her construct a frame work of concepts. Mathematics does not allow this easily.

A lot of Mathematics pedagogy depends upon how the teacher engages with children. The classroom atmosphere has to be such that
children can participate, articulate their ideas, make mistakes and talk about them without fear. Such an Mathematics. There is no one method or
one technique that we can recommend for teachers to follow. She has to follow the classroom and create processes that facilitate engagement
and dialogue that move forward gradually but can also return to an earlier point and develop again in a different way. The key aspect of Math
classroom has to be the recognitin that chidlren will develop mathematical ideas and concepts though assimilation with their own previous ideas
and experiences and modify them in the process of interactions. Each of us develop our own way of solving problems. It may require exposure
to a lot of algorithm and methods but with an openness to create and examine more. They should be able to absorb available ideas and
accommodate them in their conceptual framework. The models that anyone of us use or the artifacts a student constructs can help her
understand the problem and develop a strategy but would not help everyone. They will be different for each of us.

You cannot help a person learn Mathematics by giving her short-cuts or imposing on her your way of solving problem. Your way may
appear very simple, neat and elegant to you but that may not be so for her. We categorize and use ideas in our own ways and use steps that we
can think of. It is doubly difficult task to understand the problem and then also discover the underlying logic of the process you have used to
construct the solution. Mathematics will be learnt when the student will develop her own strategy, use the concepts and the algorithm inthe way
she wants. This clearly implies that chilfen must have the opportunity to do lots of problems and solve them in many different ways.

We must expose the learner to these different varieties and develop not only the capacity to construct their own answer but also look and
attempt to analyze and comprehend somebody else's answers. They need to be unafraid of making mistakes and confident of articulating their
understanding. The implications in the classrooms are that children will work on their own, in groups make presentations on the solutions they
have found and construct new problems as well as new generalizations. The classroom has to be such that the child is involved and engaged at
each moment.

There has been a lot of talk about constructivism and teaching-learning processes. There have been arguments suggesting that teaching-
learning process should be constructivist. This is sometimes interpreted to mean that children should be allowed to follow their own paths and
decide what they want to do. It must be emphasized here that like the use of materials in Mathematics the space for the child to articulate her
own understanding and building upon it needs to be interpreted in the context of an organized sharing of knowledge with the child and the
nature of the discipline. Once the basis of deciding the Mathematics curriculum is arrived at then the classroom and the school has to help the
child develop capability in the areas considered important. The teacher cannot ask children what should be done. At best she can construct
options that are in conformity with the goals and objectives set out in the program for them to choose from. The notion of constructivism itself
and its relationship to Mathematics teaching-learning needs to be explored and analyzed more carefully.

Assessment in Mathematics

An important part of any pedagogical statement is assessment. Whild there are general principles. The general key principles of assessment
such as (a) the purpose of assessment (b) the participationof student in the assessment process (c) the mechanism of assessment (d) the way
feedback would be provided to the child.

The manner in which assessment is done at present instills a feeling of fear and purposelessness for most children. Except for those few
who are confident of doing well, the others usually want to get over it quickly and scrape through somehow. No one sees a relation between the

Page 126 of 155




examination, performance in examination and learning. In Mathematics examin ations, particularly, the nature of the tasks given and the manner
in which theyare assessed lead to children being afraid of not just the examination but even the process of engaging with Mathematics. The
entire assessment process in aimed to exhibit what the child does not konw rather than to discover what she knows. Concepts of formative,
summative evaluation and other such terms do not spell out the prupose, importance and implications of gooe assessment processes. In recent
years we have talked about continuous and comprehensive evaluation, no examination assessment and have argued for the teacher providing
extra support to children who lag behing outside the class.

The revocation of the examination, the no-deterntion policy and the idea of outside the classroom support may appear to be conceptually
nice but it is not operationally possible.

Education is a dialogue between school, teachers and the children. It this dialogue is not facilitated with trust, and openness is disallowed it
would result in serious distortions in the clasroom processes. In Mathematics specifically it is important for the child and the teacher to know
what she knows and also havge a sense of areas that she is struggling with. The process of the child needs to be based on what she was able to
do earlier. We need to grade the performance of the chiild in that period rather than grade her against other children. Assessment and
expectation is an important part of the requirement to make an effort. The fear of examination cannot take away purpose that assessment serves.

The way society looks at Math is a combination of awe, fear and a passport to success. There are strong beliefs about those who are able to
learn Mathematics being more intelligent and have a greater chance and capability to succeed in life.

Mathematics is looked upon as a filter that would separate those who would be moving towardws higher intellectual prusults and those
who would take up less intellectual roles in society. The anxiety of occupyng the intellectual and technical roles leads parents and teachers to
pur pressure on students to learn. There is sub-conscious beginning of sorting by declaring many students incapable of learning and therefore
helping them by some short -cuts to pass the examinators.

The fear of assesement and subsequent doors that are assumed to open on learning Mathematics lead to a tense atmosphere in the
classroom. The general feeling in the society that it is difficult and has to be such that it can only be done by a few, prevents any attempt to
allow children to slowly develop their ability.

It is difficult to conclude this discussion but it is clear that in considering pedagogical aspects of Mathematics it is not merely methods,
classroom arrangements and presentations styles that we are talking about. We have to comprehensively look at education and the context of
Mathematics, children, parents and teachers along with their aspirations, to move forward on the understanding pedagory.

Hriday Kant Dewan (Hardy) is a Memeber of the Founding Group of Eklavya, and currently is the Organising Secretary cum Educational
Advisor of Vidya Bhawan Society, Udaipur. He has been working in field of education for the last 35 years in different ways and aspects. In
particular he has been associated with efforts on educational innovation and modification of the state's educational structures. He can be
contacted at vbsudr@yahoo.com.

Soruce : Learning Curve, Azim PremjiFFoundation

Page 127 of 155




The Nature of Mathematics and its Relation to School Education
— Amitabha Mukherjee

Background

Mathematics, among all school subjects, enjoys a unique - and paradoxical - status. On the one school education. It is taught as a
compulsory subject right from Class I to Class X. Moreover, it is often regarded as a kind of touchstone : an educated person is one who knows
Mathematics. On the other hand, it is the most dreaded of school subjects, leading to a widespread sense of fear and failure among children.
Even adults who have gone through school successfully can be heard to declare : "I could never follow Math in school." (When some of us
started the School Mathematics Project at the Centre for Science Education and Communication, Delhi University, in 1992, our aim was to
address this fear. For a more recent articulation, see the Position Paper of the National Focus Group on the Teaching of Mathematics, URL
http://www.ncert.nic.in/html/pdf/schoolcurrimulum/position_papers/Math.pdf)

The above dichotomy raises a number of questions. Some of these are : what is Mathematics and why should we teach it in school? Does
the problem with school Mathematics have something to do with the nature of Mathematics, or the way it is taught, or both? Can everyone learn
Mathematics up to a point? Waht Mathematics should we teach in school? How should we teach it?

To attempt to provide answers to all the above questions would be ambitious, even foolhardy. In this article I will focus on some changes
that have taken place in the thinking about school Mathematics over the last five decades, and their impact as felt in India in the last few years.

Mathematics for all

Any contemporary discussion on school Mathematics must take into account the context of Universalisation of Elementary Education
(UEE). Today, UEE seems to be an attainable target rather than a distant dream. The next milestone of Universal Secondary Education (USE)
will surely form a major part of the educational agenda in the coming decade. Thus when we talk of school Mathematics we are talking of
something that is addressed to all children.

Can everyone learn Mathematics? The answer, fifry years ago, would perhaps have been adults talk of children who 'will never be able to
learn Mathematics'. How does this face up to the concerns of UEE/USE? Taking categorical position, the Position Paper mentioned earlier
asserts that :

Our vision of excellent mathematical education is based on the twin premises that all students can learn Mathematics
and that all students need to learn Mathematics. It is therefore imperative the we offer Mathematics education of the very
highest quality to all children.

The question which then arises is : what kind of Mathematics teaching can meet the needs of all students. To be able to address this, we
need to achieve some clarity about the goals of Mathematics education.

Given that all chidlren are going to be learning Mathematics up to Class VIII and perhaps Class X, the main aim of school Mathematics
teaching cannot be to produce Mathematicians.
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The aim(s) of School Mathematics Education

Given that all children are going to be learning Mathematics up to Class VIII and perhaps Class x, the main aim of school Mathematics
teaching cannot be to produce Mathematicians. It cannot, for that matter, be to help produce scientists and engineers, in spirte of the special and
important place that Mathematics occupies with respect to these disciplines. What then are the goals of school Mathematics education? The
Position Paper says : Simply stated, there is one main goal - the mathematisation of the child's thought processes.

In other words, the aim is to learn to think about the world in the language of Mathematis, and to develop the kind of thinking that is
special to Mathematics. On the other hand, a look at curricula and textbooks in force in the country would seem that 'university education', or
perhaps 'IIT education', has dominated the content and style of school Mathematics. No wonder a majority of past and present school goers have
no love for the subject!

What is Mathematics, anyway?

If mathematisation of thinking is the main goal of Mathematics education, we need to have some agreement on what contitutes
Mathematics. If you ask people at random the question "What is Mathematics?" You will most likely get spontaneous answers "Addition,
Subtraction, Multiplication and Division". (On second thoughts or if pressed, people usually add algebra and geometry.) Now these operations
on numbers undoubtedly form an important part of Mathematics, but they alone cannot serve to difine Mathematics or mathematical thinking. I
will not attempt to give a definition; instead, I give you some examples of mathematical thinking.

"The door is between me and the wall."

"There are around fifty toffees in the jar."

"This galss is tall but thin. It will take less water than the wide mug."

"Nineteen and fifteen is... twenty and one less than fifteen... that's thirty-four."

"The station is about fifteen minutes if you take the road, but there's a short cut which will get you there in ten minutees."

At first sight, it may seem that the first statement carries no evidence of mathematical thinking. For a pre-school child, however,
articulating spatial relationships such as 'above', 'below’, 'between', 'beyond' is an important part of mathematisation.

Mathematisation of thought is not an absolute, onetime event. Through school and beyond it, children and even adults continue to
Mathematise. On the other hand, our curricula may contain a lot of things that students learn without any accompanying processes, and hence
without contributing to the real learning of Mathematics. Here are some examples, which, unless backed up by appropriate classroom processes,
could end up being learnt by rote.

"To divide someting by m/n, you multiply by n/m."
"The LCM of a and b is a times b divided by the HCF of @ and 5."
"All triangles with the same base and height have the same area."

The problem of Abstraction

Youngchildren learn about the world by handling objects. Their introduction to Mathematics therefore, is through the same route. Yet
Mathematics, even in Class-I, necessarily involves abstraction. Consider a statement from the lowest level of school Mathematics :
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"Two and two make four."

