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INSTRUCTIONS TO STUDENTS

Pictures/figures are provided for many items/situations for better understanding of
the concepts in the text book.You have to read them carefully in relation with the
concepts.

Clarify your doubts with the help of your teachers while you are doing the activites
related to the concepts time to time.

"Do this’Problems are meant to test your progress immediately after learning a
concept.So you have to do these problems on your own.Check these with your teacher.

"Try these”items in every chapter are provided to sharpen your ideas and
thoughts.some logic will be there behind these questions.You have to try all these
questions with out fail.

Do this and Try these problems are meant to solve in the class room under the
guidance of your teacher.Do not leave them at all.

The questions under “Think discuss and write” are given to test your analytical ability. You
can answer these questions by discussing in groups.

The exercises given at the end of some sub topics arerelated to the concepts learned
to a particular level.You try to solve these problems on your own.Do not copy them
from guides and from other sources.

Some projects given in in the textbook are meant to be done with proper plan and
guidance with the teacher.you can do this in a group.A reportis to be submitted at the
end of the project.

Some blank spaces are provided in tables,try these exercises to facilitate you to
answer quickely.You can fill it in the text book it self.

Every student is required to finish the day's work on the same day it self.Donot post
pone it.You may feel burden later.

Try to collect some more information to create some similar problems based on the
concepts you have learned.Ask your friends to solve your questions.

Games,Puzzles provided in the textbooks shall encourage you to feel joy in doing
maths.For recreation collect some more .

You should always connect the concepts learned in the class with other subject ar-
eas and situations out side the class room.

You have to develop abilities with regard to academic standards prescribed at the
end of the text book based on the syllabus .The academic standards at the second-
ary level are based on a) Problem solving 2)Reasoning and Proof 3)Mathematical
communication 4)Connections 5)Representation.

You have to go through various reference books,Internet,Forums for finding different
ways of solutions for a problem and for better understanding of the concepts.

Optional exercises are provided to think critically to solve certain problems.These
exercises will help you to face Talent tests conducted at national level on par with
other students.

The appendix chapter “Mathematical modelling” will help you to know modelling of
mathematical concepts in the fields of business,Agriculture,Stock markets etc,You
can see the connection of mathematics with different areas.

Syllabus is also provided at the end of the textbook for your reference that how you
are making your progress.You can also compare with others.

We wish you all the best

SIGNS AND SYMBOLS OF SCHOOL MATHEMATICS

Sign/symbol Read as Mathematical meaning
+ plus or minus Add or Substract
% not equal to unequal
therefore logical flow of a statement
infinite not finite

1s similar to

same in geometrical shape

is congruent to

same shape and same size

is identically equal to

equivalent statements

for all

universal quantifier

square root of

square root of a number

cube root of

cube root of a number

Tln|>le | S| D|CS S i || 81: -

cup of union of sets

cap of intersection of sets

phi symbol for golden ratio

percent of per hundred

degree angle measure

delta / triangle symmetric difference in sets/symbol of triangle
belongs to an element belong to a particular set

equivilent to one to one correspondence

a, B,y alfa,beta,gamma greek lettetrs to represent zeroes of polynomial
U mu universal set symbol
T pi circumference of a circle / diameter
(0} sigma sum of scores

sin 0, cos 0, tan O|  sin theta,cos theta,tan theta| trigonometric ratios

X X bar arithmetic mean

10ga X log x to the base a logarthemic function

(a, b) point (a, b) ordered pair (a, b)
Lx| mod x absolute value of a real number

P(X) P of x a polynomial function in x

P(E) P of E probability of an event
Since reasoning at a stage
3 rupee symbol of Indian rupee
| | is parallel to parallel lines
1 is perpendicular to making 90 degree with a line

flower bracket

used to set notation

]/36 arc PQ arc of a circle

a’ a square square of a number

/S angle symbol of angle

0 theta measurement of an angle
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Foreword

Education is a process of human enlightenment and empowerment. Recognizing
the enormous potential of education, all progressive societies have committed themselves
to the Universalization of Elementary Education with a strong determination to provide
quality education to all. As a part of its continuation, universalization of Secondary
Education has gained momentum.

In the secondary stage, the beginning of the transition from functional mathematics
studied upto the primary stage to the study of mathematics as a discipline takes place.
The logical proofs of propositions, theorems etc. are introduced at this stage. Apart from
being a specific subject, it is connected to other subjects involving analysis and through
concomitant methods. It is important that children finish the secondary level with the
sense of confidence to use mathematics in organising experience and motivation to
continue learning in High level and become good citizens of India.

I am confident that the children in our state Telangana learn to enjoy mathematics,
make mathematics a part of their life experience, pose and solve meaningful problems,
understand the basic structure of mathematics by reading this text book.

For teachers, to understand and absorb critical issues on curricular and pedagogic
perspectives duly focusing on learning in place of marks, is the need of the hour. Also
coping with a mixed class room environment is essentially required for effective transaction
of curriculum in teaching learning process. Nurturing class room culture to inculcate
positive interest among children with difference in opinions and presumptions of life style,
to infuse life in to knowledge is a thrust in the teaching job.

The afore said vision of mathematics teaching presented in State Curriculum Frame
work (SCF -2011) has been elaborated in its mathematics position paper which also
clearly lays down the academic standards of mathematics teaching in the state. The text
books make an attempt to concretize all the sentiments.

The State Council for Education Research and Training Telangana appreciates the
hard work of the text book development committee and several teachers from all over the
state who have contributed to the development of this text book. | am thankful to the
District Educational Officers, Mandal Educational Officers and head teachers for making
this possible. | also thank the institutions and organizations which have given their time in
the development of this text book. | am grateful to the office of the Commissioner and
Director of School Education for extending co-operation in developing this text book. In
the endeavor to continuously improve the quality of our work, we welcome your comments
and suggestions in this regard.

Place : Hyderabad Director
Date : 17 October, 2013 SCERT, Hyderabad
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Preface

With this Mathematics book, children would have completed the three years of
learning in the elimentary classes and one year of secondary class. We hope that
Mathematics learning continues for all children in class X also however, there may be
some children from whom this would be the last year of school. It is, therefore, important
that children finish the secondary level with a sense of confidence to use Mathematics in
organizing experience and motivation to continue learning.

Mathematics is essential for everyone and is a part of the compulsory program for
school education till the secondary stage. However, at present, Mathematics learning does
not instill a feeling of comfort and confidence in children and adults. It is considered to be
extremely difficult and only for a few. The fear of Mathematics pervades not just children
and teachers but our entire society. In a context where Mathematics is an increasing part
of our lives and is important for furthering our learning, this fear has to be removed. The
effort in school should be to empower children and make them feel capable of learning
and doing Mathematics. They should not only be comfortable with the Mathematics in the
classroom but should be able to use it in the wider world by relating concepts and ideas of
Mathematics to formulate their understanding of the world.

One of the challenges that Mathematics teaching faces is in the way it is defined.
The visualization of Mathematics remains centered around numbers, complicated
calculations, algorithms, definitions and memorization of facts, short-cuts and solutions
including proofs. Engaging with exploration and new thoughts is discouraged as the
common belief is that there can be only one correct way to solve a problem and that
Mathematics does not have possibilities of multiple solutions.

Through this book we want to emphasize the need for multiple ways of attempting
problems, understanding that Mathematics is about exploring patterns, discovering
relationships and building logic. We would like all teachers to engage students in reading
the book and help them in formulating and articulating their understanding of different
concepts as well as finding a variety of solutions for each problem. The emphasis in this
book is also on allowing children to work with each other in groups and make an attempt
to solve problems collectively. We want them to talk to each other about Mathematics and
create problems based on the concepts that have learnt. We want everybody to recognize
that Mathematics is not only about solving problems set by others or learning proofs and
methods that are developed by others, but is about exploration and building new arguments.
Doing and learning Mathematics is therefore about each person coming up with her own
methods and own rules.
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Class X is the final year of secondary level students and their have already dealt
about the consolidation of initiations. They have already learnt also to understand that
Mathematics consists of ideas that are applied in life situations but do not necessarily
arise from life. We would also like children to be exposed to the notion of proof and recognize
that presenting examples is not equivalent to proof with modeling aspects.

The purpose of Mathematics as we have tried to indicate in the preface as well as
in the book has widened to include exploring mathematization of experiences. This means
that students can begin to relate the seemingly abstract ideas they learn in the classrooms
to their own experiences and organize their experiences using these ideas. This requires
them to have opportunity to reflect and express both their new formulations as well as
their hesitant attempt on mathematizing events around them. We have always emphasized
the importance of language and Mathematics interplay. While we have tried to indicate at
many places the opportunity that has to be provided to children to reflect and use language.
We would emphasise the need to make more of this possible in the classrooms. We
have also tried to keep the language simple and close to the language that the child normally
uses. We hope that teachers and those who formulate assessment tasks would recognize
the spirit of the book. The book has been developed with wide consultations and | must
thank all those who have contributed to its development. The group of authors drawn from
different experiences have worked really hard and together as a team. | salute each of
them and look forward to comments and suggestions of those who would be users of this
book.

Text Book Development Committee
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OurR NATIONAL ANTHEM
- Rabindranath Tagore

Tava shubha name jage,

Tava shubha asisa mage,
Gahe tava jaya gatha,
Jana-gana-mangala-dayaka jaya he
Bharata-bhagya-vidhata.

Jaya he, jaya he, jaya he,
Jaya jaya jaya, jaya he!

PLEDGE




CHAPTER

Real Numbers

1.1 INTRODUCTION

"God made the integers. All elseisthe work of man" — Leopold Kronecker.

Lifeisfull of numbers. Imagine the moment you were born. Y our parents probably
noted the time you were born, your weight, your length and the most important, counted
your fingers and toes. From then, numbers accompany you throughout life.

What are the other contexts where you deal with numbers?

We use the numbers to tell our age to keep track of our income and to find the
savings after spending certain money. We measure our wealth also.

In this chapter we are going to explore the notion of the numbers. Numbers play a
fundamental role within the realm of mathematics. We will come to see the richness of
numbers and delve into their surprising traits. Some collection of numbers fit so well
together that they actually lead to notions of aesthetics and beauty.

Let uslook in to apuzzle.

In agarden of flowers, aswarm of beesis setting in equal number on flowers. When
they settle on two flowers, one bee will be left out. When they settle on three flowers, two
beeswill beleft out. When they settle on four flowers, three beeswill beleft out. Similarly,
when they settle on five flowers no bee will be left out. If there are at most fifty bees, how
many bees are there in the swarm?

Let us analyse and solve this puzzle.
Let the number of bees be 'X'. Then working back words we see that x < 50.

If theswarm of beesisdividedinto 5 equal groupsno beewill beleft, which trand ates
to x = 5a + 0 for some natural number 'a’.



2 Class-X Mathematics

If the swarm isdivided into 4 equal groups 3 beeswill beleft out and it trandatesto
x =4b + 3 for some natural number b.

If the swarm is divided into 3 equal groups 2 bees will be left out and it trandates to
x = 3c + 2 for some natural number c.

If the swarm isdivided into 2 equal groups 1 bees will be left out and it trandates to
x = 2d + 1 for some natural number d.

That is, in each case we have a positiveinteger y (in this exampley takes values 5,
4, 3 and 2 respectively) which divides x and leavesremainder 'r' (inour caseriso, 3, 2
and 1 respectively), that is smaller than y. In the process of writing above equations,
unknowingly, we have used Division Algorithm.

Getting back to our puzzle. To solve it we must look for the multiples of 5, which
satisfy all the conditions, because x = 5a + 0.

If anumber leavesremainder 1 whenitisdivided by 2 we must consider odd multiple
only. In thiscase i.e. 5, 15, 25, 35, 45 etc. Similarly if we check for the remaining two
conditions you will get 35.

Therefore the swarm of bees contains 35 bees.

Let us verify your answer.

When 35 is divided by 2, the remainder is1. That can be written as
BH=2x17 +1

When 35 is divided by 3, the remainder is 2. That can be written as
3H=3x11+2

When 35 is divided by 4, the remainder is 3. That can be written as
35=4x 8+3

and when 35 is divided by 5, the remainder is'0". That can be written as

3H=5x7+0

L et us conclude this. For each pair of positive integers a and b (dividend and divisor
respectively), we have found the whole numbers q and r (quotient and remainder
respectively) satifying the relation

a=bq+r,0<r<b

Free Distribution by T.S. Government 2018-19



Real Numbers 3

p7/ Do THis

Find g and r for the following pairs of postiveintegersa and b, satisfyinga=bq +r.
(i) a=13, b=3 (i) a=80, b=8 (i) a=125 b=5

(iv) a=132, b=11

J

',,,/[" THINK AND Discuss

| In Questions of above "DO THIS", what is the nature of g and r?

Theorem-1.1: (Divison Algorithm) : Given positive integers a and b, there exist unique
pair of integersg and r satisfying a=hbq+r, 0<r <h.

This result, was first recorded in Book VII of Euclid'sElements. Euclid'salgorithm
is based on this division agorithm. Let us apply division algorithm.

Euclid's algorithm is a technique to compute the Highest common factor (HCF) of
two given integers. Recall that the HCF two positive integers a and b is the greatest
positive integer d that divides both a and b.

Let usfind the HCF of 60 and 100, through the following activity.

ACTIVITY

Take two paper strips of equal width and 60 cm, and 100 cm long. To find the
maximum length of astrip which can measure both the strips without leaving any part.

Take 60 cm strip and measure the 100 cm strip with it. Cut off the left over 40 cm.
Now, take this 40 cm strip and measure the 60 cm strip with it. Cut off the left over 20
cm. Now, take this 20 cm strip and measure the 40cm with it. Cut off the left over 20
cm. Now take this left over 20cm and measure the previously used 20 cm measuring
strip. They coincide with each other, which means nothing is left over.

Therefore you may conclude that, 20cm strip isthe longest strip which can measure
both 60 cm and 100 cm strips without leaving any part.

Free Distribution by T.S. Government 2018-19



4 Class-X Mathematics

Let us link the process we follwed in the "Activity" to

Euclid's algorithm to get HCF of 60 and 100.

When 100 is divided by 60, the remainder is 40
100=60 x 1+ 40

Now consider the division of 60 with the remainder 40 in the above and apply the
divison lemma

60=40 x 1+20

Now consider the division of 40 with the remainder 20, and apply the division
lemma

40=20 x 2+0

Notice that the remainder has become zero, and we cannot proceed any further. We
claim that the HCF of 60 and 100 isthe divisor at this stage, i.e. 20. (You can easily verify
this by listing all the factors of 60 and 100.) We observe that it is a series of well defined
steps to find HCF of 60 and 100. So, let us state Euclid's algorithm clearly .

To obtain the HCF of two positive integers, say ¢ and d with ¢ > d, follow the steps
below:

Sep 1 : Apply Euclid's division lemma, to ¢ and d. So, we find unique pair of whole
numbers, gandr suchthat c=dgq+r,0<r <d.

Sep2 : Ifr=0,distheHCFof candd.If r # O, apply thedivisionlemmatodandr.

Sep 3 : Continue the processtill the remainder iszero. The divisor at this stage will be
the required HCF.

This agorithm works because HCF (c, d) = HCF (d, r) where the symbol HCF (c, d)
denotes the HCF of ¢ and d, etc.

- Find the HCF of the following by using Euclid algorithm.
(i) 50and 70 (i) 96 and 72 (itf) 300 and 550
(iv) 1860 and 2015

Free Distribution by T.S. Government 2018-19



Real Numbers 5

LA
| Can you find the HCF of 1.2 and 0.12? Justify your answer.

THINK AND Discuss

Euclid's algorithm is useful for calculating the HCF of very large numbers, and it
was one of the earliest examples of an algorithm that a computer had been programmed to
carry out.

Remarks:

1 Euclid's divison lemma and agorithm are so closely interlinked that people often
call former as the division algorithm also.