This is a statement about two and four, which are abstract entities. The wheels of a bicycle, a pair of socks and two apples have something
in common : a property which we can call 'two-ness'. "Two apples and another two apples taken together make four apples" is a statement about
the physical world, which can actually be tested - unlike the above abstract statement.

Martin Hughes in his 1986 book "Children and Number" records many conversations with children, which show that children have a
"surprisingly substantial knowledge about number "before they start school. However, this knowledge is not couched in the formal language of
the Mathclassroom. A child may correctly count the number of bricks in a box, and predict that if there are eight bricks in it, two more bricks
added will make ten bricks in all. Yet the same child has no clue when asked the abstract question : "How many is eight and two?"

Such experiments have subsequently been done by many others, with similar findings. The implication for the classroom is that activities
with concrete objects should come before the transition to the formal, abstract language in which mathematical content is usually framed.
Moreover, the transition from the informal to the formal should be specifically addressed in our classroom practices.

The Construction of Mathematical Knowledge

Since the basic objects of Mathematics are abstract, we may wonder if they have an existence which is objective and independent of the
human mind, or if they are constructs of the mind. This is an issue which philosophers have been debating since at least the time of the
philosopher - Mathematican Rene Descartes (1596-1650). Are numbers, for instance, 'out there', or do they exist only in our minds? The various
positions on this are summarised, for example, by Bertrand Russell in his very readable little book "Introduction to Mathematical Philosophy". I
will sidestep this discussion for the moment to consider a slightly different aspect of the issue, one which is more directly relevant to the
classroom.

It is generally agreed now, following the work of Piaget, Vygotsky and others, that children do not acquire knowledge passively. Rather,
each learner actively constructs knowledge for herself. The process of knowledge constcuction involves interacting with the external world as
well as with other people. Thus it does not matter whether mathematical entities have an objetive existence or not : We all have to go through
the process of constructing them for ourselves.

Although piaget was not really concerned with school Mathematics, his work bears directly on the learning of Mathematics at the early
stages. Constance Kamil has argued, for example, that yound children do not discover arithmetic, they re-invent it. At first sight this may seem
contrary to the claim that pre-school children have a substantial knowledge of Mathematics, or at least number. However, there is no real
contradiction if we remember that children are exposed to many contexts for mathematical knowledge before they enter school.

Is Mathematical Knowledge Unique?

Before we turn to the implications of these considerations for the classroom, we have to address the issue of what Mathematics to teach.
Should our curricular choices be dictated by the structure of mathematical knowledge alone? If so, is this structure unique and universal? If this
question is posed to a professional Mathematician, the likely answer will be an emphatic YES. However, we must remimber that members of
the Mathematis research community are a self-defined, closed social group. As argued earlier, the aim of school Mathematics education cannot
be to secure for learners membership of this elite group.

Researchers in many countries, including India, have documented many different traditions in Mathematics. Some of these are found in
tribal and other isolated communities, while others - labelled 'street Mathematics' - can be seen to co-exist with the formal Mathematics taught
in schools. Masons, plumbers and other artisans are ofter found to use their own, trade-specific, forms of Mathematics.
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At a deeper level, the kind of Mathematics that engages the community of mathematicians at any place and time is determined by the other
social groups to which the mathematicians belong. Considerattions of race, language nationality and religion cannot be ruled out, even though
mathematicians may like to believe they are above and beyond such influences. The picture of Mathematics as a subject that has evolved
linearly, largely in the West, from Euclid through Newton to the present day, is one that is increasingly challenged these days.

Implications for the Pedagogy of Mathematics

The above considerations naturally lead to some conclusions on how Mathematics should be taught. Since this volume carries an article on
the Pedagogy of Mathematics, I will be brief.

1. Children should be provided contexts in which the learning of Mathematics can take place. These contexts have to be 'realistic' but not
necessary real.

In th early classes there should be plenty of opportunity for children to handle concrete objects.
Special attention should be paid to the transition to the formal, symbolic mode. Early teaching of algorighms is to be discouraged.

Learning basic skills is important, but thinking mathematically even more important.

A A

Learners should not be given the impression the mathematical knowledge is a a finished product.

6. Overall, the teacher should play the role of a facitlitator with each learner engaged actively in the processes of learning Mathematics.

Conclusion

It may appear that issues related to the nature of Mathematics belong to the reaim of philosophy, and have little relevance to the teaching of
Mathematics in elementry classes. However, as argued above, there is in fact a profound connection. It is important, therefore, for people
involved in school Mathematics - teachers, school heads, teacher educations, etc. - to engage at some level with the king of issues discussed
here. How best this can be done remains an open question.

Amitabha Mukherjee is Professor of Physics at the University of Delhi and was Director (2003-2009), Centre for Science
Education and Communication (CSEC). He was closely associated with the Hoshangabed Science Teaching Program. His
involvement in Mathematics education dates to 1992, with CSEC's School Mathematics Project. He was a Member of the
National Focus Group on the Teaching of Mathematics, set up in 2005. He can be contracted at amimukh@gmail.com
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A Culture of Enjoying Mathematics
— Shashidhar Jagadeeshan

Introduction

It appears that whether we like it or not, Mathematics pervades all aspects of our lives. Whether you are a farmer or a techie, a comfortable
relationship with Mathematics, and competency at the level at which one uses it, is a requisite in an equitable society. Some will argue that even
if the content of Mathematics learnt at school is forgotten, students will retain the ability to think clearly and logically (an essential life skill)
because of their exposure to mathematical reasoning. The tacit assumption here is that learning Mathematics will not only help us in our daily
lives but will also enhance the quality of our life. How ironic that for a vast majority their experience with Mathematics is so contrary to this
assumption. Enough has been written bemoaning the state of Mathematics education the world over, and the term 'Mathphobia' has become part
of common parlance. A major reason for school dropout is the inability to cope with Mathematics; it seems to be a universal phenomenon that
many students fear and dread Mathematics. Sadly, this ffeling often persists into adulthood.

There have been many attempts to reform Mathematics education, and huge sums of money have been dedicated to this cause.
Unfortunately, the motives for reform are suspect and, in my opinion, this is part of the problem. Advanced nations want to improve their
citizens' Mathematics competency out of a fear that citizens of rival nations are outperforming them. Emerging nations want to improve their
Matheducation so that they can create a 'knowledge society'. Humans empowered with knowledge are seen as a great asset in the market place.
Reforms based on these motivations do not seem to have made much impact in the long run on Mathematics education (although there was a
brief 'golden age of basic science' in the US thanks to the Sputnik fear).

If we are to make any headway in addressing both problems, that of poor mathematical competency and that of Mathphobia, we need to
explore several questions first. What is the nature of Mathematics and how do our particular biases impact curriculum design? What is the
relationship that students and teachers share with Mathematics? Waht are the myths or beliefs that students and teachers have about
Mathematics? And perhaps most importantly, what are the factors that motivate humans to learn? In this article I hope to begin such an
exploration by first describing the various ways in which Mathematics is viewed and experienced, and how these views might affect curriculum
if applied in isolation. I then go on to look at curriculum design and pedagogy and see if we can truly create a culture of enjoying Mathematics
not just for a elite few but for all.

The Blind Men and Mathematics

We are all familar with the famous Jataka tale about the blind men and the elephant. Each one makes tactile contact with a different part of
the elephant, and comes up with descriptions ranging from a wall to a rope! Mathematics too suffers from partial perceptions. Perhaps the
mystery, depth and richness of Mathematics is revealed in the fact that it can be seen in so many different ways. Let us look at some of these
perceptios and how they impact curriculum design and pedagogy.

Mathematics as accountancy

For a large majority of people, Mathematics is synonymous with accountancy. Perhaps it is not unreasonable to say that the bulk of
humanity uses Mathematics to compare prices, make sure they are not being cheated of the correct change, perhaps calculate interests, discounts
and rebates; some may even calculate areas and volumes. The more advanced may use it in book keeping. It is also true that many discoveries
in arithmetic probably came from the need to keep records of land and accounts of trade. Examples that comes to mind are preliminary
trigonometry and mensuration, motivated by the need to calculate land holdings in the Nile Valley. Perhaps the motivation for the discovery of
the Hindi-Arabic numeral system came more from the need to do large calculations in astronomy than from the need to do book keeping. But
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surely this discovery, considered one of the 'greatest intellectual feats of humans, 'has had its major and number manipulation is synonymous
with Mathematics.

If this is one's only experience wth Mathematics, then one will design the curriculum and teach Mathematics as if it were a science of
algorithms to do mechanical calculations and lose many students in this drudgery. Sofia kovalevskaia expresses this wonderfully : "Many who
have never had the occastion to discover more about Mathematics confuse it with arithmetic and consider it a dry and arid science. In reality,
however, it is a science which demands the greatest imagination."

Mathematics as problem solving and mental gymnastics

One of the major features of Mathematics is problem solving, and many who discover the thrill of problem solving at a yound age become
professional mathematicians when they grow up. However, if this aspect of Mathematics is distorted, and seen in the wrong perspective, it
becomes a source of fear and aversion toward Mathematics. Since talent in problem solving appears at a very yound age, children are often
classified as 'brilliant' or 'dull' based on this single ability. When an education system euqates a child's self worth with their mathematical
problem solving ability, it does great harm both to the ones who are adept at problem solving, and to those who are not. Those who find
problem solvign difficult, and who then go on to be labeled as 'stupid' (either by society or by themselves), develop a deep fear and aversion to
all of Mathematics. This self image is often linked to their self esteem, leading to feelings of insecurity and shame. All of us have encountered
perfect strangers who have a great need to confess how bad they are at Mathematics. On the other hand, those who are very adept at problem
solvign and Mathematics are automatically labeled 'intelligent', and run the risk of becoming one-demensional human beings with poor social
skills. T leave it as an easy exercise to name your favorite mathematician as an example to illustrate this point!

There is no doubt that a large part of mathematical theory is motivated by the desire to solve difficult problems. Fermat's Last Theorem is a
famous example. However, not all mathematical problems are of the same order. Some problems are indeed very profound and like the tip of an
iceberg, reveal deep aspects of Mathematics. Many problems (an endless plethora) are simply mental gymnastic often created by working
backwards from solutions, requiring some inane trick to solve.

Those who find problem solving difficult, and whothen go on to be labeled as 'stupid’ (either by society or by themselves), develop a deep
fear and aversion to all of Mathematics. This self image is often linked to their self esteem, leading to feelings of insecurity and shame.

These problems form the core of most of our competitive exams and are used as a sieve to week out applicants. Any system that uses this
gymnastic ability as a yardstick to decide how to distribute access to resources such as education and jobs will surely create a skewed society.
The effects of these are already being seen today at our institutions of higher learning. Studetns who have been put through a grind of mindless
problem solving are burnt out and have no motivation to learn anything new. Such students ahve a very narrow view of Mathematics and very
few will choose Mathematics research and teaching as a career. I have heard senior professors and administrators bemoaning the fact that it is
very hard to find competent people to teach Mathematics at many new prestigious institutions in India. Imagine the fate of the many thousands
of students who have, after several years of preparation, failed to get access to so-called quality education. With damaged psyches and bruised
self confidence, what kind of learning can take place? Further the erroneous identification our society has made between intelligence and
mathematical ability has led to a dismal state of education for those interested in pursuing the humanities, because disproportionate funds are
made available to science education. Many students with no real interest in the sciences and perhaps very gifted in other areas still pursue
science.

Mathematics as the 'language of the universe' and as a useful tool in modern society

With Galieo, Mathematics has begun to be seen as the language of the universe. Those who seek to unravel the mysteries of the universe
see Mathematics as a sixth sense needed to comprehend the universe. We marvel with the physicist Eugene Wigner who gave a lecture in 1959
titled 'The Unreasonable Effectiveness of Mathematics in the Natural Sciences. WWigner ends his lecture by saying, "The miracle of the

Page 133 of 155




sppropriateness of the language of Mathematics for the formulation of the laws of physics is a wonderful gift which we neither understand nor
deserve. We should be greateful for it and hope that it will remain valid in future research and that it will extend, for better or for warse, to our
pleasure, even though perhaps also to our bafflement, to wide branches of learning." For many who pursue the more theoretical aspects of
science, it is this 'miraculous' aspect that they most appreciate in Mathematics.

Mathematics with us brilliant ability to model phenomenon has had a far reaching impact in all aspects of our lives and on many
fields of study, ranging from biology to economics.

Mathematics with its brilliant ability to model phenomenon has had a far reaching impact in all aspects of our lives and on many fields of
study, ranging from biology to economics. This modeling ability has also made Mathematics and extermely useful tool for a wide variety of
people ranging from businessmen to engineers. The vast majority of us use computers these days with no clue as to how they work, and
similarly Mathematics is used as a tool by practitioners who have no clue as to why the tool works. A view of Mathematics that demands that its
utility be demonstrated at all times will also have an adverse effect on Mathematics curricula and the teaching of Mathematics. The trouble is,
very little of school Mathematics can be shown to the student to be applicable in a real sense. Most often the examples are rather contrived and
meaningless. Furthermore, an attitude that says, "I will learn something only because it is useful" comes in the way of true learning.

A utilitarian approach to Mathematics with benefits to be reaped in the furre, while doing mechnanical and meaningless calculations in the
persent, is not going to inspire students. It makes it boring, and Mathematics loses its playful and joyful aspect. As Julian Williams put it "The

(A

average student needs emotional and intellectual satisfaction now, not just in five or ten years' time, when they become adults!

Mathematics as truth and beauty

We now enter esoteric descriptions of Mathematics! All pure mathematicians worth their salt will declare that the reason that they do
Mathematics is because it is beautiful. If they are Platonists then they will further declare that they are in search of 'mathematical trugh',
something to be discovered rather than invented. for all pure mathematicians? "A mathematician, like a painter or a poet, is a maker of patterns.
If his patterns are more permanent than theirs, it is because they are made with ideas, like the colours or words, must fit together in a
harmonious way. Beauty is the first test : there is no permanent place in the world for ugly Mathematics."

In my opinion however, the strongest motivation for pursuring Mathematics is experienced at an errotional level. All mathematicians, no
matter what their view on the nature of Mathematics, will agree that in the process of creating Mathematics they experience a sense of
'illumination spreading throughout the brain'. Alain Connes, a Fields medalist (the highest honour one can achieve in Mathematics), describes
this sensation as follows: "But the moment illumination occurs, it engages the emotion in such a way that it's impossible to remain passive or
indifferent. On those rare occasions when I've actually experienced it, I couldn't keep tears from coming to my eyes."

The view of Mathematics that it is akin to a creative art form, and that only those who have tasted the heady joy of discovering
Mathematics truly understand it, has the strongest appeal to most people (including myself) who study Mathematics for its own sake, and not
only for its applications or other aspects as discussed above. From time to time mathematicians have lamented the fact that it is because both
teachers and students do not truly understand this nature of Mathematics that we have distorted its curriculum and teaching.

However, a view that says that all mathematical experiences that should be similar to experiences of art or music also has its limitations.
Beauty in art and music is relatively easily accessible to most human being, but to see the beauty of Mathematics requires a special connection
to it and a fair degree of training. A large part of school Mathematics often does not have a rich enough structure to reveal its beauty; in fact in
these years it is problem solving that draws most children to Mathematics. If Mathematics is an art form, then why force all children to learn
Mathematics? If we make Mathematics optional based on early reactins to it, are we being responsible to children? Since aesthetics is a matter
of taste, must we then allow teachers to fashion their curricula according to their taste? This will surely not satisfy the taste of all their students,
let alone help them use Mathematics as a foundation to learn other subjects or earn a livelihood.
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Then there is the question of why society should support mathematical activity. Most artists need patrons or find buyers for their art work.
Mathematicians do not sell their theorems for a living! Frankly it is because policy makers see Mathematics as a useful tool that most people in
the field of Mathematics are able to feed themselves! They either teach Mathematics or 'do' Mathematics which is considered useful for a living.
A tiny minority is supported for doing Mathematics for its own sake.

Mathematics for all?

If we insist that Mathematics be part of the core curriculum for all students then we must also make it a ffundamental right that all students
enjoy learning Mathematics! A renowned Carnatic musician once told me that Carnatic music enjoyed a huge revival some years ago, thanks to
the efforts of several yound musicians who created and nurtured a broad 'rasika' base. These young people revived the 'sabha culture' in Chennai
and hundreds of other small towns and villages throughout South India. Musicians young and old, amateur and accomplished, now have an
appreciative audience and can earn a decent livelihood.

Can we create a culture of enjoying Mathematics? Surely this is the only holistic solution to the problems discussed so far. This can happen
only if all stake holders really get a feel for the joy and thrill of doing, using and learning Mathematics. This seems a utopian dream given the
current state of affairs - unimaginative curricula, poor infrastructure, poorly prepared teachers ("Mathematicians are not interested in teaching
children, and teachers are not interested in doing Mathematics," says Paul Lockhart) and a culture of fear and anxiety as far as Mathematics is
concerned. But like all revolutions change must begin at both the individual / grassroots and the systemic level.

It we insist that Mathematics be part of the core currinulum for all students then we must also make it a fundamental right that
all students enjoy learning Mathematics.

At a systemic level we need to delink mathematical ability from intelligence. We need to help each child discover what they really love,
but also learn to love the things they do. we should stop using arcane mathematical problem solving skills as the main criterion for access to
resources such as education and jobs. have to urgently develop a broader base for assessing the aptitude and skills of our young. I am not
suggesting a watering down of standards, instead I am asking for a broad based system of evaluation which takes into account the multiple
facets of human intelligence, the capacity to be accountable and the more elusive quality of being a sensitive and responsible human being. A
radical shift in this area will wipe out cultural anxiety towards Mathematics.

At the level of curriculum, we need to be clear about our goals for Mathematics education. At the minimum we would like everyone to be
competent at numeracy, have sufficient critical understanding of data gathering and presentation so that they do not buy into false propaganda,
and have the reasoning ability to detect fallacious arguments. For a smaller number of people, the goal would be one of competence in the use
of Mathematics as a tool; for an even smaller fraction, to create new Mathematics rarely are creative mathematicians the programmed outcome
of a system-they turn to Mathematics in spite of any system, as they cannot but do Mathematics!).

The Mathematics curriculum framework outline in the NCF 2005 is an excellent document and goes a long way in living very clear
guidelines. However, there is an urgent need for a think tank of mathematicians, teachers and educational psychologists to create material
keeping these goals in mind. We need to teach numeracy in creative ways to that these skills are mastered and retained. Since they will be used
in daily practical situations, these skills should be evaluated through projects and games that simulate elevant situations, rather than through
stressful exams. Since Mathematics often builds on itself, concepts need to be revisited but in creative rather than repetitive ways. The whole
curriculum should be infused with the philosophy that Mathematics is the 'science of pattern recognitioin.' We need also to pay special attention
to how pattern recognition is assessed. I have had several students who would not appear good at conventional textbook Mathematics, but
nevertheless have a very strong spatial sense and are adept at recognizing patterns and solving logical puzzles. Children should have sufficient
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experience with solving meaningful problems and experience the thrill of having and insight. There is no ready made material available in the
market that reflects all these demands. As I have said earlier, it is urgent that we set aside resourecs to create or at least put together such
material in a coherent manner and train teachers to use them effectively.

At the level of the classroom, it is extremely important that a teacher creates a trui learning space. For such a space to be created there has
to be a relationship of trust and affection between the student and teacher. The teacher must really enjoy doing Mathematics so that his students
feel inspired. More importantly, he must help them understand their own fears and resistance to learning, and enable them to take ownership for
their own learning Twenty years of education at Center For Learning has taught us that all these are not romatntic pipe dreams, but very much
within the realms of possiblility.
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Mathematics and the National Curriculum Framework
— Indu Prasad

Mathematics is one of the oldest fields of knowledge and study and has long been considered one of the central components of human
thought. Some call it a science, others an art and some have even likened it to a language. It appears to have pieces of all three and yet is a
category by itself.

According to the National Curriculum Framework (NCF) 2005, the main goal of Mathematics education in schools is the 'mathematisation’
of a child's thinking. Clarity of thought and pursuing assumptions to logical conclusions is central to the mathematical enterprise. While there
are many ways of thinking, the kind of thinking one learns in Mathematics is an ability to handle abstractions and an approach to problem
solving.

The NCF envisions school Mathematics as taking place in a situation where :

Children learn to enjoy Mathematics rather than fear it.

Children learn "imprtrant" Mathematics which is more than formulas and mechanical procedures.

Children see Mathematics as something to talk about, to communicate through, to discuss among themselves, to work together on.
Children pose and solve meaningful problems.

Children use abstractions to perceive relationships, to see structures, to reason out things, to argue the truth of falsity of statements.

A

Children understand the basic structure of Mathematics : arithmetic, algebra, geometry and trigonometry, the basic content areas of
school Mathhematics, all of which offer a methodology for abstraction, structuration and generalisation.

7. Teachers are expected to engage every child in class with the conviction that everyone can learn Mathematics.
On the other hand, the NCF also lists the challenges facing Mathematics education in our schools as :
1. A sense of fear and failure regarding Mathematics among a majority of children.