2. Although Euclid's Division Algorithm is stated for only positive integers, it can be
extended for al integersa and b whereb # 0. However, we shall not discuss this
aspect here.

Euclid's division lemma/algorithm has several applications related to finding
properties of numbers. We give some examples of these applications below:

Example 1 : Show that every positive even integer is of the form 2q, and that every
positive odd integer is of the form 2g + 1, where q is some integer.

Solution : Let a be any positive integer and b = 2. Then, by division algorithm, a = 2q +
r, for someinteger q>0,and r =0 or r =1, because0O<r<2. So, a=2q or 2q+ 1.

If a isof theform 2q, then aisan eveninteger. Also, apositive integer can be either
even or odd. Therefore, any positive odd integer is of the form 2g + 1.

Example 2 : Show that every positive odd integer is of the form 4q + 1 or 49 + 3, where
g is some integer.

Solution : Let a be apositive odd integer, and b = 4. We apply the division algorithm for
aandb=4.

a=4q+r,forq>0,and 0<r <4, the possible remaindersare 0, 1, 2 and 3.

That is, a can be 4q, or 49 + 1, or 4q + 2, or 4q + 3, where q is the quotient.
However, sinceaisodd, a cannot be 4q =2 (2q) or 4q + 2 = 2(2g+1) (since they are both
divisible by 2).

Therefore, any odd integer is of theform 4q + 1 or 49 + 3.

Free Distribution by T.S. Government 2018-19



6 Class-X Mathematics

<3 Exercist - 1.1

1 Use Euclid's algorithm to find the HCF of
(i) 900 and 270 (ii) 196 and 38220 (iii) 1651 and 2032

2. Use division algorithm to show that any positive odd integer is of the form 6q + 1,
or 6g + 3 or 60 + 5, where q is some integer.

3. Use division algorithm to show that the square of any positive integer is of the
form 3p, 3p + 1.

4, Use division agorithm to show that the cube of any positive integer is of the form
9m, 9m+1or 9m+ 8.

5. Show that one and only oneout of n,n+ 2 or n+ 4 isdivisible by 3, wherenisany
positive integer.

1.2 THe FUNDAMENTAL THEOREM OF ARITHMETIC

We know from Euclid division lemma for given positive integers a and b there
exist unique pair of integers g and r satifying
a=bqg+r, 0<r<b

; _,jf‘ THINK - Discuss

If r =0, then what is the relationship between a, bandqin a =bqg+r of
‘ Euclid divison lemma?

From the above discussion you might have concluded that if 'a’ isdivisible by 'b'
then we can say that 'b' is afactor of 'a'.

For example we know that 24 =2x12
24=8x3
=2Xx2%x2x3

We know that, if 24 = 2 x 12 then we can say that 2 and 12 are factors of 24. \We can
asowrite24 =2 x 2 x 2 x 3and you know that thisis the prime factorisation of 24.

Free Distribution by T.S. Government 2018-19



Real Numbers 7

Let us take any collection of prime numbers, say 2, 3, 7, 11 and 23. If we multiply
some or all of these numbers, allowing them to repeat as many times as we wish, we can
produce infinitely many large positive integers. Let us observe afew :

2xX3x11=66 7x 11 x 23=1771
3 x 7 x 11 x 23=5313 2x 3 x 7 x11x 23=10626
2% x 3 x 7°=8232 22 % 3x 7 x 11 x 23=21252

Now, let us suppose your collection of primes includes all the possible primes.
What is your guess about the size of this collection? Does it contain only afinite number
of primes or infinitely many? In fact, there are infinitely many primes. So, if we multiply
all theseprimesin all possibleways, wewill get aninfinite collection of composite numbers.

Theorem-1.2 : (Fundamental Theorem of Arithmetic) : Every composite number can
be expressed (factorised) as a product of primes, and this factorization is unique,
apart from the order in which the prime factors occur.

This gives us the Fundamental Theorem of Arithmetic which says that every
composite number can be factorized as a product of primes. Actually, it says more. It says
that any given composite number can be factorized as a product of prime numbersin a
‘unique’ way, except for the order in which the primes occur. For example, when we
factorize 210, weregard 2 x 3 x 5 x 7assameas3 x 5 x 7 x 2, or any other possible
order in which these primes are written. That is, given any composite number there is one
and only one way to write it as a product of primes, aslong aswe are not particular about
the order in which the primes occur.

In general, given acomposite number x, we factorize it asx = p,.p,.p,.....0,, where
Py P, Py, P, @€ primes and written in ascending order, i.e, p, < p, <... <p,. If we
combine the equal primes, we will get powers of primes. Once we have decided that the
order will be ascending, then the way the number is factorised, is unique. For example,
27300= 2 X 2X 3x5x5x7x13=22x 3x 5 x 7 x 13

Express 2310 as a product of prime factors. Also see how your friends have
factorized the number. Have they done it same as you? Verify your final product with

your friend’s result. Try thisfor 3 or 4 more numbers. What do you conclude?

Let us apply fundamental theorem of arithmetic
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8 Class-X Mathematics

Example 3. Consider the numbers of the form 4" where n is a natura number. Check
whether there is any value of n for which 4" ends with zero?

Solution : If 4"isto end with zero for anatural number n, it should be divisible by 2 and 5.
Thismeans that the prime factorisation of 4" should contain the prime number 5 and 2. But
it is not possible because 4" = (2)>" so 2 isthe only prime in the factorisation of 4". Since 5
IS not present in the prime factorization, there is no natural number n for which 4" ends
with the digit zero.

You have already learnt how to find the HCF (Highest Common Factor) and LCM
(Lowest Common Multiple) of two positive integers using the Fundamental Theorem of
Arithmetic in earlier classes, without realizing it! This method is also called the prime
factorization method. Let us recall this method through the following example.

Example-4. Find the HCF and LCM of 12 and 18 by the prime factorization method.
Solution : Wehave 12=2x2x 3=22x 3
18=2 x« 3 x3=21« 3
Notethat HCF (12,18) = 2' x 3'=6 = Product of thesmallest power of each
common prime factor of the
numbers.

LCM (12,18) =22 x 3 =36

Product of thegreatest power of each
prime factor of the numbers.

From the example above, you might have noticed that HCF (12, 18) x LCM (12,
18) = 12 x 18. In fact, we can verify that for any two positive integers a and b,
HCF (a, b) x LCM(a, b) =a x b. We can use thisresult to find the LCM of two positive
integers, if we have already found the HCF of the two positive integers.

~~ Find the HCF and LCM of the following given pairs of numbers by prime

factorisation method.
(i) 120,90 (ii) 50, 60 (iii) 37,49

Do THis

TRrRY THIS

7
M Show that 3" x 4™cannot end with the digit O or 5 for any natural numbers
‘mand 'm
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/5 EXERCISE - 1.2

1.. ;Express each of the following numbers as a product of its prime factors.
(i) 140 (i) 156 (iii) 3825 (iv) 5005 (v) 7429

2. FindtheLCM and HCF of thefollowing integers by the primefactorization method.
(i) 12, 15and 21 (i) 17,23,and 29  (iii) 8,9 and 25
(iv) 72 and 108 (v) 306 and 657

3. Check whether 6" can end with the digit O for any natural number n.

4. Explanwhy7 x 11 x 13+13 and7 x 6 x 5 x 4 x 3 x 2 x 1+ 5arecomposite
numbers.

5. How will you show that (17 x 11 x 2) + (17 x 11 x 5) is a composite number?
Explain.

6. What isthe last digit of 6.

Now, let us use the Fundamental Theorem of Arithmetic to explore real numbers
further. First, we apply thistheorem to find out when the decimal from of arational number
is terminating and when it is non-terminating, repeating. Second, we use it to prove the
irrationality of many numberssuch as /2, \/3and /5.

1.2.1 RATIONAL NUMBERS AND THEIR DECIMAL EXPANSIONS
Till now we have discussed some properities of integers. How can you find the
preceeding or the succeding integers for a given integer? You might have recalled that the

difference between an integer and its preceeding or succeding integer is 1. And by this
property only you might have found required integers.

In calss 1X, you learned that the rational numbers would be in either aterminating

decimal form or a non-terminating, repeating decimal form. In this section, we are going

p p
to consider arational number, say a(q #0) and explore exactly when the number q

isaterminating decimal, and when it isanon-terminating repeating (or recurring) decimal.
We do so by considering certain examples

Let us consider the following terminating decimals.
(i) 0.375 (i) 1.04 (iii)) 0.0875  (iv) 12.5
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10 Class-X Mathematics

Now let us express them in P form.

i) 0375 378 3735 (i) 1.04_ 104 10;1
1000 10 100 10

875 875 125 125

iii) 0.0875=——=—" iv) 125===2

(i 10000  10* ) 10 10"

We see that all terminating decimals taken by us can be expressed in g form

whose denominatorsare powersof 10. Let us now factorize the numerator and denominator
and then express then in the simplest form :
375 3x5* 3 3
Now (i 0375=—=—"F—F=—>==
® 10° 2°x5° 2° 8
104 2°x13 26 26

iy 104——2_£X1>_ 20
(i) 17 22x5 5 25

875 5x7 7 7

iy 0.0875— N\ L
(i) 10° ~ 2°x5°  2°x5 80
125 5 25
V) 125=2_ > _ 2
(V) 10 2x5 2

Have you observed any pattern in the denominators of the above numbers? It
appears that when the decimal is expressed in its smplest rational form then p and g are
coprime and the denominator (i.e., ) has only powers of 2, or powers of 5, or both. This
Is because 2 and 5 are the only prime factors of powers of 10.

From the above examples, you have seen that any rational number inits a decimal
form that terminates, can be expressed in arational form whose denominator is a power of

p
2 or 5or both. So, when wewrite such arational number, in q form, the primefactorization

of gwill bein 2"5™, where n, m are some non-negative integers.

We can write our result formally :
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Theorem-1.3: Let x bearational number whose decimal terminates. Then x can be

p
expressed in the form of q’ where p and g are coprime, and the prime factorization

of g isof theform 2"5™ where n, m are non-negative integers.

. Do THis

2 D
Write the following terminating decimals in the form of a g=0andp, qae
co-primes
(i) 15.265 (i) 0.1255  (iii)) 0.4 (iv) 23.34 (v) 1215.8
Write the denominators in 2'5™ form.

You are probably wondering what happens the other way round. That is, if we have

arational number in the form of q and the prime factorization of q is of the form 2"5™,

p
where n, m are non-negative integers, then does q have aterminating decimal expansion?

: . p :
S0, it seems to make sense to convert arational number of the form q’ whereqis

a
of theform 2"5™, to an equivalent rational number of the form b wherebisapower of 10.

Let us go back to our examples above and work backwards.

() S=>=

3 3x5 3715 26 26 13x2° 104
2 x5 10°

=2 _0375 () Se=g =% .o =10 =+

8

7 7 x5 875 25 5 125
I 4 — 00875 (v) D=2 __22_
(i) z M5 =55 10

V. — 12.5
80 2'°x5 2*x5* 10

S0, these examples show us how we can convert arational number of the form g ,
where q is of the form 2"5™, to an equivalent rational number of the form % , Wherebisa
power of 10. Therefore, the decimal forms of such arational number terminate. We find
that arational number of theform g where g isapower of 10, is aterminating decimal.

So, we conclude that the converse of theorem 1.3 isalso true which can beformally
stated as :
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Y
Theorem 1.4 : Let x = q be arational number, such that the prime factorization of

gisof theform 2"5™, where n and m are non-negative integer s, then x has a decimal
expanson which terminates.

Do THis

~ Write the denominator of the following rational numbers in 2'5™ form where n
and m are non-negative integers and then write them in their decimal form

.3 T L. bl ) 14
() 1 (ii) 25 (iii) o (iv) o5 V) 100

1.2.2 NON-TERMINATING, RECURRING DECIMALS IN RATIONAL NUMBERS

L et us now consider rational numbers whose decimal expansions 01428571
7&1(11)0[130
are non-terminating and recurring.

7
1
Let uslook at the decimal conversion of —. -
1 L ©0
- = 0.1428571428571 ..... which is a non-terminating and 28
recurring decimal. Notice, the block of digits'142857' isrepeating in the @0
) 14
guotient.
60
Noticethat thedenominator i.e., 7 can't bewritten in theform 2"5™. 56

Write the following rational numbers in the decimal form and
find out the block of repeating digits in the quotient.

T y 2 5 _ 10
)3 i (i 7 W I3

From the 'Do this exercise and from the example taken above, we
can formally state:

p
Theorem-1.5: Let x = — bearational number, such that the primefactorization of q

isnot of theform 2"5™, wheren and marenon-negativeintegers. Then, x hasadecimal
expansion which is non-terminating repeating (recurring).

From the above discussion, we can conclude that the decimal form of every rational
number is either terminating or non-terminating repesating.
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Example-5. Using the above theorems, without actual division, state whether decimal form
of the following rational numbers are terminating or non-terminating, repeating decimals.

Solution :

16 25 . 100 .
0 s @ 3 i) gy V) 75

16 16 16't inating decimal
() 125 5x5x5 5 IS aterminating decimal.

25 25
i 3 32 2% 2% 2x2x2 2

is aterminating decimal.

100 100 _10 termini esting decimal
(iii) 81 3x3x<3x<3 3 as non-terminating, repeating decimal.

M a1
('V) 75 3x5x5 3x5

> Isanon-terminating, repeating decimal.

Example-6. Writethedecima form of thefollowing rational numberswithout actual division.

Solution :

35 21 N £
() 50 (i) 55 (iii) 3

x5 7 7
0 5 50 2%5x5 2x5 10"

=0.7

21 21x 2° 21x4 84
(i) = - s = 084
25 B5x5 b5x5x2° 5x22 10

7 7  7x5 _ 7x25 875
8 2x2x2 2 (2x5) (2x5] (10)

@) — =0.875

"~ ExercIse - 1.3

1. Write the following rational numbers in their decimal form and also state which
are terminating and which are non-terminating, repeating decimal.

3
(l)g

o292
(ii) 200 (iii) 5 (iv) 1 ) 15 125

2. Without performing division, state whether the following rational numbers will
have a terminating decimal form or a non-terminating, repedti ng decimal form.

(i)

(vi)

13 .
35 ()15 (i) 455 (V) 1600 (V) 343

. 129
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3. Write the following rationals in decimal form using Theorem 1.4.

_ 13 . 15 23 7218 143
0 > 0 5 () Sz (V) Z= ™ 170

p
4. Express the following decimals in the form of q and write the prime factors of

g. What do you observe?
(i) 43.123 (i) 0.1201201 (iii) 4312 (iv) 063

1.3 IRRATIONAL NUMBERS

InclasslX, youwereintroduced toirrational numbersand some of their properties.
You studied about their existence and how the rationals and the irrational s together made
up the real numbers. You even studied how to locate irrationals on the number line.
However, we did not prove that they were irrationals. In this section, we will prove that
J2, /3, J5and \/p ingenerd isirrational, where pisaprime. One of the theorems, we
use in our proof, is the fundamental theorem of Arithmetic.

Recdl, area number iscdled irrational if it cannot be written in the form g

where p and g are integers and gq# 0. Some examples of irrational numbers, with which
you are already familiar, are:

J2, /3, V15, w, 0.10110111011110..., etc.

Before we prove that /2 isirrational, we will look at a theorem, the proof of
which is based on the Fundamental Theorem of Arithimetic.

Theorem-1.6 : Let p be a prime number. If p divides @, (where ais a positive integer),
then p divides a.

Proof : Let the prime factorization of aisasfollows:
a=pp,...p,wherep,, p,, ...., p, are primes, not necessarily distinct.
Thereforea® = (pp, ... p.) (PP, ... P) = P*P% ... P°.