2. A curriculum that disappoints both a talented minority as well as the non-participating majority at the same time.

3. Crude methods of assessment that encourage the perception of Mathematics as mechanical computation - problems, exercises,
methods of evaluation are mechanical and repetitive with too much emphasis on computation.

b

Lack of teacher preparation and support in the teaching of Mathematics.

hd

Structures of social discrimination that get reflected in Mathematics education often leading to stereotypes like 'boys are better at
Mathematics than girls. However the difficulty is that computations become significanly harder, and it becomes that much more
difficult to progress in arithmetic.

The NCF, therefore, recommends :

1. Shifting the focus of Mathematics education from achieving 'narrow' goals of mathematical content to 'higher' goals of creating
mathematical learning environments, where processes like formal problem solving, use of heuristics, estimation and approximation,
representation, reasoning and proof, making connections and mathematical comunication take precedence.

Page 137 of 155




2. Engaging every student with a sense of success, while at the same time offering conceptual challenges to the emerging Mathematician.
3. Changing modes of assessment to examine students' mathematisation abilities rather than procedural knowledge.
4. Enriching teaceher with a variety of mathematical resources.

A major focus of the NCF is on removing fear of Mathematics from children's minds. It speaks of liberating school Mathematics from the
tyranny of the one right answer found by applying the one algorithm taught. The emphasis is on learning environments that invite participation,
engage children, and offer a sence of success.

Methods of Learning

The NCF says that many general tactics of problem solving can be taught progressively during the different stages of school : abstraction,
quantification, analogy, case analysis, reduction to simpler situations, even guess-and-verify exercises, is useful in many problem-solving
contexts. Moreover, when children learn a variety of approaches (over time), their toolkit becomes richer, and they also learn which approach is
the best. Children also need exposure to the use of heuristics or rules of thumb, rather than only believing that Mathematics is an 'exact science'.
The estimation of quantities and approximating solutions is also an essential skill. Visualization and representation are skills that Mathematics
can help to develop. Modelling situations using quantities, shapes and forms are the best use of Mathematics, mathematical concepts can be
represented in multiple ways, and these representations can serve a variety of purposes in different contexts.

For example, a function may be represented in algebraic form or in the form of a graph. The representation 'p/q' can be used to denote a
fraction as a part of the whole, but can also denote the quotient of two numbers, 'p' and 'q'. Learning this about fractions is as important, if not
more, than learning the arithmetic of fractions. There is also a need to make connections between Mathematics and other subjects of study.
When children learn to draw graphs, they should also be encouraged to think of functional relationships in the sciences, including geology.
Children need to appreciate the fact that Mathematics is an effective instrument in the study of science.

The importance of systematic reasoning in Mathematics cannot be over-emphasised, and is intimately tied to notions of aesthetics and
elegance so dear to Mathematicians. Proof is important, but in addition to deductive proof, children should also learn when pictures and
constructions provide proof. Proof is a process that convinces a skeptical adversary; School Mathematics should encourage proof as a
systematic way of argumentation. The aim should be to develop arguments, evaluate arguments, make and investigate conjectures, and
understand that there are various methods of reasoning.

The NCF aslo speaks of mathematical communication - that it is precise and employs unambiguous use of language and rigour in
formulation, which are important characteristics of mathematical treatment. The use of jargon in Mathematics is deliberate, conscious and
stylled. Mathematicians discuss what appropriate notation is since good notation is held in high esteem and believed to aid thought. As chilfen
grow older, they should be taught to appreciate the significance of such conventions and their use. This would mean, for instance, that setting up
of equations should get as much coverage as solving them.

Organization of the Curriculum
The NCF recommends the following for different stages of schooling :

1. Pre-Primary : At the pre-primary stage, all learning occurs through play rather than through didactic communication. Rather than the
rote learning of number sequence, children need to learn and understand, in the context of small sets, the connection between word
games and counting, and between counting and quantity. Making simple comparisons and classifications along one dimension at a
time, and identifying shapes and symmetries, are appropriate skills to acquire at this stage. Encouraging children to use language to
freely express one's thoughts and emotions, rather than in predetermined ways, is extermely important at this and at later stages.
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2. Primary : Having children develop a positive attitude towards, and a liking for Mathematics at the primary stage is as important as
developing cognitive skills and concepts. mathematical games, puszzles and stories help in developing a positive attitude and in
making connections between Mathematics and everyday thinking. Besides numbers and number operations, due importance must be
given to shapes, spatial understanding, patterns, measurement and datea handling. The curriculum must explicitly incorporate the
progression that learners make from concrete to abstract while acquiring concepts. Apart from computational skills, stress must be laid
on identifying, expressing and explaining patterns, on estimation and approximation in solving problems, on maklng connections, and
on the development of skills of language in communication and reasoning.

3. Upper Primary : Here, studentss get the first taste of the application of powerful abstract concepts that compress previous learning and
experience. This enables them to revisit and consolidate basic concepts and skills learnt at the primary stage, which is essential from
the point of view of achieving universal mathematical literacy. Students are introduced to algebraic notation and its use in solving
problems and in generalisation, to the systematic study of space and shapes, and for cnsolidating their knowledge of measurement.
Data handling. representation and interpretatio form a significant part of the ability to deal with information in general, which is an
essential 'life skill'. The learning at this stage also offers an opportunity to enrich students' spatial reasoning and visualisation skills.

4. Secondary : Students now begin to perceive the structure of Mathematics as a discipline. They become familiar with the characteristics
of mathematical communication : carefully defined terms and concepts, the use of symbols to represent them, precisely stated
propositions, and proofs justifying propositions. These aspects are developed particularly in the area of geometry. Students develop
their facility with algebra, which is important not only in the application of Mathematics, but also within Mathematics in providing
justifications and proofs. At this stage, students integrate the many concepts and skills that they have learnt into a problem - solving
ability. Mathematical modelling, data analysis and interpretation taught at this stage can consolidate a high level of mathematical
literacy. Individual and group expolration of generalisation, making and proving conjectures are important at this stage, can be
encouraged through the use of appropriate tools that include concrete models as in Mathematics laboratories and computers.

5. Higher Secondary : The aim of the Mathematics curriculum at this stage is to provide students with an appreciation of the wide variety
of the application of Mathematics, and equip them with the basic tools that often conficting demands of depth versus breadth needs to
be made at this stage.

On Assessment, the NCF recommends that Board examinations be restructed, so that the minimum eligibility for a State certificate is
numeracy, reducing the instance of failure in Mathematics. At the higher end, it is recommended that examinations be more challenging,
evaluating conceptual understanding and competence.

The NCFs vision of excellent mathematical education is based on the twin premise that all students can learn Mathematics and that all
students need to learn Mathematics. It is, therefore, imperative that Mathematics education of the very highest quality is offered to all children.

Problem Posing

1. Ifyou know that 235 + 367 = 602, how much is 234 + 369? How did you find the answer?
2. Change any one digit in 5384. Did the number increase or decrease? By how much?

Source : NCF 2005

Indu Prasad is Head, Academics and Pedagogy, Azim Premji Foundation, Bangalore. Previous to this, she has been a school teacher in
special / inclusive schools for over 15 years in Karnataka and Tamil Nadu, working with children with varied neurological challenges. She
can be contacted at indu@azimpremjifoundateion.org
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Number : The Role of Pattern and Play in its Teaching
— Shailesh Shrali

Pre-history

The concept of number is crucial to Mathematics, yet its origin may forever be hidden from us, for it goes far back in time. Human beings
must have started long back to use the tally system for keeping records-livestock, trade, etc - but we may never know just when. A remarkable
discovery made in 1960 in Belgian Congo of the Ishango bone, dated to 20,000 years BP, suggestes that the seeds of Mathematical thinking
may go still further back than thought; for, carved on the bone are tally marks grouped in a deliberate .
manner, seemingly indicative of a Mathematical pattern (there is even a hint of a doubling sequence : 2, 4, W
8). However, until further evidence is uncovered, the matter must remain as speculation. See the
Wikipedia reference for more information.

Tally counting as a practice may well be as many as 50,000 years old; even today we use it to count,
in various contexts, e.g. in a class election.

Base ten number system

The notation we use today - the base ten or decimal system - has its origins in ancient practices. Long back the Babylonians used a system
based on powers of 60, and traces of that practice remain to this day - we still have 60 seconds in a minute, 60 minutes in an hour, 60 minutes in
a degree (for angular measure). Later the Egyptians developed a system based on powers of 10, in which each power of ten from ten till
amillion was represented by its own symbol. But this system differs from ours in a crucial way - it lacks a symbol for Zero.

A system of arithmetic without a symbol for zero sufferes from two difficulties. The first is that there is confusion between numbers like
23, which represents 2 tens and 3 units, and 203, which represents 2 hundreds and 3 units. Without the zerc symbol some way has to be found to
indicate that the 2 means "2 hundreds" and not "2 tens". This can be done, but it is quite cumbersome. But a greater difficulty is that
computations become significantly harder, and it becomes that much more difficult to progress in arithmetic.

The Greeks did not have a symbol for zero, and it is not surprising that the did not develop arithmetic and algebra the way the developed
geometyr, which they took to great heights. It was in India that the symbhol for zero came into being (probably as early as the 5" century), along
with the rules for working with it. Not coincidentally, arithmetic and algebra grew in a very impressive manner in India, in the hands of
Aryabhata, Brahmagupta, Mahavira, Bhaskaracharya-II, and many others.

On the other hand the ancient Indians did not progress anywhere as fat in their study of geometry. But it is striking that one area where the
methods of algebra and analysis either into geometry in a natural way, namely trigonometry, did originate in India (in the work of Aryabhata, 5®
century AD).

""Concepts are caught, not taught". It is only by actual contact with collections of objects that concepts form in one's brain.
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Abstraction and the number concept

Embedded in our brains is an extraordinary ability : the ability to form concepts; the ability to abstract common features and shared
qualities from collections of objects or phenomena. It is this ability that lies behind the creation of language, and it is this that enables us to
"invent" numbers. To understand what this means, think of a number, say 3. Is 3 a thing? Can it be located somewhere? No, it cannot; but our
brains have the ability to see the quality of "threeness" in collections of objcts: three fingers, three birds, three kittens, three puppies, three
people - the feature they share is the quality of threeness. This ability is intrinsic to the very structure of our brains. Were it not there, we would
never be able to learn the concept of number (or any other such concept, because any concept is essentially an abstraction).

Even in something as simple as tally counting - creating a 1-1 correspondence between a set of objects ad a set of tally marks - our brains
show an innate ability for abstraction : by willfully disregarding the particularities of the various objects and instead considering them as
faceless entities.

Realization of this insight has pedagogical consquence; for, as has been wisely said, "Concepts are caught, not taught". It is only by actual
contact with collections of objects that concepts form in one's brain. How exactly this happens is still not well understood, but I recall a
comment wich goes back to Socrates (the teacher's role is akin to that of a midwife who assists in delivery).