Now, we are given that p divides a’. Therefore, from the Fundamental Theorem of
Arithmetic, it followsthat pisoneof the primefactorsof @, How ever, using the uniqueness
part of the Fundamental Theorem of Arithmetic, we realise that the only prime factors of
a’are py,p,,...p, Sopisoneof p, p, ... p,,

Now, sincea=p,p, ... p,, p divides a.
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_Verify the theorem proved abovefor p=2, p=5andfora’=1, 4, 9, 25, 36, 49, 64
and 81.

We are now ready to give a proof that /2 isirrational. We will use a technique
called proof by contradiction.

Example 7. Show that /2 isirrational.

Solution : Let us assume /2 isrational.

r
If it isrational, then there must exist two integersr and s (s# 0) such that /2 = S

If r and s have a common factor other than 1. Then, we divide by the common

a
factor to get /2 = b , where a and b are co-prime. So, b,/2= a.

On squaring both sides and rearranging, we get 2b? = a2 Therefore, 2 divides a2
Now, by Theorem 1.6, it follows that since 2 is dividing a2, it aso divides a.

So, we can write a = 2c for some integer c.

Substituting for a, we get 2b? = 4¢?, that is, b? = 2¢2.

Thismeansthat 2 divides b?, and so 2 divides b (again using Theorem 1.6 with p=2).
Therefore, both a and b have 2 as a common factor.

But this contradicts the fact that a and b are co-prime.

This contradiction has arisen because of our assumption that /2 isrational. Thus

our assumption isfalse. So, we conclude that /2 isirrational.

In general, it can be shown that /g isirrational whenever d isapositive integer

which is not the square of another integer. As such, it followsthat /6, /8, V15 /24 etc.
are dl irrational numbers.

In class 1 X, we mentioned that :

® the sum or difference of arational and an irrational number isirrational and

d the product or quotient of a non-zero rationa and irrational number isirrational.

We prove some particular cases here.
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Example-8. Show that 5— /3 isirrational.
Solution : Let us assume that 5— /3 isrational.

a

That is, we can find coprimesaand b (b #0) suchthat 5— /3 = b
a

Therefore, 5 = J3

a
weget /3 =5 3

Since a and b are integers, 5—% isrational, and /3 isalso rational.

But this contradicts the fact that /3 isirrational.
This contradiction has arisen because of our assumption that 5— /3 isrational.

So, we conclude that 5 — /3 isirrational.
Example-9. Show that 3,/2 isirrational.

Solution : Let us assume, the contrary, that 3,/2 isrational.

a
i.e., we can find co-primesa and b (b #0) suchthat 3.,/2 = b

a
we get \f:3—.

a
Since 3, a and b are integers, L isrational, and so /2 is rational.

But this contradicts the fact that /2 isirrational.
So, we conclude that 3 /2 isirrational.

Example-10. Provethat /2 + /3 isirrational.
Solution : Let us supposethat \/2 + /3 isrational.

a
Let /2 + 3 = p+ Wherea, bareintegersand b# 0

a
Therefore, (/2= B—@ .
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Squarring on both sides, we get

2
2— %+3— 2% J3
Rearranging
2
%\/5 = % +3-2

2

S
2 b2

S=2t

2ab

2

a“+b

2

Since a, b are integers, isrational, and so /3 isrational.

This contradicts the fact that /3 isirrational. Hence /2 ++/3 isirrational.

=z

ote:
The sum of two irrational numbers need not be irrational.

For example, if a= /2 andb =—/2, then both a and b areirrational, but a + b =
O whichisrational.

2. The product of two irrational numbers need not be irrational.

For example, a=./2 and b =3./2, where both aand b are irrational, but
ab= 6 whichisrational.

27| Exercise - 1.4

\._i-h__&‘.'.
=

1 Prove that the following are irrational.

1
)75 () J3+46 ([i)6+ 2 (V)5 (V) 3+25

2. Prove that \/p +./q isan irrational, where p, g are primes.

1.4 EXPONENTIALS REVISTED
We know
Thepower 'a™ of anumber 'a’ with natural exponent 'n' is the product of 'n’ factors

eachof whichisequal to'a’ i.e a =ala[alll&

n—factors
20,21,22 28 . are powers of 2
3P 3F B are powers of 3
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We aso know that 81 iswritten as 3%, it issaid to bein exponential form. 81 = 3%,
the number '4' isthe 'exponent’ or ‘index’ and 3 isthe'base’. weread it as" 8listhe
4th power of base 3".

Recall the laws of exponents
If &, barerea numbersa # 0, b # 0and m, n are integers, then
1 m n — Amn- 1 abm— mbm (E]m:a_m
@i)am a"=a™n, (i) (ab)™=am. (iii) b o
(iv) @Mn=am

1

via®=1 (vi)a™m= T

()2 (i) (473 (i) O° () (1) (v) (0.25) (v) @ (i) (1%)

2. () Express 10, 100, 1000, 10000, 100000 is exponential form
(b) Express in simplest exponential form
(i) 16x 64 (i) 25x 125 (iii) 128 ~ 32

ExPONENTIAL AND LOGARITHIMS

We have exponentials with rational number as exponents
52 represents the square of 5, and 5 is the square root of 52
5° represents the cube of 5, and 5 is the cube root of 5°
517 = BI7310 represents 100" root of '5' raised to 173th power of '5'
Let us Observe the following
2 =4=22¢givesx=2
3 =81=3*qgivesy=4
107 = 100000 = 10° givesz=5
Can we find the values of x for the following?
=5, x=7, 100=5
If so, what arethe values of x?
For 2= 5, What should be the power to which 2 must be raised to get 5?

Therefore we need to establish a new relation between x and 5.
Let us observe the following. Can we imagine the possible rel ation between x and 5?
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1
If x=-2 then 22= 2 =025
1
Ifx=-1 then 2—12520.5
Ifx=0 then 2°=1=1
Ifx=1 then 2'=2=2
If x=2 then 22=4=4

Let us look for a relation among the terms of 0.25, 0.5, 1, 2, 4 in the light of
addition and Multiplication observe as follows.

1x 025=0.25

2 x025=05

4 x025=1

8 x025=2

16x0.25=4

For any value of X, it is easy to evaluate the product. Can you imagine the

Corresponding value of xin order to get the given product? In such situation, anew relation
logarithm is introduced.

y = 2* For which values of x, y becomes 5? By observing if x= 1then y=2'=2,
if x=2theny=22=4,if x= 3 theny = 23 =8 we observe that x lies between 2 and 3.
Does the value of x is near to 2 or 3? But the value of x is near to 2.
If 2x=5, here x is defined as logarithm of 5 to the base 2.
Symbolically itisrepresented as x = log,5
Let us consider one more example :
If 10Y = 25 then it can be represented asy = log, 25 or y =log 25,
logarithms of a number to the base 10 are called common logarithms.
The general form of logarithm as follows
In general, for a>0,a #1 N >0 and a, N are real numbers we define
if & = N then x = log N.

&9 Do - THis

(1) Write the following in logarithmic form.

. N R o1
(i) 7=2 (i) 10="5° (|||)8—1—3 (iv) 100 = 107 (|V)E—4

(2) Write the following in exponential form.

(i) log,,100=2 (ii) log.25=2 (iii) log,2=1
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@ TRy THis

prZag
Solve the following

(i) log,32 = x (ii) log.625 = y (iii) l0g,, 10000 = z

(iv)log16=2 [0 x*=16 = Xx= %4, Isitcorrect or not?

GRAPH OF EXPONENTIAL 2*
Let usdraw the graph of y = 2*
For this we compute the value of 'y’ letting the values for 'X'. we get

x | 3] =] a2l o] 2] 2 |3
> T L g o | 4 |
Y18 | 2| 2

We plot the points and connect them with smooth curve.

Note that as x increases, the value of y = 2*increases. As'X' decreases the value of
y = 2* decreases very close to O, but never attains the value O.

Let usthink, if y= 2*then
for which value of x, y becomes - g)_f'
5?

We know that, in the graph
Y —axisrepresents the value of 2%,
What does X - axis represent? we
observethat X —axisrepresentsthe | e Q

value of x. Locate the value of 5
onY - axis, and represent it as a
corresponding point "P" on
Y — axis. Draw aline pardlée to
X — axis through P, whihc meets

the graph at the point Q. P IR I IS AR E R

The Curve comes
closer to the X-axis,
but neither touch nor
cross the X-axis.

a4
N

Now draw QR perpen- v
dicular to X - axis. Can wefind the
length of OR approximately from the graph? or where does it lie? just think.
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{C THINK AND Discuss

If

10 places = 1 unit
20 places = 1 unit
40 places = 1 unit then

Now, Let us observe the scale factor
On X - axis (Refer Ratio - proportion)

Can you imaginethe corresponding value on X-axis, with referenceto the 5 on Y-axis?

We rewrite the above table as follows

X =21 0] 1|2 | 3 y % % 11214 |8
1(1
y =2 213 1|1 2(4 | 8 x=log,y|—2 (-1 ({0 [1 (2 |3
Observe the graph y = 2¢in the light of our definition of logarithm
1 1 1
If y=7 X==2 ; ZZ:Z and —2=Iogzz
1 1 1
y=5 i X -1 ; 21:5 and —1:Iogzz
y=2 ; x=1 ; 21=2 and 1=log,2
y=4 ; x=2 X 22=4 and 2=log4
y=8 ; x=3 ; 2°=8 and 3=log,8

I.e. y—cordinate of any point on the curve isthe xth power of 2, and x — coordinate
of any point on the curve is the logarithm of y — coordinate it to the base 2.

Can we say "exponential form and logarithm form are inverses of one another

y — coordinates of every point on the curve has unique x — coordinate, i.e. every
\ % ) positive realnumber has a unique logarithmic value..

i THINK AND Discuss

(2) Prove

| (1) Doeslog,0 exist? Give reasons.

(i) logb=1

(i) log,1=0 (iii) log*=x

PROPERTIES OF LOGARITHMS

Logarithms are more important in many applications, and also in advanced
mathematics. We now estiablish some basic properties useful in manipulating expressions
involving logarithms.
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(2) TheProduct Rule

The properties of exponents correspond to properties of logarithms. For example
when we multiply with the same base, we add exponents

i.e. a.a=a"y

This property of exponents coupled with an awareness that a logarithm is an
exponent suggest the Product Rule

Let a, x and y be positivereal numberswith a # 1.
Then log, xy =log, x +log,y
i.e, Thelogarithm of a product isthe sum of the logarithms
Proof:
Letlog,x=m andlog,y =nthewehavea™= xand a"=y Now
Xy=ama'=am™"

0 logxy=m+ n=logx+logy

We know that log,, 100000 = 5

Show that you get the same answer by writing 100000 = 1000 % 100 and thex
using product rule. Verify the answer.

€9 Do Tuis

Express the logarithms of the following as the sum of the logarithm
| ()35 x 46 (i) 235 x 437 (iii) 2437 x 3568
(if) Quotient Rule

When we divide with the same base, we subtract exponents

X
. i X-y
l.e. 2

This property suggests the quotient rule
Let a, x and y be positive real numberswherea # 1.

Then log, X log x—log,y
y

The logarithm of a quotient is the difference of the logarithms of the two
numberstaken in the same order.
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TRY THIS

64
We know log,32 = 5, show that we get the same answer by writing 32 as > and

then using the product rule. Verify your answer .

REA Do THis

Express the logarithms of the following as the difference of logarithms

a3

23 _ : _
() 2 i) >75 (iii) 4325 +3734 (iv) 5055 + 3303

i"’h‘ THINK AND Discuss

m
‘ S —

Prove the quotient rule using PO a

(i)  The power rule
When an exponential expression is raised to a power, we multiply the exponents
i.e (@mn=amn
This property suggests the power rule.
Let aand x be positive real numebrswith a # 0 and n be any real number
log x" = n log x

The logarithm of a number with an exponent is the product of the exponent
and the logerithm of that number.

TRy THIS

using power rules verify the answer.

| We have log,32 = 5. Show that we get the same result by writing 32 = 2° and then

Can we find the value of x such that 2* = 3°* ? Such cases we find the value of
3® = 243 then we can evauate the value of x, for which the value of 2¥ equals to
243.

Applying the logarithm and using the formula Ioga x" =nlog, x, Easily we can

find the values of 3%, 3% etc.
=3
writing in logarthmic form
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log, P =x

5 log,3 =X ( log, X" =nlog, x)

We observe that the value of x is the product of 5 and the value of log, 3.
LA Do This

Us ng logx" = nlogx expand the following
(i) log, 7 (ii) logs8*  (iii)log5*®  (iv) logl024

X X
We can write Iog; =log (x.y!). Can you prove log ; =log x —logy using

product and power rules.

‘ . (1) Findthe valuelog,32 (i) Find the value of Iogc\/E

N , , 8
(iif) Find the value log,,0.001 (iv) Find the value of Iong
3

..THINK - Discuss

We know that, if 7=2*thenx=log,7. Thenwhat isthevalue of 2%’ ? Justify
your answer. Generalise the above by taking some more examples for g'°%"

Example 11 Expand log o
xample-11. Expandlog -c
_ X
Solution : Asyou know, log, ; =logx - logy

343
So, log 15 = l0g343 — log125
=log7® —log5?
= 3log7 — 3log5 ( Since, log.x"=mlog.x)

343
Solog 15 = 3(log7 —10g5).
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Example-12. Write 2log3 + 3log5 — 5l0g2 as a single logarithm.

Solution : 2log3 + 3log5 — 5l0g2

=log3? + log5® — log2® ( Sincein nlogx=logx")

=log9 + logl125 — log32

=log (9 x 125) —log32 (Sincelogx +logy = log.xy)

= 1091125 —10g32

1125 X
=log 3 (Sincelogx—logy = Ioga§ )

Example-13. Solve 3* =52,

Solution : xlog, 3 = (x —2) log, 5
xlog, ;3 =xlog, 5 - 2log, 5
xlog, 5 - 2log, 5= xlog, 3
xlog, 5 - xlog, 3 = 2log, 5
X(log, 5 - log,3) = 2log, 5

2log,,5
X: _— 0 m
log,,5-10g,,3

1
Example-14. Find xif 2log5 + EIogQ—Iog3=Iogx
: 1
Solution : logx = 2log5 + Elogg— log3

log5? + Iogg% -log3

log25 + Iogx/§—logs
log25 + log3 - log3
log25

O x=25

log x

Exercise - 1.5

\.-H““*--\_J

1. Determine the value of the following.

(i) log,5 (i) log,3 (iii)
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(iv)  log1 (v)  log /x (vi)  log,512

(vi) 1og 001  (viii) log, [EJ () s
2|27

. Write the following expressions as log N and find their values.

() log2+log5 (i) log,16 - log, 2 (iii) 3log,, 4

(iv) 2log3-3log?2 (v) log10+2log 3-log 2

. Evaluate each of the following intermsof xand vy, if it is given x=1og,3 and
y=1og,5

(i) log, 15 (ii) log,7.5 (iii) log,60 (iv) log,6750

. Expand the following.
. ) 128) _ p°q’ x°
(i) logl000  (ii) log 625 (i) logxy®Z (iv) log T (v) log F

. If X2+ y?=25xy, then provethat 2log(x +y) = 3log3 + logx + logy.

If |og[x+y]:1(|ogx+|ogy),thenfindthevameof Xy
3 2 y X

| 11

. If (2.3)=(0.23)Y = 1000 then find the value of ———.
Xy

. If 2¢1 =3 then find the value of x.

. Is (i) log 2 rational or irrational? Justify your answer.
(i) log 100 rational or irrational? Justify your answer.

OrPTIONAL EXERCISE
[For extensive Learning]

Can the number 6", n being a natural number, end with the digit 5? Give reason.
Is7 x 5 x 3 x 2+ 3 acomposite number? Justify your answer.

Prove that (2\/§+x/§) is an irrational number. Also check whether

(2x/§+\/§)(2\/§—x/§) isrational or irrational.

If X2 +y? = 6xy, provethat 2 log (x +y) =logx + logy + 3 log 2
Find the number of digitsin 4%, if log,, 2 = 0.3010.
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Note : Ask your teacher about integral part and decimal part of alogarithm of number.

Suggested Projects

Euclid lemma-H.C.F

e Findthe H.C.F by Euclid lemma by using colour ribbon band or grid paper.

(%= WHAT WE HAVE DISCUSSED
1. Division Algorithm: Given positive integers a and b, there exist whole numbers
gandr satisfyinga=bq+r,0<r <h.
2. The Fundamental Theorem of Arithmetic states that every composite number can

be expressed (factorized) asaproduct of its primes, and thisfactorization isunique,
apart from the order in which the prime factors occur.

3. If pisaprime and p divides a%, where a is a positive integer, then p divides a.

4, Let x be a rationa numper whose decimal expansion terminates. Then we can
expressx intheform of —, where p and g are coprime, and the prime factorization
of gisof bhe form 2"5™ where n and m are non-negative integers.

5. Let x = — be arational number, such that the prime factorization of q is of the
form 2"5™, where n and mare non-negativeintegers. Then x hasadecimal expansion
which terminates.

p
6. Letx= q be arational number, such that the prime factorization of qisnot of the

form 2"5™, where n and mare non-negativeintegers. Then x hasadecimal expansion
which is non-terminating and repesating (recurring).

7. We definelog, x = n, if @" = x, where a and x are positive numbers and a # 1.

8. Lawsof logarithms:
a and x are positive real numbersand a # 1, then

X
() log, xy =log_x+log, y (i) log, - =log, x — log, y

(i) log, x"=mlog, X (iv) a“"=N (v) log.1=0
(vi) log,a=1
0. Logarithms are used for al sorts of calculations in engineering, science, business

and economics.
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CHAPTER

2 Sets

2.1 INTRODUCTION

How would you describe a person, when you are asked to do? Like given below
Ramanujan was a mathematican interested in number theory.

Dasarathi was a telugu poet, and also freedom fighter.

Albert Eienstein German by birth was physicist, music was his hobby.
Maryam Mirzakhan is the only women mathematism to win Fields medal.

We classify the individual s with specfic character and interest, then asamember of
larger more recogizable group. People classify and category the world around in order to
make sense of their environment and their relationship to other.

Booksin the library are arranged according to the subject, so that we can find the
required quickly.

In chemistry the elementsare categorized in groups and classesto study their general
properties

Your mathematics syllabus for tenth class has been divided into 14-Chapters under
different headings.

= Mazillary Testh
- LAY
- Ceniral incisor
g P Y ' Lateral incisor
1“_ % ' Canine

DentaL FormuLA

Observe set of human teeth is of
classified into 4-types according
to their functions.

First prérmolar

\ Second premolar
e

First molar
() Incisors (i) Canines

Second molar

(iii) Premolarsand (iv) Molars Third molar
Teeth

Mandibular Teath
Trurd malar

For each quadrant, for the
sequence of incisors, canines,
premolarsand molarswewritethe
dental formula2, 1, 2, 3 specifying
their number.

_‘J —/ Second molar
| —// Firsa maodar
! { o Second pramolar
f _/ First pramolar
= /. canine
/o Lateral incisor

Jwm) ~ Central ncisor
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Mathematicsis no different from others, it needs to collect objects into meaningful
groups

In mathematics items together that have a common characterstic so that they can
be treated the collection as a single object.

Among such, groups of numbers we commonly use in mathematics are
N = Collection of natural numbers 1, 2, 3....
W = Callection of whole numbersQ, 1, 2, 3.....

| or Z = Collection of IntegersO, £ 1, £2, £3, ......

. . . ... P
Q = Collection of rational numbersi.e the numbers that can be written in a form

wherep, g areintegersand g # O

R = Collection of real numbersi.e. the numbers which have decimal expansion.

Then, by observing the things and their other properties and applying a process or
operation, we could make general statements by using logic.

P

D o Identify and write the “common property” of the following collections.

1) 24,68,... 2) 2,35,7,11,... 3) 1,4,9,16,...
4) January, February, March, April,...

5) Thumb, index finger, middle finger, ring finger, pinky

DoTHis

;-Il‘" THINK AND Discuss

Observe the following collections and prepare as many as generalized state-
ments you can describing their more properties.
1) 24,68,... 2) 1,4,9,16,...

Let us conclude what we have done till now. First, we specified a “common
property” among things and then we gathered up al the things which have this common
property. Then searched for more properties and tried to elicit those properties to pro-
pose new statements.
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2.2 SET

A set isa collection of thingsthat have something in common or follow arule.
Thethingsin the set are called 'elements. Common rule decides the elements of the
set. Such sets are well defined collection.

In other words, " A well defined collection of distinct objectsis called a set”.
Set notation uses braces{ } with elements separated by commas.

For example, when we want to write a set of first five prime numbers, it can be
written as {2,3,5,7,11} and set of incisors = { central incisor, lateral incisor}

i

%/ DoTHis
&Y

" Write the followi ng sets.

1) Set of thefirst five positive integers.

2) Set of multiples of 5 which are more than 100 and less than 125
3) Set of first five cubic numbers.

4) Set of digitsin the Ramanujan number

2.2.1 ROSTER FORM AND SET BUILDER FORM

It is difficult to express a set in along sentence. Therefore, generally sets can be
denoted by capital letters of English alphabet A, B, C.....

For example, M is a set of molars among our teeth.

We can write this set as M={first molar, second molar, third molar}.

Let uslook at another example. Q isaset of quadrilaterals with at least two equal
sides. Then, We can write this set as

Q ={sguare, rectangle, rhombus, parallelogram, Kite, |sosceles trapezium, dart}

Here, we are writing a set by listing the elementsin it. Then, we say that the set is
written in the “roster form”

In the above two examples, let us discuss belongingness of the elements and its
representation. Suppose, if we want to say “second molar isin the set of molars’, then we
can represent this as “second molar U M”. And we read this as "second molar belongs to
set M"

Canwe say “rhombus U Q" in the above example of set of quadrlaterals? How do
you read this?

Does “square” belong to the set M in the above examples?

Then, how do we denote this? When we say “ square is not in the set M”, we
denote as “square LI M”. And we read this as "square does not belong to the set M"
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Recall from the classes you have studied earlier that we denote natural numbers by
N, set of integers by 7Z, set of rational numbersby Q, and set of real numbersby R .

DoTHis

Some numbers are given below. Decide the numbers to which number sets they
belong to and does not belong to and express with correct symbols.

i)1 i) 0 i) -4 iv) g V) 13
vi) /2 vii) log 2 viii) 0.03 iX) Tt X) /-4

il

| Can you write set of the rational numbers, by listing elementsin it?

: ‘ THINK AND Discus

You might have concluded by your earlier discussion that it is somewhat difficult
to write the set of rational numbers by showing list of elementsin it. You might have also

concluded that all the rational numbers are in the form of g(q # 0 and p,q are integers).

When we write a set by defining its elements with a“ common property”, we can
say that the set isin the “set builder form”. Set builder form should follow some syntax.
Let us know it by observing an example.

Suppose A is a set of multiples of 3 less than 20. Then, A={3,6,9,12,15,18} and
thisis roster form of the set A.When
we write its set builder form, it is A={
A={x: x is amultiple of 3, x < 20} l
and weread thisas“A isaset of ele- -t
ments x such that x is amultiple of 3

: Xisamultiple of 3 and x<20}

&———X

Q.

the | x such that x isamultiple of 3 and x<20

and x is less than 20.

Y
And aso, we can expresstherationa numbersset as Q ={x: x= q’ p, qareintegersand q# 0}

Note: (i) Inroster form, the order in which the elements are listed is immaterial.
Thus, the set of digitsin the Ramanujam number is{7, 2, 1, 9}

(i)  Whilewriting theelementsof aset inroster form, an element isnot repeated.
For exampl e, the set of lettersforming theword “SCHOOL” is{s, c, h, o, I}
and not {s, ¢, h, 0, o, I}. Therefore a set contains distinct elements.
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Let us observe "roster form" and "set builder form" of some sets.

Roster form Set builder form
V ={a ei,o0,u} V ={x: xisavowd in the english a phabet}
A={-2-1,0,12} A={x:-2<x<2,x07}
B:{l,l,l.l,E B:{x:le,nDN,nSS}
2345 n
C={25,10,17} C={x:x=n*+1L,n0ON,x 4}
ﬁt DoTHis

. List the elements of the following sets.

0] G = {al the factors of 20}

(i)  F= {themultiplesof 4 between 17 and 61 which are divisible by 7}
(i)  S={x:xisaletter in the word'MADAM'}

(iv) P={x:xisawhole number between 3.5 and 6.7}

2. Write the following sets in the roster form.
() B isthe set of all monthsin ayear having 30 days.
(i) Pisthe set of al prime numbers smaller than 10.
(i) X isthe set of the colours of the rainbow

3. Alistheset of factors of 12. Which one of the following is not a member of A.
(A)1 (B) 4 (©)5 (D) 12

TrRY THiS

Write some sets of your choice, involving algebraic and geometrical idess.

1
2. Maitch roster forms with the set builder form.
(i) {p,r,i,n,c al} @ {x: xisapodgtiveinteger andisadivisor of 18}

i) {0} (b)  {x:xisaninteger and x* —9 = 0}
@) {1,2,3,6,9, 18} (© {x:xisaninteger and x + 1 = 1}
(iv) {3,-3} (d) {x: xisaletter of the word PRINCIPAL}
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<24% EXxercise - 2.1
\:"--H,‘_h'::_|

1 Which of the following are sets? Justify your answer.
() The collection of al the months of ayear begining with the letter “J".
(i)  Thecollection of ten most talented writers of India.
(i) A team of eleven best cricket batsmen of the world.
(iv)  Thecollection of al boysin your class.
(V) The collection of all even integers.
2. If A={0, 2,4,6}, B={3,5,7} and C={p, q, r}then fill the appropriate symbol,
[ or O in the blanks.

0] 0.... A (ii)3.... C (iii) 4 ..... B
(iv) 8...A Mp.... C (Vi) 7..... B
3. Express the following statements using symbols.

() The element ‘X’ does not belong to ‘A’

(i) ‘d isan element of the set ‘B’.

(i) ‘1 belongsto the set of Natural numbers.

(iv)  *8 does not belong to the set of prime numbers P.

4, State whether the following statements are true or false. Justify your answer
() 5 [J set of prime numbers
(i) S={56,7} implies8 S
(i)  -50 w where' @’ isthe set of whole numbers
(iv) 1% 0 Z where* 7’ isthe set of integers.
5. Write the following sets in roster form.
0] B = {x: xisanatural number smaller than 6}
(i)  C={x:xisatwo-digit natural number such that the sum of itsdigitsis 8} .
@ii) D ={x:xisaprime number which isadivisor of 60}.
(iv) E={x:xisanaphabetin BETTER}.
6. Write the following sets in the set-builder form.

(1) {3,6,9, 12} @ {2 4,8,16,32}
(i) {5, 25, 125, 625} (iv) {1,4,9 16,25, ..... 100}
7. Write the following sets in roster form.

() A ={x: xisanatural number greater than 50 but smaller than 100}
(i) B ={x: xisaninteger, x2:4}
(i) D ={x:xisaletter intheword “LOYAL"}
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8. Match the roster form with set builder form.
) {1,2 3,6} (@ {x:xisprimenumber and adivisor of 6}

@i {2, 3} (b) {x:xisanodd natura number smaller than 10}

@ii) {m,at,h,ei,c,s (o) {x:xisanatura number and divisor of 6}

(iv) {1,3,5,7, 9} (d) {x:xisaletter of the word MATHEMATICS}
2.3 EmpPTY SET

Let us consider the following examples of sets:

(1) A = {x: xisnatural number smaller than 1}

(i) D ={x: xisaodd number divisible by 2}

How many elements are there in sets A and D? We find that there is no natural
number which issmaller than 1. So set A contains no e ements or we say that A isan empty
set.Similarly, there are no odd numbers that are divisible by 2. So, D is also an empty set.

A set which does not contain any element is called an empty set, or aNull set, or a
void set. Empty set is denoted by the symbol @ or { }.

Here are some more examples of empty sets.
() A ={x:1<x<2, xisanatura number}
(i) B={x:x*—2=0andxisarationa number}

Note: @ and {0} aretwo different sets. {0} isaset containing an element O while ¢ has
no elements (null set).

2.4 UNIVERSAL SET AND SUBSET teeth sat

Consider the teeth set that we have discussed in the
begining of the chapter. You have classified the whole teeth
set into four sets namely incisors, canines, premolars and
molars.

incisors canines

preemolars| molars
But, are teeth in the set of molars also members of whole k /
teeth set? or not?

Here, whole teeth set is " universal set" of above said four teeth sets.
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Consider the teeth set as universal set and canines, incisors H
aretwo setsthen we can represent this as shown in the adjacent
diagram aso.

Observe the diagram, what does the remaining empty

part of the diagram represents?

Let us see some more examples of universal sets:

() If we want to study the various groups of people of our state (may be according to
income or work or caste), universal set is the set of all people in Telangana.

(i) If wewant to study the various groups of peoplein our country, universal setisthe
set of al peoplein India

The universal set is generally denoted by "W’ sometimesby U. The Universal setis
usually represented by rectangles to show in the form of afigure.

Let us consider the set of natural

numbers, N={1,2,34..}.Then set of even |1 Whenwesay " if x<3, then x<4",
. we denote as "x<3 0 x<4".
numbers is formed by the elements of N. |2 \when we say "x-2 =5 if and only if x=7",

Then Nisunversa set of even numbers. Is | wewritethisas"x-2=5 < x=7"

N also universal set for the set of odd
numbers?

Consider aset fromA ={1,2,3}. Howmany sets can you form by taking as many elements
as you wish from set A?

Now, {1} {2} {3} .{1,2} {2,3} ,{1,3} and {1,2,3} arethe setsyou can form. Can you form
any other sets? Then we say these sets are subsetsof A. If wewant to say {1,2} is subset
of A, thenwe denoteit as{1,2} U A. When we consider the subsets of A, we should say
{1,2,3} also as asubset of A.

If all elementsof set A are present in B, then A issaid to be subset of B denoted
by AQ B.

Thenwecanwriteas A 0 B < "aldA O al B", whereA, B aretwo seats.

Let us consider the set of real numbers R ; It has many subsets.

For example, The set of natural numbers N ={1, 2, 3,4,5, ...... } R
The set of whole numbers W={0,1, 2,3, ...} @
Thesetof integers 7 ={....,-3,-2,-1,0,1, 2,3, .....}

The set of irrational numbers Q' is composed of all real numbers which are not
rational.
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Thus, Q'={x:x0 r andx Q} i.e, dl real numbersthat are not rational. e.g.

J2.5adm
Similarly, the set of natural numbers, N is a subset of the set of whole numbers W
andwecanwrite N [ W.AlsoW isasubet of R .

That is N OWandW U R R
O NUOWIOR

W
Some of the obvious relations @ @

among these subsetsare N U 7 U Q
OpadQ'Up,and NOQ"

Consider aset of vowelsletters,V ={a, ¢, 1, 0, u}. Also consider the set A, of all
lettersin the English aphabet. A= {a, b, c,d, ....., Zt. We can see that every element of
set V isaso an element A. But there are elements of A which are not a part of V. Inthis
case, V isthe proper subset of A.

In other wordsV [J A since whenever allV, thena [l A It can also be denoted by
V O A andisread asv is the subset of A.

Do THis

_=.~A:{1,2,3,4}, B={2,4, C={1,2347, F={1}.
Fill in the blanks with O or [J .
() A...B (i) C....A (i) B....A
(ivy, A...C (V) B...C vi) ¢@...B

2. State which of the following statement are true.

i) {}=¢ (i) ¢=0 (i) 0={0}

TRY THis

1. A={setof quadrilaterals}, B = {sguare, rectangle, trapezium, rhombus}. State
whether A 0B or B [0 A. Justify your answer.