The inverntion of algebra represents one more step up the ladeer of abstraction. To illustrate what this means, let us examine these number
facts : 1+3=4, 3+5=8, 5+7=12, 7+9=16, 9+11=20. We see a clear pattern : the sum of two consecutive odd numbers is always a multiple of 4.
This statement cannot be verified by listing all the possibilities, for there are too many of them - indeed, infinitely many. But we can use
algebraic methods! We only have to translate the observation into the algebraic statement (2n-1) + (2n+1)=4n; this instantly proves the
statement. Such is the power of algebra and also the power of abstraction - and this ability too is intrinsic to our brains.

Number patterns

Another feature intrinsic to the brain is the desire and capacity for play. Most mammals seem to have it, as we see in the play patterns of
their young ones - and what a pleasing sight it can be, to watch kittens or puppies or baby monkeys at play! But human beings have a further
ability : that of bringing patterns into their play. When our love of play combines with the number concept and with our love of patterns,
Mathematics is born. For Mathematics is essentially the science of pattern.

It is crucial to understand the element of play in Mathematics; for one is told, repeatedly, of the utility of Mathematics, how it plays a
central role in so many areas of life, and how it is so important to one's career. But the element of play gets passed over in this view point; the
subject becomes something one must know, compulsorily, and the stage is set for a long term fearful relationship with the subject.

From the earliest times - in Babylon, Greece, China, India-there has been a playful fascination with number patterns and geometrical
shapes one can associate with numbers. From this are born number families - prime numbers, triangular numbers, square numbers, and so on.

Let us illustrate what the term "pattern" means in this context. We subdivide the counting numbers 1, 2, 3, 4, 5, 6, 7, §, ... into two families,
the odd numbers (1, 3,5, 7, 9, 11, ....), and the even numbers (2, 4, 6, 8, 10, 12, ...). If we keep a running total of the odd numbers here is what
we get : 1, 1+3=4, 1+3+5=9, 1+3+5+7=16, 1+3+5+7+9=25. Well! We have obtained the list of perfect squares!

There is a wonderful way we can show the connection between sums of consecutive odd numbers and the square numebrs; it is pleasing to
behold and incisive in its power at the same time. All we have to do is examine the picture below : this property is closely related to one about

Page 141 of 155




the trianglular numbers : the sequence 1, 3, 6, 10, 15, 21, 28, 36, 45, 55, ... formed by making a running total of the
counting numbers : 1, 1+2=3, 1+2+3=6, 1+2+3+4=10, etc. They are so called because we can associate triangular shapes
with these numbers.

There is just one red square; when we put in three green squares around it, they together make a 2 by 2 square; hence
we have 1+3=2 times 2.

Pur in the fice purple squares and now you have a 3 by 3 square; hence 1+3+5=3 times 3.
Put in the seven blue squares, and now you have a 4 by 4 square; hence 1+3+5+7=4 times 4. And so on!

There are two striking properties that connect the traingular numbers with the square numbers
(1, 4, 9, 16, etc), and consecutive triangular numbers is a square number; e.g., 1+3=4, 3+6=9,
6+10=16, ...; (II) if 1 is added to 8 times a triangular number we get a square e.g., (8 x 3)+1=25, (8
X 6)+1=49, (8 x 10)+1=81. : R Ronk e
Why is there such a nice connection? A lovely question to ponder over, isn't it? : Tt v T

Here is another pattern. Take any triple of consecutive numbers; say 3, 4, 5. Square the middle
number; we get 16. Multiply the outer two numbers with each other; we get 3 times 5 which is 15. Observe that 16-15=1; the two numbers
obtained differ by 1. Try it with some other triple, say 7, 8, 9 : 8 squared is 64, 7 times 9 is 63, and 64-63=1; once again we get a difference of 1.
Will this pattern continue? Yes, and it is easy to show it using algebra; but think of what pleasure discovering this can give a young child
playing with numbers!

We find a similar but more complex pattern with the famous Fibonacci sequence, which goes 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, ...; here, each
number after the first two is the sum of the preceding two numbers (e.g., 8=5+3). Repeat the computation with this sequence. With the triple 2,
3,5 we get : 3 squared is 9, and 2 times 5 is 10; the squared number is 1 less than the product of the other two. With the triple 3, 5, 8 we get : 5
squared is 25, and 3 times 8 is 24; now the 8 is 64, and 5 times 13 is 65; once again the squared number is smaller by 1. And so it goes - a
curious alternating pattern.

We see the same thing if we study collections of four consecutive Fibonacci numbers; for example. 1, 2, 3, 5. The product of the outer two
numebrs is 5, and the product of the inner two is 67; they differ by 1. Take another such collection : 3, 5, 8, 13. The product of the ouer two is
39, that of the inner two is 40; once again, a differene of 1. And again the alternativn pattern continues. Astonishingly, even nature sees fit to
use the Fibonacci numbers. If we keep records of the numbers f petals in various flowers, we find that the number is generally a Fibonacci
number. Study the spirals in which pollen grains are arranged in the center of a sunflower; there are spirals running in clockwise and
anticlockwise directions: you will find that the number of spirals of each kind is a Fibonacci number. Nature is just as fond of patterns as we
are!

Many years back I used a textbook called "Pattern and Power of Mathematics". It is a nice title for a textbook, for patterns are what the
subject is all about, and it is this that gives it its astonishing power. But - more important - it is this feature that makes us study the subject in the
first place.

Large numbers, small numbers

There are numebrs, and then there are large numbers Children naturally like large numbers, and many of them discover on their own that
there is no last number: however large a number one may quote, one only needs to add 1 to it to get a larger number. So the number world has
no boundary! There are some who make a similar discovery at the other end - with small numbers; I recall a student telling me, many years
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back, how she could make an unending sequence of tinier and tinier fractions, simply by halving repeatedly; she could not believe that such tiny
numbers could exist! She had made this wonderful discovery herself, and was very excited by it.

The ancient Indians loved large numbers, and here's a problem that shows this love. If I ask you to find a squared number that is twice
another squared number, you would never succeed, because there aren't any such pairs of numbers. (Why? - there's a nice story behind that, but
we cannot go into that now.) So we change the problem a little bit : I ask for a squared number which exceeds twice another squared number by
1. Now we find many solutions; e.g., 9 and 4 are squared numbers, and 9 - (2 x 4)=1. Here are some more solutions :

289 -2x144)=1,
9801 - (2x4900) = 1.

If we replace the word "twice" by "5 times" we find solutions to this too :

8l -(5x16)=1,
(161x161)-(5x72x72)=1,
and so on.

In the 7* centrury, Brahmagupta asked if we could find solutions with "5 times" replaced by "61 times". The smallest solution in this case
is very large indeed - yet Brahmagupta found it :

(1766319049 x 1766319049 - (61 x 226153980 x 226153980) = 1.
Feel free to verify the relation.

I think the date is significant : the Indians were asking such questions thirteen centuries back! The love of play has been there in all human
cltures, for a long time. There's no holding it back.

But now a strange thing happens. What began as play takes wing, and files away a mature subject, with an inner cohesiveness and structure
that is strong enough to find application in the world of materials, living bodies, and finance - the "real world". Such flights have happened two
dozen times or more in history, and no one really knows how and why they happen; but they do. Maybe it is God's gift to us. (But we do not
always use it as intended; the power of Mathematical methods also finds application in the design of bombs and unclear submarines and other
instruments of killing.)

Closing note
There are so many topics in which we can bring out the theme of pattern and play in Mathematics:

¢ Magic squares (arranging a given set of 9 numbers in a 3 by 3 array, or 16 numbers in a 4 by 4 array, so that the row sums, column
sums, diagonal sums are all the same); not only do these bring out nice number relationships, but in the course of the study one learns
about symmetry.

¢ Cryparithms (solving arithmetic problems in which digits have been substituted by letters; for example, ON + ON + ON + ON = GO;
many simple but pleasing arithmetical insights emerge from the study of such problems);
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¢ Digital patterns in the powers of 2 (list the nunits digits of the successive powers of 2; what do you notice? Now do the same with the
powers of 3; what do you notice?)

These examples are woven around the theme of number, but the principle extends to geometry in an obvious way. Here we study topics
like rangoli and kolam; paper folding; designs made with circles; and so on.

Alongside such activities, teachers could also raise questions relating to the role of Mathematics in society, for discussion with students and
fellow teachers; e.g., questions relating to the use of Mathematics for destructive purposes, or more generally, "When is it appropriate to use
Mathematics?"; or the question of why society would want to support mathematical activity. After all, most artists find partrons or buyers for
their art work, but mathematicians do not sell theorems for a living! Is it that policy makers see field to sustain themselves, by teaching or doing
useful Mathematics? The notion of usefulness takes us back to the question of appropriateness of usage. Such questions are not generally seen
as fitting into a Mathematics class, but there is clearly a place for them in promoting a culture of discussion and inquiry.

We need not try to make a complete listing here - it is not possible, because it is too large a list, and ever on the increase. Instead, we with
only to emphasize here that pattern and play are curcial to the teaching of Mathematics, for pedagogic as well as psychological reasons.

A great opportunity is lost when we make Mathematics into a heavy and serious subject reserved for the highly talented, and done under an
atmosphere of heavy competition. It denies the experience of Mathematics to so many.

Suggested Reading
1. http://en.wikipedia.org/wiki/Ishango bone
2. "Number, The Language Of Science" Tobias Dantzig.
3. "The Number Sense : How the Mind Creates Mathematics" Stanislas Dehaene.
4. http://en.wikipedia.org/wiki/History of Mathematics

Shailesh Shirali heads the Community Math Centre at Rishi Valley School. He is the author of many books in
Mathematics written for interested students in the age range 13-19 years. He serves as an editor of the undergraduate
sciene magazine 'Resonance’, and is closely involved with the Mathematical Olympiad movement in the country. He can
be contacted at shailesh_shirali@rediffmail.com

Soruce : Learning Curve, Azim PremjiFFoundation

Page 144 of 155




Culture in the Learning of Mathematics

— K. Subramaniam

At a recent workshop in Ahmedabad, we asked primary school teachers to talk about what their students do outside school, and whether it
involves any Mathematics. The teachers spoke a lot. Their pupils, who came from poor urban homes, helped their parents sell vegetables. They
made and sold kites, packetes bindi, agarbathis and many other things. They knew the price of vegetables for different units, knew how much
profit they would make from selling a 'kori' (unit of 20) of kites. Kites had to be assembled from paper sold in packets and sticks sold in bundles
- all in different units. Problems arose naturally whhile makin gdecisions about how much raw material to buy, how much to make and sell, how
much time to spend, and so on. Children, together with older siblings or adults, were finding their own ways of getting around these problems.
And all the time, they were dealing with numbers and Mathematics.