2. If A={a, b, c, d}. How many subsets does the set A have?
(A)5 (B) 6 (C) 16 (D) 65

3. Pisthe set of factors of 5, Q isthe set of factors of 25 and R is the set of factors
of 125. Which one of the following is false?
APOQ B)QUR (COROP (D)POR
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4.  Alistheset of primenumbers< 10, B isthe set of odd numbers< 10 and Cisthe
set of even numbers < 10. How many of the following statements are true?
(AOB (ihBOA (iiYAOC
(iv)COA (vyBOC (vi) p OA

L et usobserve aproperty of subsets.SupposegivenA={1,2,3},B={1,2, 3,4} and
C={1,2, 3,4,5}. Then, dl theelementsof AareinB O A U B.

All the elements of B arein C 0B UC.
All the elements of A arein C O0A0OC.

Thatis, AUB,BUCOAUDUC.

2.5 VENN DIAGRAMS

We have aready seen different ways of representing sets using diagrams. Let us learn
about Venn-Euler diagram or simply Venn-diagram. It is one of the ways of representing
the relationships between sets. These diagrams consist of rectangles and closed curves
usually circles.

As mentioned earlier in the chapter, the universal set is usualy represented by a

rectangle.
() Consider that p={1, 2, 3, ...., 10} is the universal 2
4
set for which, A={2, 4, 6, 8, 10} isasubset. Then | ° 8 6
10

the Venn-diagram is as. 9

(i) n={1,23, ..., 10} istheuniversa set of which, | 1
A={2,4,6,8, 10} and B ={4, 6} are subsets and

also B [JA. Then, the Venn-diagram is :

(i) LetA={a b, c d} andB={c,d,ef}.
Then we illustrate these sets with a Venn diagram as b f
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2.6 Basic OPERATIONS ON SETs

We know that arithmetic has operations of addition, subtraction, multiplication
and division of numbers. Similarly in sets, we define the operation of union, intersection
and difference of sets.

2.6.1 UnioN oF SEeTs

Let us consider 1, the set of all studentsin your school.

Suppose A isthe set of studentsin your classwho were absent on Tuesday and B is
the set of students who were absent on Wednesday. Then,

Let A={Roja Ramu, Ravi} and
Let B ={Ramu, Preethi, Haneef}

Now, we want to find K, the set of students who were absent on either Tuesday or
Wednesday. Then, does Roja[K? Ramul[K? Ravi
[K? Haneef [K? Preethi (K? Akhila[K? A B

Roja, Ramu, Ravi, Haneef and Preethi all belong
to K but Akhila does not.

Hence, K ={Roja, Ramu, Ravi, Haneef , Preethi}

Here, the set K isthe called the union of setsA
and B. The union of A and B is the set which consists of al the elements of A and B. The
symbol ‘[0’ is used to denote the union. Symbolically, we write A [0 B and usually read as
‘A union B’ or A cup B.

A 0B ={x:xOA or x(IB}
Example-1l. LetA={2,56,8 andB={5,7,9, 1}. Find A (I B.
Solution : WehaveA B ={2,5,6,8} 0 {5,7,9, 1}
={2,5,6,8,5,7,9, 1}
={1,2,5,6,7,8,9}.
Note that the common element 5 was taken only once while writing A [J B.
Example-2. LeeA={a e i,0,u} andB ={a, i, u}. Showthat A B =A.
Solution : Wehave A B={a, e i,0,u} O{a i, u}

={a,gi,0,u,4ai,u}
={a e i, o u} =A.
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This example illustrates that union of sets A and its subset B is the Set A itself.

i.e, ifBOA,then AOB=A.

Example-3. IfA={1,2,3,4 and B={24,66,8}. FindA [ B.

Solution: A={1,2,3,4} and B={246,8}
then AOB={1,23,40{2 4,68}
={1,2,3,4,2,4,6, 8}
={1,23,4,6, 8}

A B 1

;

2.6.2 INTERSECTION OF SETS

AOB={123, 4,6 8

Let us again consider the example of students who were absent. Now let us find the
set L represents the students who were absent on both Tuesday and Wednesday. We find

that L = {Ramu}.

Here, the set L is called the intersection of setsA and B.

In general, theintersection of setsA and B isthe set of al elementswhich arecommon
both A and B. i.e., those elements which belong to A and also belong to B. We denote
intersection Symbolically by asA n B. (read as“A intersection B”).

i.e,AnB={x:xOAandx[B}

The intersection of A and B can be illustrated using the Venn-diagram as shown in
the shaded portion of the figure, given below, for Example 5.

Example-4. FindA n BwhenA ={5,6,7,8} and B ={7,
Solution : The common elementsin both A and B are 7, 8.

8,9, 10}.

OANB ={56,7,8 n{7,89 10} ={7,8 (common e ements)

Example-5. IfA={1,2,3} and B={3, 4,5}, thenIllustrate
A n B in Venn-diagrams.

Solution : The intersection of A and B can beiillustrated in
the Venn-diagram as shown in the adjacent figure.

2.7 DisJoINT SETS

Suppose A={1,3,5, 7} andB={2,4,6, 8. Wesee
that there are no common elementsin A and B. Such setsare
known as digoint sets. The digoint sets can be represented
by means of the Venn-diagram as follows:
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Do THis

" LetA={1,3,78 andB={2 4,7 9. FindA n B.
2. IfA={6,9,11};:B={},findAD g.
3. A={123456780910};B={2 3 5 7} FindA n B.

4. I1fA={4,56};B={7 8} thenshowthat AO B=B OA.

TRrRY THis

1 List out setsA and B and choose their elements such that A and B are digoint
2. IfA={2 3,5,k findA 0 @ and ¢ [0A and compare.
3

IfA={1,234};B={1234,56,7, 8} thenfindA I B, An B. What do
you notice about the result?

4. A={1,273456};B={2 4,6, 8, 10}. Find the intersection of A and B.

g,/f‘ THINK AND Discuss

| The intersection of any two digoint setsisanull set. Justify your answer.

2.8 DIFFERENCE OF SETS

Suppose A is a set of natural numbers less than 10 and B is a set of even numbers
less than 10. If we consider the set of odd numbers less than 10, then the elementsin the
set belong to set A, but not set B. This set is represented by A — B and read it as A
difference B

O0A-B={13,5709.

Now we define the difference set of setsA and B
asthe set of elements which belong to A but do not
belong to B. We denote the difference of A and B
by A—B or smply “A minusB”.

A-B={x:xOAandx [ B}.
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Example-6. LetA={1,2, 3, 4,5};B={4,5,6,7}.FindA—B.

Solution : GivenA={1,2,3,4,5} andB ={4,5, 6, 7}. Only theelementswhich arein A
but not in B should be taken.

A-B={1,22345 —{4,56,7 = {1,2,3}

OA-B={1,23}. Since4,5aretheeementsin B they are not taken avay fromA.

Similarly for B —A, the elements which are only in B are taken.
B-A={4,567-{1,2,34,5 = {67}

O0B-A={6,7} (4,5aetheelementsinA and so they are not taken away from B).

NotethatA—B # B —-A
The Venn diagram of A — B and B — A are shown below.

A B u A B H
A-B={1,23} B-A={6,7}
Do THis

IfA={123,4,5,;B={4,5,6, 7}thenfind A—B and B —A. Are they equal?
IfV={aeiou andB={aik,u},findV-BandB-V.

THINK - Discuss

ThesetsA —B, B —A and A n B are mutualy digoint sets. Use examples to
observeif thisistrue.

<2 #4% EXERCISE - 2.2

1 IfA={1,234};B={1,2 35,6} thenfind A n BandB n A. Arethey equal?

2. A={0,2 4}, findAn gandA n A. Comment.
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3. If A={2, 4,68, 10} and B={3, 6,9, 12, 15}, find A —B and B —A.

4. If A and B are two sets such that A U B then what isA [0 B?

5. If A={x:xisanatural number}, B ={x: x isan even natural number}
C ={x: xisanodd natura number} and D = {x : X is a prime number}
FindAnB,AnCANnND,BnCBnD,CnD.

6. If A={3,6,9,12, 15,18, 21}; B ={4,8, 12, 16, 20}
C={24,6,8, 10, 12, 14, 16}; D = {5, 10, 15, 20} find
(i)A-B (i)A-C (iiA-D  (iv)B-A (v)C-A
(viyD-A (vilB-C (viil)B-D (ix)C-B x)D-B

7. State whether each of thefollowing statementsistrue or false. Justify your answers.
() {2, 3,4,5} and {3, 6} aredigoint sets.

(i) {a,ei,0,u} and{a b, c, d} aredigoint sets.
@) {2, 6,10, 14} and {3, 7, 11, 15} are digoint sets.
(iv) {2,6,10} and{3, 7, 11} aredigoint sets.

2.9 EquAaL SEeTs

Consider the following sets.

A ={Sachin, Dravid, Kohli}
B = {Dravid, Sachin, Dhoni}
C = {Kohli, Dravid, Sachin}

What do you observein the above three setsA, B and C?All the playersthat arein
Aarein Cbut not in B. Thus, A and C have same elements but some elements of A and B
are different. So, the setsA and C are equal sets but sets A and B are not equal.

Two sets A and C are said to be equal if every element in A belongsto C (i.e Al
C) and every element in C belongsto A (i.e.C U A).

If A andC areequal sets, then wewrite A = C. Thus, we can also writethat C U A
andA U C = A=C. Here = isthe symbol for two way implication and is usually read
as, if and only if (briefly written as“iff”). If A and C contain the same elements, then they
areequa i.e. A=C.
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Moreover, we can aso conclude that “Every set is a subset of itself”.
Example-7. If A={p,q,r} and B ={q, p, r}, then check whether A=B or not.

Solution : GivenA={p,q,r} andB ={q, p, r}.
In the above sets, every element of Aisalso anelementof B. 0 A U B.
Similarly every element of BisadsoinA. [0 B U A,
Then from the above two relations, we can say A=B.

Examples-8. If A={1,2,3,....} and Nisaset of natural numbers, then check whether A
and N are equal?

Solution : The elements are same in both the sets. Therefore, A U Nand N U A.
Therefore, both A and N are the set of Natural numbers. Therefore the setsA and N

areequal setsA = N.

Example-9. Consider thesets A={p,q,r, s} and B ={1, 2, 3, 4}. Arethey equal?

Solution : A and B do not contain the same elements. So, A #B.
~A0OB or Bl A
Example-10. Let A be the set of prime numbers smaller than 6 and B the set of prime
factors of 30. Check if A and B are equal.
Solution : The set of prime numbers lessthan 6, A ={ 2,3,5}
The prime factors of 30 are 2, 3and 5. So, P= { 2,3,5}
Since the elements of A are the same as the elements of P and vice versatherefore,
AandPareequa. i.e AOB,B1 A= A=B
Example-11. Show that the sets C and B are equal, where
C={x: xisaletter in the word ‘ ASSASSINATION'}
B ={x: xisaletter in the word STATION}
Solution : Giventhat C={x: xisaletter in the word ‘ASSASSINATION’}
Theroster formof theset C={ C,S|I,N, T,O} sincee ementsin aset cannot berepeated.
Also giventhat B ={x: xisaletter in the word STATION}
‘B’ can also bewrittenas B = {A,SI,N,T,0}

So, the elements of C and B are same and C = B.

ieeCOB, B C=>C=B
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Example-12. Consider thesets ¢, A={1,3},B={1,5,9},C={1,3,5,7, 9. Insert the
symbol [ or [J between each of the following pair of sets.

e...B (iHA...B (i)A...C (iv)B....C
Solution: (i) @ OB, as @isasubset of every set.
(i) AOB,as30Abut30B.

(i) AOCasl,30A dsobeongtoC.

(iv) B O Casevery element of B isalso an element of C.

Exercise - 2.3

1. Which of the following sets are equal ?

A ={x: xisaletter in the word FOLLOW}, B = {x : x is aletter in the word
FLOW} and C ={x: xisaletter in the word WOLF}

2. Consider the following sets and fill up the blanks with = or # so as to make the

Statement true.

A={12 3}, B = {Thefirst three natural numbers}
C={ab,c,d}; D={d, c, a b}
E={a e1i,0,u}; F = {set of vowels in English Alphabet}
@) A--B @iy A--E (i) C--D
(ivy D--F (v) F.A (vii D--E
(vii) F--B
3. In each of the following, state whether A = B or not.
@) A={a,b,c,d} B={d,c, a b}
(i) A={4,8, 12, 16} B ={8, 4, 16, 18}
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(i) A={246,8, 10} B ={x: xisapostiveeveninteger and x < 10}
(iv) A={x:xisamultipleof 10} B ={10, 15, 20, 25, 30, ...}

State the reasons for the following :

(1) {1,2,3,....,10} Z {x:xONand1l<x<10}

@ {2 4,6,8, 10} z {x:x=2n+1and x O N}
@) {5, 15, 30, 45} Z {x : xisamultiple of 15}
(iv) {2,3,57,9 z {x : xisaprime number}

List al the subsets of the following sets.

(i) B={p, g} (i) C={xy,Z (iii)D={a b, c, d}
(iv)E={1,4,9,16} (v) F={10, 100, 1000}

FINITE AND INFINITE SETS

Now consider the following sets:

0] A ={the students of your school}  (ii) L ={p.qrs}

(i) B ={x:xisaneven number} (iv) J={x:xisamultipleof 7}

Can you list the number of elements in each of the sets given above? In (i), the

number of elements will be the number of students in your school. In (ii), the number of

elementsin set L is4. Wefind that it is possible to express the number of el ements of sets
A and L in definite whole numbers. Such sets are called finite sets.

Now, consider the set B of all even numbers. We can not express the number of

elementsin whole number i.e., we see that the number of elements of this set is not finite.
We find that the number of elementsin B and Jis infinite. Such sets are caled infinite

sets.

We can draw infinite of straight lines passing though a given point. So this set is

infinite. Similarly, it is not possible to find out the last number among the collection of all

integers. Thus, we can say a set isinfiniteif it is not finite.

Consider some more examples :
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() Let ‘W’ be the set of the days of the week. Then W isfinite.
(i)  Let‘S bethe set of solutions of the equation x* — 16 = 0. Then Sis finite.
(iii)  Let ‘G bethe set of pointson aline. Then G isinfinite.

Example-13. State which of the following sets are finite or infinite.
M) {x:xONad(x-1) (x-2)=0} (i) {x:xDNandx2:4}
(i) {x:xON and2x-2=0} (iv) {x:x0O N andxisprime}
(v) {x:xUO N andxisodd}

Solution :

()  xcantakethevalues1 or 2in the given case. The setis{1,2}. Hence, it is
finite.

(i) X2 =4, impliesthat x=+2 or —2. But x[J N or X isanatural number so the set
Is{2}. Hence, it isfinite.

(i) Inagivensetx=1and 10 N. Hence, itisfinite.

(iv) Thegiven set isthe set of al prime numbers. There are infinitely many prime
numbers. Hence, set isinfinite.

(v)  Sincethere are infinite number of odd numbers, hence the set isinfinite.
2.11 CARDINAL NUMBER OF A FINITE SET
Now, consider the following finite sets:
A={1,24};B={6,7,89 10}; C={x:xisaaphabetintheword"INDIA"}
Here,
Number of elementsin set A = 3.
Number of elementsin set B = 5.

Number of elementsin set C = 4 (In the set C, the element ‘I’ repeats twice. We
know that the elements of agiven set should be distinct. So, the number of distinct el ements
in set C is4).

The number of elementsin afinite set iscalled the cardinal number of the set or the
cardinality of the set.

The cardinal number of the set A is denoted asn(A) = 3.
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Similarly, n(B) =5 and n(C) = 4.
For finite set cardinality is a whole number.
We will learn cardinality of infinite setsin higher classes.

Note : There are no elementsin anull set. The cardinal number of that setisn(@) =0

2.

3.

Which of the following are empty sets? Justify your answer.
(1) Set of integers which lie between 2 and 3.
(i)  Set of natura numbers that are smaller than 1.

(ilf)  Set of odd numbers that |eave remainder zero, when divided by 2.

State which of the following sets are finite and which are infinite. Give reasons
for your answer.

() A ={x:x 0N and x < 100} (i) B={x:x0ONandx< 5}
iy C={1%2%3 ...} (v) D={1,23,4}

(V) {x: xisaday of the week}.

Tick the set which isinfinite

(A) The set of whole numbers < 10 (B) The set of prime numbers < 10
(C) The set of integers< 10 (D) The set of factors of 10

Which of the following sets are empty sets? Justify your answer.

() A:{x:x2:4and3x:9}.

(i)  Thesetof al trianglesin aplane having the sum of their three anglesless
than 180.
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2 THINK & Discuss

An empty set isafinite set. Is this statement true or false? Why?

" EXercise - 2.4

1. State which of the following sets are empty and which are not?
M) The set of lines passing through a given point.
(i) Set of odd natural numbers divisible by 2.
(i)  {x:xisanatura number, x<5and x> 7}
(iv)  {x:xisacommon point to any two parallel lines}
(v) Set of even prime numbers.
2. State whether the following sets are finite or infinite.
() The set of monthsin ayear. i {123, ...,99, 100}
(iif)  The set of prime numbers smaller than 99.
(iv)  The set of lettersin the English aphabet.
(v) The set of lines which are parallél to the X-Axis.
(vi)  The set of numbers which are multiplies of 5.

(vii)  The set of circles passing through the origin (0, 0).

Example-14. If A={1, 2, 34,5}; B ={2,4,6,8} then find n(A O B).

Solution : The set A contains five elements [1 n(A) =5

and the set B contains four elements [ n(B) = 4

ButA [0 B={1,2,3,4,5,6,8} doesnot contain 9 elementsand it contains 7 elementsonly.why?

! E‘ THINK & DIScuss

1. What is the relation between n(A), n(B), n(A n B) and n(A (I B)
‘ 2. If Aand B are digoint sets, then how can you find n(A O B)
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Suggested Projects

Concept of set, set properties, set operations.

e Student habits, interested sports/ content/weekly magazine/TV channels etc.
information collection. Verify union, intersection, difference operations by using
above data - drawing ven diagram - generalisation.

WHAT We Have Discussebp

1 A setisawell defined collection of objects where well defined means that:
() Thereisauniverse of objects which are allowed into consideration.

(if) Any object in the universe is either an element or is not an element of the

Set.
(iii)  If we observe any two objectsin a set, they are neither a congruent nor
equal.

2. An object belonging to a set is known as an element of the set. We use the

symbol '[1' to denote membership of an element and read belongs to.

3. Sets can be written in the roster form where all elements of the set are written,
separated by commas, within curly brackets(braces).

4, Sets can also be written in the set-builder form.

o

A set which does not contain any element is called an empty set, or a Null set,
or avoid set.

A setiscalled afinite set if its cordinal number is a definite whole number.
We can say that a set isinfiniteif it is not finite.

The number of elementsin afinite set is called the cardinal number of the set.

© ®© N o

Theuniversal setisdenoted by 'y’ or U. TheUniversal setisusually represented
by rectangles.

10. Aisasubsetof Bif 'a isanelement of A impliesthat 'a isaso an element of
B. ThisiswrittenasA U Bif alJA O al B, whereA, B are two sets.
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12.
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Two sets, A and B are said to be equal if every element in A belongsto B and every
element in B belongs to A.

Aunion B iswrittenasA 0B ={x:xOA or x 1 B}.

A intersection B iswrittenasA n B ={x: x A and x [0 B}
The difference of two setsA,BisasA-B
A-B={x:xOAandx B}

Venn diagrams are a convenient way of showing operations between sets.
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CHAPTER
3 Polynomials

3.1 INTRODUCTION
L et usobservetwo situations.

1 A flower bed in agarden isin the shape of atriangle. Thelongest sideis 3 timesthe
smallest sdeand smallest sideis 2 unitsshorter thanthemiddleside. Let P represents
thelength of the smallest side, then what isthe perimeter intermsof P?

2. Thelength of arectangular dining hall istwiceitsbreadth. Let x representsthe breadth of
thehall. What istheareaof thefloor of thehall intermsof x?

Intheabovesituations, thereisan "unknown" in each. Inthefirst situation, thesmallest
sdeisgivenas'P’ units,

Since, Perimeter of triangle=sum of al sdes

Perimeter =P+3P+P+2

=5P+2 P P+2

3P

Similarly inthe second situation, lengthisgiven astwicethe breadth.
So, if breadth = x, length = 2x
Sinceareaof rectangle=1b

Area= (2X) (X)
= 2% X

2X

Asyou know, the perimeter, 5P+ 2 of thetriangle and area 2x? of therectangleareintheform
of polynomialsof different degrees.
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3.2 WHAT ARe PoLYNOMIALS?

A polynomia inx isan expression containing thesum of afinitenumber of termsof the
formax" for any real number a, wherea # 0and any whole number n.

Polynomials Not Polynomials
1
1
§X—4 3 +4xt+5
1
x2—2x-1 4+—
X

Whyis il not apolynomial ? Discusswith your friendsand teacher.

! Do THis

>= Statewhich of thefollowing are polynomialsand which arenot? Givereasons.

M2¢ ()5-1x=0) (i) 4243 Wt —VEm+2 O P41

3.2.1 DeGREE OF A PoLyNOMIAL
Recall that if p(X) isapolynomid inx, the highest power of xinp(X) iscalled the degree
of the polynomia p(x). For example, 3x+ 5isapolynomia inthevariablex. Itisof degree 1 and

1
iscalled alinear polynomial. 5x, J_2y+5 '3 P, m+ 1 etc. aresomemorelinear polynomials.

A polynomial of degree 2iscalled aquadratic polynomial. For example, X2 + 5x + 4is
1
aquadratic polynomial inthevariablex. 2x2+ 3x- > p?-1,3—-z—-2,y?- % + [2 aresome
examplesof quadratic polynomials.

The expression 5x3-4x*+x-1 isapolynomial inthevariablex of degree 3, andiscalled
acubic polynomial. Some more examples of cubic polynomiasare2 -3, p3, £ —(?—{ +5.

RY THiIs

Write 3 different quadratic, cubic and 2 linear polynomiaswith different number of terms.

o
9

2
degree 6 and X0 -3+ 4C+ 26 -1is apolynomial of degree 10.

We can write polynomials of any degree. 7 u © >u%+4u®-8 is polynomial of
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Wecanwriteapolynomial inavariable x of adegreen wherenisany natural number.

Generally, we say

p(X) =a,x"+a X" +a X+ ... +a_, x+a isapolynomial of n" degree,
wherea;, a, a,.....a,, a arerea coefficientsof xand a,# 0

For example, the general form of afirst degree polynomial in one variable x is ax+b,
whereaand b arereal numbersand a # 0.

1. Writethegenera form of aquadratic polynomial and acubic polynomial invariablex.

2. Writeageneral polynomial g(2) of degreenwith coefficientsthat areby,...b,. What are
theconditionson by,...,?.

3.2.2 VaLuE oF A PoLynOmIAL

Now consider the polynomial p(x) = x?—2x—3. What isthevalue of the polynomial at
any valueof x? For example, what isthevaueat x=1?Puttingx =1, inthepolynomia, we get
p(1) =(1)>*-2(1) —3=-4. Thevaue—4, isabtained by replacing x by 1inthegiven polynomia
p(x). Thisisthevalueof X¥*—2x—3at x= 1.

Similarly, p(0) =—-3isthevaueof p(x) at x=0.

Thus, if p(x) isapolynomial inx, andif kisareal number, then the val ue obtained by

replacing x by kin p(x), iscalled the value of p(x) at x =k, and isdenoted by p(k).

o)

.f,,_fﬁ.z. THis

@) p(X)=x2—5x—6, findthevaluesof p(1), p(2), p(3), p(0), p(-1), p(-2), p(-3).
(i) p(m)=n?-3m+ 1, findthevaueof p(1) and p(-1).

3.2.3 ZeroEes oF A PoLynomiAL
What arevalues of p(x) = X*—2x—3ax=3,-1and2?

We have, p3) = (3)°-2(3)—-3=9-6-3=0
Also p(-1) = (-1)?-2(-1)-3=1+2-3=0
and p(2) = (2°-2(2)-3=4-4-3=-3
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Weseethat p(3) =0and p(-1) =0. 3, -1, arecaled Zeroes of the polynomial

p(x) = x2 —2x -3.

% Do THIS
A

—H\ K=
(i) Letp(x)= X% —4x+ 3. Find thevalue of p(0), p(2), p(2), p(3) and obtain zeroes of the
polynomia p(x).
(i) Check whether -3 and 3 are the zeroes of the polynomial X2 9.

Asp(2) # 0, 2isnot the zero of p(x).

Moregenerally, areal number kissaidto beazero of apolynomial p(x), if p(k) = 0.

w

Exercise - 3.1

In p(x) = 5x" —6x°+ 7x-6, what isthe

(i) coefficient of x° (i) degreeof p(x) (iii) congtant term.
Statewhich of thefollowing statements are true and which arefalse? Givereasonsfor
your choice.
()  Thedegreeof thepolynomia +2x—3x+ 1is~/2.
@i The coefficient of x2in the polynomial p(x) = 3x®—4x2+ 5x+ 7is2.

(i)  Thedegreeof aconstant termiszero.

(iv) iIsaquadratic polynomial.

x> —5X+6

(V) Thedegree of apolynomia isone morethan the number of termsinit.

If p(t) =t*—1, find thevaluesof p(1), p(-1), p(0), p(2), p(-2).
Check whether —2 and 2 are the zeroes of the polynomial x*—16

Check whether 3 and —2 are the zeroes of the polynomial p(x) when p(x) = xX*—x—6.
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3.3 WoRKING WITH PoLYNOMIALS

You haveaready learned how to find the zeroes of alinear polynomial.

For example, if kisazero of p(x) =2x+ 5, then p(k) =0 gives2k +5=00 k= >

Ingeneral, if Kisazero of p(x) = ax+b,a#0.

then p(k) = ak + b=0,

—b ~
Therefore k= P or thezero of thelinear polynomial ax+bis "

Thus, thezero of alinear polynomial isrelated to its coefficients, including the constant
term.

Arethe zeroes of higher degree polynomiasalsorelated to their coefficients? Think
about thisand discusswith friends. Wewill cometo this|ater.

3.4 GeomeTRICAL MEANING OF THE ZEROES OF A PoLYNOMIAL

You know that area number k is a zero of the polynomial p(x) if p(k) = 0. Let us see the
graphical representations of linear and quadratic polynomia sand the geometrica meaning of
their zeroes.

3.4.1. GRAPHICAL REPRESENTATION OF A LINEAR POLYNOMIAL

Consider first alinear polynomia ax+ b, a# 0. You havestudiedin Class-1X that the graph of
y=ax+ bisastraight line. For example, thegraph of y=2x+ 3isastraight lineintersecting
the Y-axisat (0, 3) and it also passesthrough the points (-2, —1) and (2, 7).

Table3.1
X —2 -1 0 2
y=2x+3 -1 1 3 7
(x,y) -=2-H | L) | 03 | @7
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Inthegraph, youcansee
that the graph of y = 2x+3
intersectsthe X-axis between
x=-1and x = -2, thatis,

-3
at the point [? 0) . But

X = ) is the zero of the

polynomial 2x+ 3. Thus, the
zero of the polynomial
2x + 3isthe x-coordinate of
the point where the graph of
y = 2x + 3 intersects the
X-axis.

intersection on X-axis. | sthex-coordinate of these pointsal so thezeroes of the polynomial ?

Ingenerd, for alinear polynomia ax+ b, a# 0, thegraphof y=ax+ bisastraightline
—b
whichintersectsthe X-axisat exactly one point, namely, [? , 0] .

Therefore, the linear polynomial ax + b, a # 0, has exactly one zero, namely, the
x-coordinate of the point wherethe graph of y = ax + bintersectsthe X-axis.

3.4.2. GRAPHICAL REPRESENTATION OF A QuADRATIC PoLYNOMIAL

Now, let uslook for thegeometrica meaning of azero of aquadratic polynomia. Consider
the quadratic polynomial x> —3x—4. Let ussee how thegraph of y = x*—3x—4lookslike. Let
uslistafew valuesof y = x?—3x—4 corresponding to afew valuesfor x asgivenin Table 3.2.

Free Distribution by T.S. Government 2018-19



Polynomials 57

Table 3.2
X -2 -1 0 1 2 3 4 5
y=x2—-3x—-4 6 0 -4 | -6 -6 -4 0 6
We locate the points listed
above on a graph paper and (2.6) i
draw the graph. : e 5.6)
5__
Isthe graph of y = x2 —3x—4 i
astraight line?Itislikea\ / P
shaped curve. Itisinteresecting g

the X-axisat two points.

In fact, for any quadratic X}
polynomial ax?2 + bx + ¢, | f 6 5 -4 -
a#0, the graph of the
corresponding equation

y=ax2+bx+c (az0)either
opens upwards like \_/ or
opens downwards like /.
Thisdependsonwhether a>0
or a < 0. (The shape of these
curvesarecalled parabolas.)

Fromthetable, we observethat -1 and 4 are zeroes of the quadratic polynomial. From
thegraph, we seethat -1 and4 area so X coordinates of pointsof intersection of the parabola
with the X-axis. Zeroes of the quadratic polynomial x2 — 3x —4 are the x-coordinates of the
pointswhere the graph of y = x2 — 3x—4 intersectsthe X-axis.

Thisistruefor any quadratic polynomial, i.e., the zeroes of a quadratic polynomial

ax? + bx + ¢, (a % 0) are precisely the x-coordinates of the points where the parabola

representing y = ax? + bx + ¢ (a # 0) intersectsthe X-axis.

P 2

TRrRY THIs

Y
Drawthegraphsof () y=x2—x—6 (ii) y=6—x—x?and find zeroesin each case.
What do you notice?
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From our earlier observation about the shape of thegraph of y = ax? + bx+c, (a# 0)
thefollowing three casesarise.

Case (i) : Here, the graph cuts X-axis at two distinct points A and A’. In this case, the

x-coordinates of A and A’ are the two zer oes of the quadratic polynomial ax*>+bx +c. The
parabolaopens either upward or downward.

(i) (if)
Case(ii) : Here, thegraphtouches X-axisat exactly onepoint, i.e., at two coincident points. So,
thetwo pointsA and A’ of Case (i) coincide hereto becomeonepoint A.

) i)

Inthis case, the x-coordinate of A isthe only zer o for the quadratic polynomial ax? + bx + c.
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Case (iii) : Here, the graph is either completely above the X-axis or completely below the
X-axis. So, it does not cut the X-axisat any point.

(i) (ii)
So, the quadratic polynomial ax? + bx + chasno zerointhiscase.

S0, you can seegeometrically that aquadratic polynomia can have either two distinct zeroesor
two equal zeroes(i.e., onezero), or no zero. Thisaso meansthat apolynomial of degree2 has
atmost two zeroes.

1. Writethreequadratic polynomia sthat have 2 zeroeseach.
2. Writeonequadratic polynomial that hasone zero.
3. How will youverify if aquadratic polynomid it hasonly one zero.