Almost no school curriculum gives any place to such 'everyday' Mathematics. At best there may be an attempt to add some
contextual details to enhance children's interest. Thus the Mathematics that children learn to do inside and outside school remain
separate and disconnected.

It was not the children telling us these things, it was the teachers. We asked them how they discovered that the children knew so much.
They replied that when the children absent themselves from school, they visit their homes to find the reason. They talk to the parents and often
find that the child was helping them " perhaps hawking vegetables while the mother went on an errand. We were happy that the teachers took
pains to ensure attendance, but we also felt a little uneasy with this reply. When we opened the worksheets prepared for the chidlren - this chain
of schools used their own worksheets rather than a regular textbook - we did not find anything of what we had just heard about the children's
lives. It struck us that teachers found out about the children's activities outside of the school, and not in the Mathematics classroom.

After some discussion with the teachers, we realized that they held strong beliefs about what counts as 'proper' Mathematics. A problem
used in a Dutch study, 'If a plar bear weights 350 kg, about how many children weigh the same as a polar bear', was for them not a good
problem, because it did not have all the data needed to solve it. The problems that the children were solving outside school often had incomplete
data, did not have a precise single answer, and the children used not have a precise single answer, and the children used informal methods of
solving them. So the teachers did not think that the children were really doing Mathematics. There seemed to be an invisible wall separating the
Mathematics in school and the thinking and figurin gthat the children did in the context of economically productive activities.

This story is not an unusual one. In many poor urban households, children participate in economic activities. In a different social or
geographical context, if one looks carefully, one will discover that here too children have opportunities to engage with Mathematics outside
school. Almost no school curriculum gives any place to such 'everyday' Mathematics. At best there may be an attempt to add some contextual
details to enhance children's interest. Thus the Mathematics that children learn to do inside and outside school remain separate and
disconnected. of course, the larger issue here is of the relation between the school curriculum and life outside school. Since Mathematics is an
abstract branch of knowledge, one may think that there is little to be said about its connection with culture and everyday life. Yet, many
researchers have studied the relation between 'everyday' and school Mathematics leading to important insights.

Advocates of constructivism, following Piaget, stress the fact that children don't enter schools with empty minds waiting to be filled - they
have already acquired complex knowledge in the domains that overlap with school Mathematics and science. Psychologists studying cognitive
development have constructed a detailed picture of the spontaneous conceptions that children acquire. The first wave of contructivism was
however criticised for focusing largely on individual learning. The criticism came from a broad range of perspectives that were more sensitive
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to the influences of culture and society. The implications of these critiques are still being worked out by researchers and thinkers in the
Mathematics education community. Here we will look at some of the ideas and possibilities that have emerged from this debate.

The pioneering studies of street Mathematics by Terezinha Nunes and her colleagues, the anthropological studies by Geoffrey Saxe of the
Mathematics of the Papua New Guinea communities, the studies by Farida Khan in the Indian context, and many other studies have revealed
how Mathematics arises spontaneously in the context of everyday activity. These studies have also shown how everyday' Mathematics differs
from school Mathematics. In everyday contexts, calculation is 'oral, and mostly uses additive build-up strategies. When an adult from the
Mushari tribe in Bihar was asked to give the cost of ten melons if each melono costed Rs.35, he did not 'add a zero to the right' to straight away
get 350. Instead, he first calculated the cost of 3 melons as Rs.105. Nine melons were Rs.315 and so ten melons were Rs.350. Exactly the same
procedure was used to solve the same problem by a Brazilian child vendor in Nunes' study. The 'add zero to the right' strategy is a part of
'written' Mathematics, and is uncommon in everyday Mathematics. Proportion problems are usually solved in the everyday world through a
build-up strategy rather than by using a 'unitary method' or the 'rule of three'. For example, consider the problem 'if 18 kg of catch yield 3 kg of
shrimp after shelling, how much catch do you need for 2 kg of shelled shrimp?' A fisherman in Nunes' study calculated it as follows : we get 1
1/2 kg of shelled shrimp from 9 kg of catch, so 1/2 kg from 3 kg of catch. Nine plus three is twelve. So 12 kg of catch would give you 2 kg of
shelled shrimp.

Since these procedures were oral, sometimes respondents forgot to complete a step of the calcultion, but the errors were usually small and
the ansers reasonable. Nearly always, the calculation model was accurate. In contrast, school children often use the wrong operation for a
problem and produce unreasonable answers. Culture and cognition seem to work together in everyday Mathematics to create a robust sense of
appropriate modelling. When children are presented with a problem that they can understand, and are encouraged to find their own way of
solving them, we see that their spontaneous solution procedures are often like those of everyday Mathematics. These findings have important
implications for teaching and learning Mathematics. One can for example, re-conceptualize learning trajectories so that the problems, concepts
and procedures of everyday Mathematics provide the springboard for more powerful mathematical concepts. The rich contexts that are familiar
to children provide valuable scaffolding while solving a problem, verifying that its solution is reasonable and looking at a problem from
different angles.

If we see cultural knowledge as merely a vehicle to deliver formal Mathematics that is otherwise 'difficult-to-swallow', then we may be
adopting a view which is too narrow. We cannot simply mine what is present in the culture as a resource to push a particular curricular agenda.
Putting cultural knowledge alongside formal knowledge leads us, as educators, to reflect more deeply about their relation. We need to not only
take from the culture sources of mathematical thinking, but also give back to the culture waht it values hightly. In the long run, if a form of
knowledge is to survive and flourish, it must have deep roots in the culture. We don't understand well the meeting points between disciplinary
knowledge and knowledge that is dispersed as part of culture. Is such culturally dispersed knowledge incommensurable with the academic
knowledge of the universities, as some thinkers in education have argued (Dowling, 1993)? Can the familiar dichotomies of folk vs formal
knowledge, or traditional vs. modern knowledge capture the relationship between the two kinds of knowledge? In some domains of knowledge,
cultural dispersion and transmission through formal institutions have both had a strong presence over long periods. A good example is classical
Indian music. Another example is traditional medical knowledge, which is now reproduced through modern educational institutions. Both music
and medicine as formal systems preserve a connection to the diversity of cultural forms - to popular music or to the many local and specific
healing traditions. Much of the knowledge that we seek to impart in school has no comparable cultural presence or diversity of forms of
expression.

Mathematics may have deep roots in our culture that we are still to become aware of. Among some members of the Mushari community,
there is an impressive knowledge of mathematical puzzles or riddles and their solutions. These puzzles are called 'kuttaka', which is the name of
a mathematical technique, whose oldest description is found in the Aryabhatiyam of the 5th Centruy CE. The 'kuttaka' is an important and
powerful technique, which led to important developments in Indian Mathematics. Brahmagupta, in the 6th Century CE referred to algebraic
techniques in general as 'kuttaka ganitha'. The Mushari puzzles, which involve the solution of equations, may preserve a connection to this
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deeper tradition of Mathematics. It is intriguing that such knowledge exists among a community which is very low in the social hierarchy. We
need a better understanding of the cultural transmission of mathematical knowledge between communities at different social strata. Culture can
support the reproduction and circulation of mathematical knowledge not just through work, but also, as the puzzles indicate, through play. The
revival of traditional art forms like music and their reshaping through digital technologies point to the possibilities of connecting art and
Mathematics that are still to be explored.

Viewing the relation between 'everyday' and formal Mathematics through a different lens shows that political considerations are also
relevant. As several writers have argued, with the growing dependence on mathematical science of modern technological societies, there is an
increasing withdrawal of Mathematics to more hidden layers distant from everyday life. Not only is the complex Mathematics that underlies
technological devices inaccessible to a lay person, but even everyday commerce may become emptied of mathematical thinking. With reagrd to
everyday finance, which is relevant to nearly everbody, technology seeks to make Mathematics redundant. Calculators, EMI tables for loans,
and other aids function as black-boxes that replace reasoning and calculation. This results in deskilling, and also takes attention and interest
away from the underlying Mathematics. In a small study that we did, we found profound lack of awareness among educated users about how
the credit card system operates and such critical issues as the effective rate of interest. Thus the increasing mathematization of society is
accompanied by the growing de-mathematization of its citizens. Since Mathematics is entrenched as an essential part of the school curriculum,
it begins to serve a different social function - that of weeding out large numbers from obtaining any access to the Mathematics and science that
decisively shape modern society.

The emergence of small-scale producation activities as a part of the informal sector, offers to poorer households a means of subsistence and
resistance against the harsh impact of changes in the organized economy. One cannot resist drawing a parallel in the light of the discussion on
de-mathematization. Against the increasing trend of de-mathematization, the emergence of Mathematics on the street or in the workplace is a
counter trend that resists the complete exclusion of the under-privileged from Mathematics. Of course such emergence by itself has no power to
provide access to significant Mathematics. But the institution of education can amplify this possibility; bringing everyday Mathematics into the
curriculum may prepare the way for bringing more Mathematics to wider sections of society.
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Ten Great Mathematicians

— H Subramanian

Introduction

It is not an understatement to say that there are essentially two subjects to study, viz. language and Mathematics. Everything else becomes
dependent on them eventually. All of science, including management and social sciences, borrow on Mathematical formulations for concepts.
The reason is simple. A precise and concise expression is made possible within the framework of Mathematics. Actually, the abstract layers of
certain structural behaviours are increasingly becoming visible in the context of challenging problems from time to time. In this respect,
Mathematics is also taken as another language - a symbolic one. Which Mathematicians can be singled out to have induced this transformation?

On a personal note, let me narrate an event. I was presenting a result as a Ph.D. student in Madurai to a visiting renowned Mathematician
Nathan Jacobson from yale University, USA. He listened and finally asked a two-word question "Then what?" I was totally nonplussed. Later, I
found an eye-opener in his question. If a result just closes as an issue, it is not big deal. If it leaves a door open for further thoughts, it is a great
contribution. Which Mathematicians can be recognized using this screener?

There are several worthy names to consider. It is a hard choice to select just ten persons in the history of Mathematics who have influenced
its development and changed the perception of the subject over time. My personal choices are Euclid, Fermat, Newton, Euler, Lagrange, Gauss,
Cauchy, Riemann, Hilbert and the nom deplume Bourbaki. There are several geniuses who have missed the hit list. One may wonder why I
have not included, say, the German physicist Albert Einstein (1879-1955), the Russian Mathematician Andrey Kolmogorov (1903-1987), the
Indian Mathematician Srinivasa Ramanujan (1887-1919) or some ancient Indian Mathematicians. Einstein will find his place as one of the ten
great physicists as he changed the perceptin of physics by his relativity theory. Kolmogorov is recognized as the founder of axiomatic
probability theory influencing a lot of stochastic methods; but he does not spell a structural influence in Mathematics. Ramanujan is outright
marvelous for his strong intuitive contributions; however this genius does not spur a change of perception of Mathematics. As there will be a
separate article on ancient. Indian Mathematicans, I am not considering them.