4. Writethreequadratic polynomialsthat have no zeroes.

3.4.3 GeomeTrIcCAL MEeaNING OF ZErROES oF A Cusic PoLYNOMIAL

What do you expect the geometrical meaning of the zeroes of acubic polynomial to be?
Let usfind out. Consider the cubic polynomial x2 —4x. To see how the graph of y = x® —4x
lookslike, let uslist afew va uesof y corresponding to afew valuesfor x asshownin Table 3.3.
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Table 3.3

X

-1

y =X —4x

3

*y)

(_2’ O)

(_1’ 3)

(0, 0)

(11 _3)

(2,0)

We see that thegraph of y
= x% — 4x looks like the one
giveninthefigure,

We see from the table above
that —2, 0 and 2 are zeroes of
the cubic polynomial X3 —4x.
-2, 0 and 2 are the
x-coordinates of the points
where the graph of y=x3—
4x intersects the X-axis. So
thispolynomia hasthreezeros.

Let us take a few more
examples. Consider thecubic
polynomials x® and x® — x2
respectively. See Table 3.4
and 3.5.

Table 3.4

\\\\\

y=x3 -8

(X’ y) (_21

—9)

(0,0)

(1.1

(2,8)
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Table3.5
X 2 -1 0 1 2
y=x3-x2 -12 -2 0 0 4
X
y= X3 y= X3 — X2

In y=x3, you can seethat 0 isthe x-coordinate of the only point where the graph of
y=x3intersectsthe X-axis. So, thepolynomia hasonly onedistinct zero. Smilarly,0and 1 are
the x-coordinates of the only pointswherethe graph of y = x® —x2 intersectsthe X-axis. So, the

cubic polynomial hastwo distinct zeroes.

Fromtheexamplesabove, we seethat thereareat most 3 zeroesfor any cubic polynomid.
In other words, any polynomial of degree 3 can have at most three zeroes.

G
Ve TRY THIS

Find the zeroes of cubic polynomials (i) —x2 (i) x2—x (iii) x*—5x? + 6x without drawing

thegraphof thepolynomial.
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Remark : Ingeneral, given apolynomial p(x) of degreen, thegraph of y = p(X) intersectsthe
X-axisat at most npoints. Therefore, apolynomial p(x) of degreen hasat most n zeroes.

Example-1. Look at thegraphsin thefiguresgiven below. Eachisthegraph of y = p(x), where
p(x) isapolynomial. In each of the graphs, find the number of zeroesof p(x) inthegivenrange
of x.

(i) (ii)

(iv) (V) (Vi)

Solution : Inthegivenrangeof xinrespectivegraphs:
(i) Thenumber of zeroesis 1 asthe graph intersectsthe X-axisat onepoint only.
(i) Thenumber of zeroesis2 asthe graph intersectsthe X-axisat two points.
(iii)y Thenumber of zeroesis3. (Why?)
(iv) Thenumber of zeroesis1. (Why?)
(v) Thenumber of zeroesis1. (Why?)
(vi) Thenumber of zeroesis4. (Why?)
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Example-2. Findthe number of zeroesof the given polynomias. And dsofind their values.
(i) p(x) =2x+1 (i ay)=y*-1 (ii)r@=2°
Solution : Wewill do thiswithout plotting thegraph.
() p(x)=2x+lisalinear polynomial. It hasonly onezero.
Tofind zeroes,
Letp(x)=0
So, 2x+1=0

-1
Thereforex = 7

-1
Thezero of thegiven polynomial is BR

(i) g(y)=y?*—1isaquadratic polynomial.

It has at most two zeroes.

Tofind zeroes, let q(y) =0

Oy -1=0
O y+)@y-1=0
0 y=-lory=1

Thereforethe zeroes of the polynomial are-1and 1.

(iii) r(2) =Zisacubic polynomial. It hasat most three zeroes.

Letr(2 =0
02=0
0 z=0

S0, the zero of the polynomial isO.
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| Exercise — 3.2

1 Thegraphsof y=p(x) aregiveninthefigure below, for some polynomidsp(x). Ineach
case, find the number of zeroesof p(x).

(iv) (v) (Vi)
2. Findthe zeroesof thegiven polynomials.
() p(x)=3x (i) p(X) =x2+5x + 6
(i) p(X) = (x+2) (x+3) (iv) p(x) =x*—16
3. Draw thegraphsof the given polynomial and find thezeroes. Justify theanswers.
) p(xX) =x2—x-12 (i) p(X) =x2—6x+9
@) p(X) =x>—4x +5 (iv) p(x) = x>+ 3x—4

(V) p() =x -1

1
4. Why are 1 and —1 zeroes of the polynomials p(x) = 4x® + 3x—1?
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3.5 REeLATIONSHIP BETWEEN ZEROES AND COEFFICIENTS OF A PoLYNOMIAL

b
You havedready seenthat the zero of alinear polynomia ax+bis— e Wewill now try
to explorethe rel ationship between zeroes and coefficients of aquadratic polynomial. For this,
let ustake the quadratic polynomial p(x) = 2x2—8x + 6.

In Class-1X, we havelearnt how to factorise quadratic polynomials by splitting the
middleterm. So, herewesplitthemiddleterm‘—8x’ asasum of two terms, whose product is
6 x 2x2 = 12 2. So, we write

2¢—-8X+6=2%—-6Xx—2X+6
=2X(x—3) = 2(x—3)
=(2x-2) (x=3)=2(x-1) (x-3)

p(xX) =2x2—8x+ 6iszerowhenx—1=00rx—3=0,i.e, whenx=1or x=3. So,
the zeroesof 2x2—8x + 6 are 1 and 3. Wenow try and seeif these zeroeshave somerel ationship
to the coefficients of termsin the polynomial. The coefficient of x?is2; of xis—8 and the
constant is6, whichisthe coefficient of X°. (i.e. 6x°=6)

—(—8) —(coefficient of x)
2~ codficientof x°

6  constant term
Product of thezeroes =1x3=3= 7= icient of x2

We see that the sum of thezeroes=1+3=4=

L et ustake onemorequadratic polynomia:
p(x) = 3x% + bx — 2.
By splitting themiddletermwe see,
X +EX—2=3¢+6X—X—-2=3(X+2)-1(x+2)
=(3x-1) (x+2

3X2+5x—2iszerowhen either 3x—1=00rx+2=0

1
i.e, whenx=— or x=-2.

3
1
The zeroes of 3x?+ 5x—2 are 3 and —2. We can see that the :
_ 1 -5  —(coefficient of x)
Sum of itszeroes =3 +(-2) = 3 = coefficientof

1 -2 constant term
Product of itszeroes = —- x(-2) = — =
3 2 3  coefficient of x?
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Do THis

_ Find the zeroes of the quadratic polynomia sgiven below. Find the sum and product
of the zeroesand verify relationship to the coefficients of termsin the polynomial.

(i) pX)=x*—x—-6 (i) p(X)=x2—4x+3

@ii) p(x)=x2-4 (iv) p(X) =x+2x+1

Ingeneral, if a and B arethe zeroes of the quadratic polynomial p(x) = ax?+ bx + c,
wherea # 0, then (x—a) and (x— 3) are the factors of p(x). Therefore,
ax?+ bx+c=k(x—a) (x—B), where k is a constant
= K = (a+B) x + af]
=kx2 -k (a+B) x+kap
Comparing the coefficients of x2, x and constant termson both the sides, we get

a=k b=-k(a+p) and c = kap.

Thisgivesa + 3= o

Bc
ap= =
a

Note: a and [3 are Greek | etters pronounced as‘ apha and * beta’ respectively. Wewill
useonemoreletter 'y pronounced as‘ gamma.

Sum of zeroes for aquadratic polynomial ax?+bx+c
—p  —(coefficient of X)
=q + B = — = . >
a coefficient of x
Product of zeroesfor aquadratic polynomial ax? +bx + ¢
c constant term
=aB= 2 = Coefficientof X2

L et usconsider someexamples.

Example-3. Findthe zeroesof the quadratic polynomia x?+ 7x+ 10, and verify therelationship
between the zeroes and the coefficients.

Solution : Wehave
X+ 7x+10=(x+2) (x+5)
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S0, thevalue of X2+ 7x+ 10iszerowhenx+2=0o0r x+5=0,
i.e, whenx=-2or x=-b.

Therefore, the zeroes of X2 + 7x + 10 are—2 and 5.

—(7) —(coefficient of x)
Now, sum of the zeroes= -2 + (-5) == (7) = T = coeffidentof 2

10  constant term
Product of thezeroes  =-2x (=5) =10 = =~ = ‘sefficient of X2

Example-4. Find the zeroes of the polynomial x2— 3 and verify the relationship between the
zeroesand the coefficients.

Solution : Recall theidentity & —b?= (a—b) (a+ b).
Usingit, wecanwrite:
X —3=(x-3) (x+ 3)
So, thevalue of ¥ —3iszerowhenx= /3 or x= — /3.

Therefore, the zeroesof X —3are /3 and—./3 .

—(coefficient of x)
Sum of the zeroes = /3 +(=+/3) = 0=~ fidatof X2

—3  constant term
Product of zeroes = (4/3) X (- /3) ==3= T~ = Coatficient of X2

Example-5. Find the quadratic polynomial, whose sum and product of the zeroesare—3and
2, respectively.

Solution : Let the quadratic polynomial be ax? + bx + ¢, and itszeroesbe a and 3. We have

G+B:_3: ?1

d ap=2=-
an op = =3

If wetakea=1,thenb=3andc=2
So, one quadratic polynomia which fitsthe given conditionsisx? + 3x + 2.
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Similarly, we can take 'a’ to be any real number. Let us say it is k. This gives

-b o
?=—3 or b =3k and P 2 or ¢ =2k Putting the values of a, b and ¢, we get the

polynomial is ke + 3kx + 2K.

-1
Example-6. Find the quadratic polynomial whose zeroes are 2 and 3

Solution : Let the quadratic polynomial be

ax’ + bx + ¢, a# 0anditszeroesbe a and 3.

-1
Herea =2, = ?
-1 5
Sum of thezeroes=(a + ) =2+ ?]: S
-1 _—
Product of the zeroes = (af3) = 2 [?]: Z

Therefore the quadratic polynomial ax? + bx + cis

k[x?—(a+B)x + a ], wherek isaconstant and k# 0

ke 2y 2
=k -3x=3l

We can put different values of k.

When k = 3, the quadratic polynomial will be 3x? — 5x — 2.

1
(i) Find aquadratic polynomial with zeroes -2 and 3

(i)  What isthe quadratic polynomia whose sum of the zeroesis > and the product

of the zeroesis —1.
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3.6 Cusic PoLynOMIALS

Let usnow look at cubic polynomials. Do you think similar relation holds between
the zeroes of a cubic polynomial and its coefficients as well?

Let us consider p(x) = 2x® —5x% — 14x + 8.
1
We seethat p(x) =0for x=4, -2, 5

Since p(X) can have at most three zeroes, these are the zeroes of 2x2 —5x2 —14x + 8.

_ ) 1 5 —(-5) _ —(coefficient of x°)
Sum of itszeroes =4+ (2D 5=55 T 5 T T odfidentof X

: 1 —8 —(constant term)
Product of itszeroes =4 x (-2) x 5 =—4= = = codfficientof X°

However, thereisone morerelationship here. Consider the sum of the products of the
zeroestaken two at atime. We have:

1 1

—{4x(-2)} + {(—2) XE} + {EX 4}

—14 constant of x
2~ coefficientof x*

=_8-1+2=-7=

Ingenerd, it can beprovedthat if a, 3, y arethe zeroes of the cubic polynomial

axd + bx2+cx +d,

ax® +bx? +cx +d isapolynomial withzeroes a, 3, y. Letus a+B+y= —b
seehow a, B, y relatetoa, b, c, d. a
Since a, B, y arethezeroes, the polynomial can bewritten as of + By + ya = <
a
(x=a)(x=B) (x~-y)
= = (a+B+y) + (B + By + ay) - oy and aBy=—.

To comparewith the polynomia, wemultiply by 'a’ and get
ax® —x*a(a+B+y) +xa(aB+By+ay) -aapy-

0 b=-a(a+B+y),c=a(ap+PBy+ay),d = -aay
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Do THis

If a, B,y arethezeroesof the given cubic polynomials, find the va ues of the expressions
giveninthetable.

S.No.| CubicPolynomia a+pB+y op + By + ya apy

1 X+ 3 —-x-2

43 + 82 —b6Xx—2

2
3 X+ 4x2 —-5bx -2
4

X3+ 5% + 4

Let usconsider anexample.

1
Example-7. Verify whether 3,-1,— 3 arethe zeroesof the cubic polynomial

p(X) = 3x¢—5x?—11x—3, and then verify therel ationship between the zeroes and the coefficients.
Solution: p(x) = 3x3—5x2— 11x—3isgiven polynomial.
then p@)=3x3—(5x3)—(11x3)-3=81-45-33-3=0,
p(-1) =3x(-1)°*-5x(-1)2-11x (1) -3=—-3-5+11-3=0,

3 2
p[—l]:3>< —E] —SX[—E] —llx[—}]—B,
3 3 3 3
1 s 1, 2.2
9 9 3 3 3
1
Therefore, 3, -1, and 3 are the zeroes of 3x® —5x?—11x—3.
1
So, wetakea =3,=-1landy= 3

Comparing the given polynomia with ax® + bx? + cx + d, we get

a=3,b=-5c=-11,d=-3. Further

Now,
1 1 5 —(-5 -b
a+B+y=3+(-1)+ _5]22—§:§:T= ,
o(B+[3y+yo(:3><(—1)+(—1)><[—}]+[—}]><.':’>:—3+l—1:_—11:E
3 3 3 3 a’

1 —(-3 —d
GBV=3X(_1)X[_§]=1= —3 :?_
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3.7

between the zeroes and the coefficients.

() x*—2x-8 (i 48 —4s+ 1 (iii) 6x2 —3 = 7x
(iv) 4u? + 8u (V) t2-15 (Vi) 32 —x—4

Find the quadratic polynomial in each case, with the given numbers as the sum and
product of itszeroesrespectively.

(i)%,—l (i) V2, % (i) 0, 5
| 11 .
(iv)1,1 (v)— 12 (vi)4,1

Find the quadratic polynomidl, for thezeroesa, (3 givenin each case.

1 13
(i2,-1 (i) V/3,—/3 (iii)Z,—l (iV)E’E

Verify that 1, —1 and +3 are the zeroes of the cubic polynomial x* —3x2—x + 3 and
check therelationship between zeroesand the coefficients.

DivisioN ALGORITHM FOR POLYNOMIALS

You know that acubic polynomial hasat most three zeroes. However, if you aregiven

only one zero, can you find the other two? For this, let us consider the cubic polynomial

x3+3x2—x—3. If oneof itszeroesis 1, then you know that this polynomial isdivisible by
x—1. Therefore dividing by x—1 we would get the quotient x> —2x— 3.

We get thefactorsof x2—2x—3 by splitting themiddleterm. Thefactorsare (x + 1) and

(x—3). Thisgivesus

=3 -x+3=(x-1) (¥*—2x-3)
=(x—-1) (x+1) (x-3)
So, thethree zeroes of the cubic polynomial arel,—1, 3.

L et usdiscussthemethod of dividing onepolynomia by another in detail. Beforedoing

thestepsformally, consder anexample.
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Example-8. Divide2x?+ 3x+ 1 by x + 2.

Solution : Note that we stop the division process when either the
2

remainder iszero or its degreeis|essthan the degree of the divisor. X+25 2X°43x+1

S0, here the quotient is 2x — 1 and the remainder is 3. Also, 2%2 + 4X

2x—1

(X=1D) (x+2)+3=2¢+3x—-2+3=2¢+3x+1 S

e, 2¢+3x+1=(x+2) (2x—1) +3 —x+1
—X—2

Therefore, Dividend = Divisor x Quotient + Remainder .

Let us now extend this processto divide apolynomia by a 3

quedratic polynomid.

Example-9. Divide 3+ x2+2x+5by 1 + 2x + 2.