Let me take up the ten cases now. I have chosen to list them in the order of the years theylived. In my opinion, the follower in the list was,
at least indirectly, influenced by the work of the earlier ones.

It is not the final result of Fermat's Last Theorem by itself that is great; but the techniques that have been developed to get a correct
proof for it makes it stupendous.

1. Greek Mathematician Euclid (around 300 BC)

The first axiomatic treatment in Mathematics was started by Euclid. His structure of proofs in geometry based on postulates about points
and lines is a major conceptual contribution. His division algorithm for natural numbers is the most used one and the general Euclidean domains
in future Mathematics emerged on that principle.
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It is important to assess Euclid's achievements in the historic context of what was perceived as Mathematics before his time. It was a
folklore understanding that it is all about practical computations in arithmetic and measurements of geometrical objects. Since around 1700 BC,
numerical, algebraical and geometrical methods are attributed to Babylonian Mathematics. Later, a level of practical arithmetic and mensuration
developed in Egypt and Italy. Much later approximately in the 7th to 6th centuries BC, we recognize the Greek Pythagorus and his contributions
to geometry. Further on, Hippocrates is credited for circular arcs and areas; and, the logical thinking Zeno (remember his paradox!) introduced
the concept of divisibility into infinite parts. During 430-349 BC, Plato's directions into philosophy dominated the conceptual frame of thought.
Aristotle (384-322 BC) overlapped Plato's time with his say in formal logic and algebraic notation. By early 4th century BC, ideas of irrational
numbers, geometric formulation of areas, algebraic procedures and even integration took roots.

It was Euclid's Elements (see Heath [Hea56]). Appollonius's conics and Archimedes's Analysis that has been recognized as serious
Mathematics for centuries. The condification of geometry can be attributed to Euclid. We can say that Euclid, Archimedes and Appollonius
made one great age of Mathematics.

It must be said that a relevant and practical Mathematics was persented in abstraction by Euclid. Such abstracting process has gained

currency to transform Mathematics to unbelievable levels over time.

( )
Descriptive geometry as well as algebra dominated the thinking during the first few centuries of AD. Menelaus, Ptolemy and

Pappus developed synthetic geometry and Diophantus carried the banner of algebra, influenced by the Oriental thought.

From time immemorial to around 12th century AD, the growth in Mathematical thinking can be felt in terms of (i) computational
arithmetic transforming to algebra and (ii) measuring geometrical entities (including studies in astronomy and spherical trigonometry)
changing to the synthetic version of geometry like the ingredients of projective geometry. What happened during the next 400 years in
mostly unknown. It mostly pertains to the contributions by Indians, Arabs and Greeks passing into the western world of Europe.

As it happened later in history, geometry went beyond Euclid's postulates. Geometry, as learnt today, is enmeshed in algebra. The
key was the coordinatisation of geometry. The credit for this goes to Rene Descartes (1596-1650) (see Descartes [Des37]). For the next
200 years, significant achievements in Mathematics were focussed mainly on number theory and analysis. But Riemannian geometry
(1894) brought another realm of geometric focus. Some other developments in geometry happened in the 19" century. Along with some
significant revelations in foundations through set theory, a thought provoking model of non-Euclidean geometry surfaced. The Russian
Mathematicians Nikolay Ivanovich Lobachesky (1792-1856) and the Hungarian Mathematician Janos Bolyai (1802-1860), during the
years 1826-1823, questioned Euclid's parallel postulate and obtained the geometric models without this postulate.

- J

2. French Mathematician Pierre de Fermat (1601-1665)

Fermat was the great number theorist. Without going into all his work, especially on prime numbers, let us onlyh touch upon his
remarkable scribbling in the margin space of his copy of the book by Diophantus. He mentioned that the space was insufficient to write his
proof about the impossibility of a nonzero integer solution of the diophantine equation x* + y* = z" for n > 3 unleashed a significant trend
thereafter in number theory and algebra to unravel his intended proof. This is familiarly known as Fermat's Last Theorem. The German
Mathematician Emst Kummer (1810-1893) gave a false proof of this result based on a mistaken understanding of a certain factorization of x" +
y" as irreducible and unique. But he corrected his mistake soon and laid the seed for the modern ideal theory in rings.
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Many other Mathematicians like Euler, the French Mathematician Adrien-Marie Legendre (1752-1833), the German Mathematician
Johann Peter Gustav Lejeune Dirichlet (1805-1859) and Cauchy tried in vain to reconstruct the apparent proof that Fermat might have intended.
They succeeded only on the cases n = 2; 4; 5 of Fermat's Last Theorem. With the advent of computers, most sophisticated computer methods
were harnessed to verify this result; but they did not succed. Fermat's work was actually published posthumously in the year 1679. A settlement
on this issue took about 400 years. We refer to Edwards [Edw77] and An drew Wiles [Wil95] to appreciate the vast realm and technicality of
Mathematics that it createed on this matter.

It is not the final result of Fermat's Last Theorem by itself that is great; but the techniques that have been developed to get a correct proof
for it makes it stupendous.

3. British Mathematician Sir Isaac Newton (1643-1727)

Newton was the most original contributor among the 17th century Mathematicians. The binomial theorem for rational exponents led to the
ideas of infinite series. Obtaining areas by the method of summation of infinite subtparts can be attributed to many people, Archimedes onwards
to the British Mathematician John Walls (1616-1703). The idea of differentiation goes back to the French Mathematician Blaise Pascal (1623-
1662), who is credited also for the invention of digital calculators. In this background, both Newton and the German Mathematician and
philosopher Gottfried Wilhelm Leibniz (1646-1716) attempted the fundamental principle of calculus, viz. the inverse process of differentiation
is integration. Leibniz got to calculus independently during 1673-1676 from the works of the British Mathematician Isaac Barrow (1630-1677)
and Pascal. Newton got to calculus from the ideas of his teacher Barrow as well as Fermat and Walls. Both Newton and Leibniz were unable to
establish calculus on sound logical basis. Newton included in his work (see Newton [New87]) a short offhand explanation of calculus. This was
the greatest of all scientifc treatises; in it can also be found the greatest of scientific treatises; in it can also be found the greatest of scientific
generalizations, viz. the law of gravitation. Newton's aim was to understand nature.

Newton later on explained his calculus on rates of change. In this process, he used the binomial theorem for integral exponents and
generalized the same for rational exponents. Leibniz used the idea of infinitesimally small differentials, denoted by dx and dy and tried
(unsuccessfully) to explain his method in terms of sums and quotients of these. We are using this notation even today. The method of
differentials became the mainspring of Mathematical developement duringthe course of 18th and 19th centureis AD. Leibniz's influence on the
European continent was far greater than Newton's. Continuity of functions was an intuitively accepted phenomenon in the earlier rounds of
thinking. Fortunately for the progress of Mathematics, Newton and Leibniz took for granted that all functions have derivatives. It was difficult
enough to obtain an acceptable notion about it. To the differential calculus thus discovered was added the opposite contruction of the integral
calculus; and the work of Archimedes was belatedly rediscovered. After sometime, it was realized that certain functions might be represented
by power series also. Mechanics, even for Newton, led to considering functions as integrals of differential equations. The infinitesimal
geometry of curves, extended to surfaces, demanded the introduction of equations with partial derivatives, necessary also for mechanics of
vibrating cords. A study of periodic phenomena led to the consideration of trigonometric series. The original classic by the French
Mathematician Jean-Baptiste-Joseph Fourier (1768-1830) (see Fourier [Fou22]) contains the basic ideas in this regard, although with no rigour.
Thus each forward step in Mathematics engendered, by a chain of creations, the introducation of new entities which were used as tools for other
studies and other creations.

Newton's contribution changed the face of both Mathematics and physics.

4. Swiss athematician Leonhard Euler (1707-1783)

The Bernoulli family from Switzerland, running through mid 17" century to late 18" century, were fired with enthusiasm for dirrerential
calculus. Euler was Johann Bernoulli's student. He, in his treatise (see Euler [Eul48]), brought the concept of function and infinite processes into
analysis. Euler was one of the founders of calculus of variations and differential geometry. Both are applications of differential calculus, to
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cases in which a function depends on another function or curve in calculus of variations and to general properties of curves and surfaces in
differential geometry. After Fermat, Euler was the greatest number theorist. The Euler totient function has its claim of importance in number
theory. It extended a Fermat result on prime numbers to nonprime numbers also. Euler's formula in radicals for quartic equations is the Ist such
case because Abel proved later that it is impossible to obtain such formulas for fifth and higher degrees. His method of exeraction of square
roots modulo prime numbers and continuation of certain work by Fermat is another contribution that led Gauss to explore sitll further. He made
strides into continued fractions. In 1779, he also posed a certain conjecture on orthogonal Latin squares; but it took nearly 200 years to prove
Euler wrong (see Parker [Par59} and Bose, Shrikhande and Parker [BS59] & [BSP60]). His calculus of quotients of qualitative zeroes and
operating with sums of divergent series created furore. Euler also contributed to Mathematical physics.

While Greeks put everything side by side, all aspects of real numbers did not merge with the Greek heritage. While this is so, it seems that
the later developments from the beginning of 17" century happended through a perception of compelling need to expand, analyze and
rationalize various aspects together. Euler is to be credited for his wide-spread contributions in Mathematics, though he was seen to lack
soundness in logical foundations. After Newton and Leibniz, the pioneering 18th centruy Mathematician was Euler.

5. Italian-French Mathematician Joseph-Louis Lagrange (1736-1813)

Born in Italy, Lagrange had a carrer in Prussia and later moved to France. In the context of the French Revolutionary period, we note the
establishement of Ecole Polytechnique in the year 1794. Lagrange and Pierre-Simon Laplace (1749-1827) were its first teachers. Lagrange's
contribution is in a variety of subjects - algebra, number theory, analysis and mechanics. His interpolation formula is one of the most applicatble
results in numerical analysis. The result in group theory known today as "the order of an element in a finite group divides the number of
elements in the group" is attributable to his work extending Euler's congruence (see on the preceding page) that absorbed Fermat's congruence.
He continued Euler's work on continued fractions. He discovered a rule for existence of multiple roots of a polynomial based on the greatest
common denominator of the polynomial with its derivative. He is the cofounder, with Euler, of calculus of variations. In his works (see
Lagrange [Lag88] & [Lag97]) on mechanics and analysis, he uses deductive logic to bring mechanics in the framework of rigorous
Mathematical analysis. Lagrange's theory of functions, the graphical representation of complex numbers obtained in 1813-1814 by the Swiss
Mathematician Jean-Robert-Argand (1768-1822) and the imaginary period of elliptic functions explained by Abel in the year 1824 led Cauchy
to the so-called integral theorem continuation of Euler with a difference. He brought a level of abstraction that paved a smoother path for future
Mathematicians.

6. German Mathematician Carl Friedrich Gauss (1777-1855)

Gauss was one of the first to feel the need for rigour in Mathematics. In the year 1796, at the age of 19, he studied the Euclidean
constructions in geometry; arrived at the notions of contructible numbers; and, created a setting for all algebraic numbers of certain types to be
considered. The phrases used today like Gaussian integers, Gaussian channel acknowledge his remarkable contributions in related areas. In
1799, he proved that every polynomial equation with complex coefficients has a root. In the year 1801, he contributed (see Gauss [GauOl]) to
number theory in terms of theory of congruences and quadratic reciprocity; these are enormously significant results. His quadratic reciprocity
law enabled many numerical calculations without effort. He conjectured that for infinitely many prime numbers p, p-1 is the least number such
that p divides 10*! -1. This conjecture is still unresolved. He provided the basic result, known today as Gauss Lemma, that enables construction
of unique factorization domains. He contributed (see Gauss [Gau28]) to differential geometry exploiting the parametric representations.

It is often the case that serious researchers today look backwards to Gauss for inspiration. Another reason for them to do this is to make
sure that this giant has not already introuduced their ideas.
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7. French Mathematician Augustin Louis Cauchy (1789-1857)

It was Cauchy who succeeded in introducing clarity and rigour. He was "forced to accept propositions which may seem a little hard to
accept; for example, that a divergent series does not have a sum". He introduced, with precision, the necessary definitions of limit, of
convergence, and thus made possible, in a short time, great advances in areas which had been finally clarified.

Actually at the beginning of 19 century, Cauchy closed one period in the history of Mathematics and inaugurated a new one which would
appear to be less hazardous. He ruthlessly tested the product of three centuries, establishing an order and a rigour unknown before. He rejected
as too vague the habitual appeals to "generality of the analysis" and determined the conditions of validity of statements in analysis with rigorous
definitions of continuity, of limits, of different sorts of convergences of sequences or series, which he provided. In the early 19* century, Abel
described the state that Mathematics was in when he entered it thus : "Divergent series are completely an invention of the devil, and it is a
disgrace that any demonstration should be based on them. One can draw from them whatever one wishes when they are used they are the ones
that have produced so many failures and paradoxes. Even the binomial theorem has not yet been rigoursly demonstrated. Taylor's theorem, the
base of all higher Mathematics, is just as poorly established. I have found only one vigorous demonstration of it that of Cauchy."

In the year 1825, Cauchy proved the well-known integral theorem of complex functions. At the core foundation level, he offered a
construction of the real number system. Also constructed the real number system. Much later in the year 1895, the German Mathematician
George Cantor (1845-1918) formulated (see Cantor [Can95]) the theory of sets and introduced how to reason in a framework. In doing so, he
justified Cauchy's construction of real numbers to be the same as two other versions created by the German Mathematicians Richard Dedeking
(1831-1916) and Kari Weirstrass (1815-1897). We refer to the complete works of Cauchy in [Cau74] for his detailed contributions.

We can say that Cauchy and Cantor started the age of reason. It is Cauchy who laid the strong foundation of Mathematics by insisting on
logical reasons to prevail at every level.

8. German Mathematician Georg Bernhard Riemann (1826-1866)

During the mid-19* century, Riemann ruled the development of future Mathematics beyound the imagination of othose times. One of his
masterpieves of work is complex function theory. His geometric intuition in complex analysis in terms of conformal mappings and the so-called
Riemann surfaces, his method of handling differential form for arc length, curvature tensor etc. (in the year 1854) involving ideas found useful
and essential later in general relativing ideas found useful and essential later in general relativity and his conjecture (in the year 1859) that is
still unresolved going by the name Riemann Hypothesis and which has unleashed an unsurpassed level of Mathematical developements - all
these qualify him as the undisputed master and genius.

Riemann's Hypothesis remains one of the most intriguing conjectures in all of Mathematics. It is difficult to describe it without going into
some Mathematical vocabulary. It states that all the nontrivial zeroes of a certain complex - valued function of a complex variable, described in
terms of an infinite series, must have real part euqal to 1/2, The subject matter of this unresolved conjecture has triggered valuable research in
analytical numbers theory and complex function theory. Riemann Hypothesis is still unproved. But serveral thousands of zeroes have been
verified to fall in place by use of computers.

The Riemann Hypothesis, if found true, would have enormous consequences in number theory. For instance, it would establish a better
handle on the nature of distribution of prime numbers. No one would have thought about a connection between prime numbers and analytic
functions.

We refer to Riemann's works (see Riemann (Rid90]). We also refer to Laugwitz [Lau99] to find how Mathematics changed since Riemann.
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9. German Mathematician David Hilbert (1862-1943)

The German Mathematician David Hibert (1862-1943) provided the steering wheel for most of the Mathematical developments during the
20™ century by his 23 famous problems presented in his address to Second International Congress of Mathematicians at Paris (see Brouder
[Bro76]). The surge in ideas contributed by these problems was huge. Though these challenging problems developed furture Mathematics to a
great extent, some of his expectations were belied later. A notable one was his own student Godel's result (see Godel [Go40]) in logic proving
that arithmetic cannot be simultaneously consistent (meaning both a statement and its oppisite cannot be true) and complete (meaning either a
statement or its opposite is true); that was contrary to Hibert's intuition. Hilbert's contribution, in the year 1906, to the theory of infinite
dimensional spaces is immense. Hilbert is remarkable for his conceptualizatin of certain earlier trend - setting problems. In the second half of
19* centrury, problems in electrostatics and potential theory led to a study of integral equations. In the year 1877, the United States
Mathematician George William Hill studied matrices of infinite size relating them to perturbation theory of lunar motion. And, in the year 1900,
Ivar Fredholm discovered the algebraic analogue of the theory of integral equations. Henri-Leon Lebesgue laid the ground work with measure
theory for the later contributions by Banach and Frechet to generalize Hilbert's work. In the year 1922, the Austraian - Hungarian (later
territorially Polish) Mathematician Stefan Banach studeied the aspects of "geometrizing" the spaces. And the French Mathematician Maurice-
Rene Frechet, in the year 1928, generalized these further. Hilbert's contributions in commutative algebra, diophantine euqations, number theory
etc. are equally noteworthy.

Hibert's list of problems kindled so much of research activity during the first five decades of 20th century that this peirod is known as the
golden age of Mathematcis.

10. Nicolas Bourbaki (1935-continuing)

A group of Mathematicians (mainly French) go together under this pseudonym. Nicolas refers to an ancient Greek hero from whom a
French General Charles Soter Bourbaki apparently descended. When Andre Well was a first year student in Ecole Normale Superieur. He
attended a lecture by a senior student, who mockingly presented false theorems and attributed them to various French generals. The last and
most ridiculous theorem was named after this Bourbaki. Andre Weil, Henri Cartan, Claude Chevalley, Jean Dieudonne and a few others, all
young under 30 years of age, were passionate to bring about changes in future currinulum of Mathematics. Their thought was to publish books
from a conceptual and fundamental standpoint. The idea of a forum was born and it was named after Bourbaki, with humour intended.

The first Bourbaki Congress was in the year 1935. The group decided on certian rules for themselves. Membership is limited to 9. Each
member would retire at the age of 50. They would meet three or four times a year, each time for a week or two, for a total discussion on the
various projects. All members should participate to the same extent that a member is expected to. They should use only axiomatic framework
and structural classification of Mathematics to write the books that are agreed to be written. No references could be cited other than a Bourbaki
book in line. Everyone would prepare a presentation of a topic or a chapter for the book and all others would discuss the material in entirety.
Together they would arrive at the final version. There is no authorship and the publishing will go under the name Bourbaki. Bourbaki's aim was
to publish high-class text-books quickly. The target size of a book was about 1000 pages running into approximately 10 chapters with the target
time set for about 6 months. Their initial list of books is :

a) Book I. Set Theory

b) Book I1.Algebra
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c¢) Book III. Topology

d) Book IV. Functions of One Real Variable Variable
e) Book V. Topological Vector Spaces

f) Book VI. Integration

The project moved slowly; only certain chapters were completed by 1942 because of World War II and members going abroad. Roger
Godemont, Jean-Pierre Serre, Pierre Samuel, Laurent Schwartz, Samuel Eilenberg were recruited as new members. By 1958, the books were
completed. By then, some founding members stedpped down and Alexander Grothendieck, Serge Lang, John Tate joined.

Meanwhile Mathematics had grown to a considerable extent, also owing to the inuence of Bourabaki. Members felt that they were not
universal Mathematicians to join in all the book projects. However, the decision of Bourbaki was even if not universal, their interest to
participate in that, everything was mandatory. No membre could stay on the principle of their speciality contribution only. About the rigidity of
linear order of arrangement of the topics in books, compromise was made that an organic development would be acceptable without disrupting
the unity of Mathematics and structural aspects. The earlier six books needed revisions so new projects could build on them. Bourbaki carried
out these and also completed by the year 1980 quite a few chapters in three more books, viz.

a) Book VII. Commutative Algebra
b) Book VIII. Lie Groups and Algebras
c¢) Book IX. Spectral Theory

Yer another one (Differential and analytic varieties) completed by Bourbaki was just a summary of results and nto a full exposition of
thougths. It was just to help the organization of other books.

The various titles of Bourbaki books given here are written in English. Actually, the titles and the work were in French. The first 6 books
were later translated into English by Bourbaki.

Bourbaki also publishes several survey articles on advancede topics with their interntion to reach out these topics to nonspecialists. These
titles emerge after intensive seminars held frequently.

Bourbaki certainly set standards for what a professional Mathematician should know. They brought out books aimed as text-books but they
are more like reference books or encyclopedia-cum-treatise-cum-monograph or whatever. What will be the future of Bourbaki? Will their book
porjects die? Will their seminars and publications take over the main Bourbaki engagement? Will specialists only prevail under Bourbaki
banner? The basic starting reason for Bourbaki is the unity of Mathematics. History shows that survival.

Conclusion

Like I said in the beginning, language and Mathematics are the only two sujbects that are characteristically fundamental. Through them, we
can handle whatever appropriate expressions are needed to convey ideas in essence (abstraction) and lead these ideas to explore further thoughts
(concretisation). They have become essential and irreplaceable in our daily life. The selected Mathematicians in this article have amply fortified
this and made future embellishments a distinct possibility.
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