Solution : Wefirst arrange the terms of the dividend

and the divisor in the decreasing order of their 3x—5

degrees. (Arranging thetermsin thisorder istermed 2 +2x+1 >3x3 X2 L 2X+5
as writing the polynomials in its standard form). In

this example, the dividend is already in its standard 3x° + 6% + 3%
form, and the divisor, aso in standard form, is X + _ — —
2x+ 1. —5x*—x+5
Sep 1: Toobtainthefirst term of the quotient, divide —5x*~10x—5
the highest degreeterm of thedividend (i.e., 3x¢) by the + + +
highest degreeterm of thedivisor (i.e., X). Thisis 3x. 9x+10
Then carry out the division process. What remainsis

-5x2—x+5.

Sep 2 : Now, to obtain the second term of the quotient, divide the highest degree term of
the new dividend (i.e., — 5x?) by the highest degree term of the divisor (i.e., X). Thisgives
—5. Again carry out the division process with—5x? —x + 5.

Sep 3: What remainsis 9x + 10. Now, the degree of 9x + 10 isless than the degree of the
divisor X2 + 2x+ 1. So, we cannot continuethedivision any further.

So, the quotient is 3x—5 and theremainder is9x + 10. Also,
(+2x+ 1) x(3x—=5) + (9 +10) =(3x® +6x?+3x—5x?>—-10x—5+9x + 10)
=3x® +x2+2x+5
Hereagain, we seethat

Dividend = Divisor x Quotient + Remainder
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We are applying here an algorithm called Euclid’s division agorithm.
Thissaysthat
I p(x) and g(x) ar eany two polynomialswith g(x) # 0, then wecan find polynomials
g(x) and r(x) such that
p(x) = g(x) x q(x) + r(x),
where either r(x) = 0 or degree of r(x) < degreeof g(x) if r(x) 0
Thisresultisknown asthe Division Algorithm for polynomias.
Now, we havethefollowing resultsfrom the above discussions
0] If g(X) islinear polynomial thenr(x) =r isaconstant.
(i) If degree of g(x) = 1, then degree of p(x) = 1 + degree of q(X).
(i) If p(x) isdivided by (x—a), thentheremainder isp(a).

(iv)  Ifr=0,wesay q(x) dividesp(x) exactly or q(x) isafactor of p(x).
L et usnow take someexamplestoillustrateitsuse.

Example-10. Divide 3x*—x3—3x + 5by x—1—x?, and verify the division algorithm.
Solution : Notethat the given polynomia sare not in standard form. To carry out division, we
first write both the dividend and divisor in decreasing ordersof their degrees.

So, dividend=—x®+ 3x*—-3x+ 5and
divisor =—x2+ x—1. X—=2

Division process is shown on the right side. _X2+X—1> —X +3¢ —3x+5

We stop here since degree of theremainder is X+ X — X
lessthan the degree of (= + x— 1) thedivisor. + - +
So, quotient = x— 2, remainder = 3. 2¢ —2x+5
2XC —2X+-2
Now,
_ _|_ _
Dividend = Divisor x Quotient + Remainder 3

=(-+x-1) (x—2) +3
=X+ XP—X+2C-2x+2+3
=—x® + 32 -3x+5

Inthisway, thedivisonagorithmisverified.
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Example-11. Find al the zeroes of 2x* — 3x3 — 3x*+ 6x — 2, if you know that two of its
zeroesare [ and—/2.

Solution : Sincetwo of the zeroesare /2 and— /2, thereforewe candivideby (x—./2

)

(x+ J2)=x-2
2x° —3x+1
—2 )2x* =3¢~ 3" +6x—2 oy
oyt e First term of quotient is 7:2x2
X —4x
-~ +
—3%° + X +6x—2 ,
-3¢ +6x Second term of quotient is _x2 =-3x
_|_ —
x> —2
x*—2 X2
Third term of quotientis — =1
- + X
0

SO, 2 =33 -3 +6x—2=(x*-2) (2*-3x+1).

Now, by splitting—3x, we factorize 2x2 — 3x + 1 as (2x— 1) (x—1). So, its zeroes are

1
givenby x= 7 andx=1. Therefore, the zeroes of the given polynomial are J2.-2.

1
land —.
2

1.

Exercise — 3.4

Dividethepolynomia p(x) by the polynomial g(x) and find thequotient and remainder in
each of thefollowing:

0] p(xX) =x®—3x*+5x—-3,g(X) =x* -2
(it) p(xX) =x* =3 +4x+5,g(X) =x+1-X
(i) p(X) =x*—5x+ 6, g(X) =2 —x?
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Check in which case the first polynomial is a factor of the second polynomia by
dividing the second polynomial by thefirst polynomial :

(i) t?-3, 2t + 3 -2t° -9t - 12
(i)  *X+3x+1,3X+5-7x+2x+2
(i) X=3X+1L,xX-C+x2+3x+1

Obtain all other zeroes of 3x* + 6x3 — 2x? — 10x — 5, if two of its zeroes are
el

33
Ondividing X3 — 3x? + x + 2 by apolynomia g(x), the quotient and remainder were
X —2 and —2x + 4, respectively. Find g(x).

Giveexamplesof polynomiadsp(x), g(x), q(x) andr(x), which satisfy thedivisonagorithm
and

(i) degp(x) = degq(x) (ii) degq(x) = degr(x) (iii) degr(x)=0

OpTiONAL EXERCISE

< [For extensive Learning]

Verify that the numbers given alongside the cubic polynomia sbelow aretheir zeroes.
Also verify therelationship between the zeroes and the coefficientsin each case:

1
(i) 2¢+x2-bx+2; (E’ 1,-2) (i) x*+4+5x—-2;(1,1,1)
Find acubic polynomial with the sum, sum of the product of itszeroestakentwo at a
time, and the product of itszeroesas 2, —7, —14 respectively.
If the zeroes of the polynomial x*—3x*+x+ 1area—b,a,a+bfindaandb.
If two zeroes of the polynomial x*—6x® —26x? + 138x—35 are 2 + /3, find the other
Zeroes.

If the polynomial x*— 6x3 — 16x? + 25x + 10 is divided by another polynomial
x? —2x + k, the remainder comes out to be x + a, find k and a.
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Suggested Projects

Quadratic polynomial - Zer oesof the polynomial - geometrical meaning/ graphs.

e Draw graphsfor quadratic polynomial ax?+ bx + ¢ for various conditions.
(i) a>0 (iYa<O (iii) a=0 (iv) b>0 (v) b<O
V) b=0 and comment onthegraphs

v’> WHAT We Have Discussep

Polynomialsof degrees1, 2 and 3 arecalled linear, quadratic and cubic polynomials
respectively.

A quadratic polynomial in xwith real coefficientsisof theformax? + bx + ¢, wherea, b,
carerea numberswitha#O0.

3. Thezeroesof apolynomial p(x) arethe x-coordinates of the points wherethe graph of
y = p(X) intersectsthe X-axis.

4, A quadratic polynomial can have at most 2 zeroesand acubic polynomia can have at

most 3 zeroes.

5. If a and 3 arethe zeroes of the quadratic polynomial ax? + bx + ¢, a# 0, then
iao P o_c

a B - _a ) GB - a <

6. If a, B, yarethe zeroes of the cubic polynomia ax® + bx?+ cx+d, a# 0, then

G+B+V=?,

ap + By + ya =

and ofy= =

2 oo

7. Thedivisondgorithm statesthat given any polynomid p(x) and any non-zero polynomid
9(x), thereexist polynomials g(x) and r(x) such that

p(x) = g(x) a(x) + r(x),
where either r(x) = 0 or degreer(x) < degreeg(x) if r(x) #0.
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CHAPTER

4 Pair of Linear Equations
in Two Variables

4.1 INTRODUCTION

Oneday Siri went to abook shop with her father and bought 3 notebooksand 2 pens. Her
father paidI80for them. Her friend Laxmi liked the notebooksand pens so she bought 4 notetooks
and 3 pensof thesamekind for 3110 and again her classmates Rubinaliked the pensand Joseph
liked the notebooks. They asked Siri the cost of one pen and one notebook. But, Siri did not
know the cost of one notebook and one pen separately. How can they find the costs of these
items?

In this example, the cost of a notebook and a pen are not known. These are unknown
quantities. We come across many such situationsin our day-to-day life.

_,/f‘ THINK - Discuss

Two stuationsaregiven below:

(i) Thecost of 1kg potatoes and 2kg tomatoeswasI 30 on acertain day. After two days,
the cost of 2kg potatoes and 4kg tomatoes was found to be66.

(i) The coach of acricket team of M.K.Nagar High School buys 3 bats and 6 balls for
<3900. Later he buysone more bat and 2 ballsfor I1300.

I dentify theunknownsin each Situation. We observethat there aretwo unknownsin each
case.

4.1.1 How Do We Fino UNKNOWN QUANTITIES?

Intheintroduction, Siri bought 3 notebooksand 2 pensfor ¥80. How can wefind the cost
of anotebook or the cost of apen?

Rubinaand Joseph tried to guess. Rubinasaid that price of each notebook could beI25.
Then three notebookswould cost X 75, the two penswould cost ¥5 and each pen could befor
32.50.

Joseph felt that ¥2.50 for onepenwastoolittle. It should beat |east T16. Then the price of
each notebook would also beX16.
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We can seethat there can be many possible vauesfor the price of anotebook and of apen
sothat thetotal costis380. So, how dowefind cost priceat which Siri and Laxmi bought them?
By using only Siri'ssituation, we cannot find the costs. We haveto use Laxmi's situation a so.

4.1.2 Using BotH EquaTioNns TOGETHER

Laxmi also bought the same types of notebooks and pens as Siri. She paid %110 for 4
notebooks and 3 pens.

So, we have two situationswhich can berepresented asfollows:
(i) Cost of 3 notebooks + 2 pens =380.
(i) Cost of 4 notebooks + 3 pens=3110.

Doesthishelp usfind the cost of apen and anotebook?

Consider the prices mentioned by Rubina. If the price of one notebook is¥25 and the
priceof one penis32.50 then,

Thecost of 4 notebookswouldbe : 4 x25=%100

Andthecostfor 3penswouldbe : 3 x250=%7.50

If Rubinaisright then Laxmi should have paid< 100+ 7.50 =% 107.50 but she paid ¥110.
Now, consider the prices mentioned by Joseph. Then,

The cost of 4 notebooks, if oneisfor 316, would be : 4x16=%64
Andthecost for 3 pens, if oneisfor 16, would be : 3x16=%48

If Josephisright then Laxmi should have paid3¥64 +348 =% 112 but thisismorethan the
priceshepaid.

So what do we do? How to find the exact cost of the notebook and the pen?

If we have only one equation but two unknowns (variabl es), we can find many solutions.
So, when we have two variables, we need at | east two independent equationsto get aunique
solution. Oneway to find thevaluesof unknown quantitiesisby using theModel method. Inthis

method, rectangles or portions of rectangles are often used to represent the unknowns. Let us
look at thefirst Situation using themode method:

Step-1: Represent anotebook by [[[[] andapenby [ .
Siri bought 3 booksand 2 pensfor I80.

380

Laxmi bought 4 booksand 3 pensfor I110.

%110
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Sep-2: Increase (or decrease) the quantitiesin proportion to make one of the quantitiesequal in
both situations. Here, we make the number of pensequal.

(3 books x 3) 9 books (2 pens x 3) 6 pens

3240
(3x380)

(4 books x 2) 8 books (3 pens x 2) 6 pens
3220
(2x%110)

In Step 2, we observe asimple proportional reasoning.

Since Siri bought 3 booksand 2 pensfor X80, so for 9 books and 6 pens:

3 x 3=9booksand 3 x 2 =6 pens, the cost will be 3 x 80 =3240 Q)
Similarly, Laxmi bought 4 booksand 3 pensfor %110, so:

2x4=8booksand 2 x 3 =6 penswill cost 2 x 110 =3220 2
After comparing (1) and (2), we can easily observethat 1 extrabook costs

%240 - X 220 =%20. So one book cost is X20.

Siri bought 3 books and 2 pensfor X80. Since each book costsT20, 3 books cost X 60.
So the cost of 2 pens become< 80 - % 60 =3 20.

So, cost of each penisI20 + 2 =%10.

L et ustry these costsin Laxmi'ssituation. 4 bookswill cost ¥ 80 and three penswill cost
% 30for atota of X 110, whichistrue.

From theabovediscussonand caculation, itisclear that to get exactly onesolution (unique
solution) we need at |east two independent linear equationsin the sametwo variables.

In general, an equation of theform ax + by + ¢ =0, where a, b, c are real numbersand
whereat least oneof aor bisnot zero, iscalled alinear equationintwo variablesxand y.

Try THIS

Mark thecorrect optioninthefollowing questions:

1.  Whichof thefollowing equationsisnot alinear equation?
a)5+4x=y+3 b) x+2y =y - x
c)3-x:y2+4 dx+y=0
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2. Whichof thefollowing isalinear equationinonevariable?

a2x+1=y-3 b)2t-1=2t+5
c)2x-1:x2 d)x2-x+1:0
3. Whichof thefollowing numbersisasolutionfor the equation 2(x + 3) = 18?
a5 b) 6 c) 13 d) 21
4. Thevalueof x which satisfiestheequation2x - (4-x) =5-xis
a) 4.5 b) 3 0225 d)05
5. Theequationx - 4y=5has
a) nosolution b) uniquesolution
C) two solutions d) infinitdly many solutions

4.2 SorLuTioNs ofF PaIrRs oF LINEAR EQuATIONS IN Two VARIABLES

Intheintroductory example of notebooks and pens, how many equationsdid we have?
We had two equationsor apair of linear equationsin two variables. What do we mean by the
solutionfor apair of linear equations?

Thepair of valuesof thevariablesx andy whichtogether satisfy each one of the equations
iscdledthesolutionfor apair of linear equations.

4.2.1 GraprHicAL MeTHOD oF FINDING SoLuTioN ofF A PaIR oF LINEAR EQuATIONS

What will bethenumber of solutionsfor apair of linear equationsintwo variables?|sthe
number of solutionsinfiniteor uniqueor none?

In an earlier section, we used the model method for solving the pair of linear equations.
Now wewill usegraphsto solvethe equations.

Let:ax+by+c =0,(a+b2#0)andax+by+c,=0; (a2+bz2#0)formapair
of linear equation intwo variables.
The graph of alinear equation in two variablesisastraight line. Ordered pairs of real

numbers (X, y) representing pointson the line are sol utions of the equation and ordered pairs of
real numbers (X, y) that do not represent pointson thelineare not solutions.

If we havetwo linesin the same plane, what can bethe possiblerel ations between them?
What isthesignificanceof thisrelation?
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Whentwo linesaredrawninthe sameplane, only one of thefollowing threesituationsis

posshle
) Thetwolinesmay intersect at onepoint. ><

ya S

i)  Thetwolinesmay notintersecti.e., they areparald.

< rd

€ > >

i) Thetwolinesmay becoincident. _
(actudly both are same)

Let uswritethe equationsin thefirst exampleintermsof x andy, wherexisthecost of a
notebook and y isthe cost of apen. Then, the equations are 3x + 2y = 80 and 4x + 3y = 110.

For theequation 3x + 2y =80 For theequation 4x + 3y = 110
80—3x 110-4x
X | y=""> (% y) X | y=—"3 (% y)
80-3(0) 110-4(-10)
0 == = 40 | (O, 40) -10| y= — 3 = 50| (-10, 50)
80— 3(10) 110-4(20)
10 == = 25 | (10, 25) 20 =—3 - 10 (20, 10)
80-3(20) 110-4(50)
20 == = 10 | (20, 10) 50 =—3 = -30 | (50, -30)
80— 3(30)
30 :T:-S (30,-5) |[p b bilbglto ot
After plotting theabove pointsinthe [
Cartesian plane, we observe that the two \R
straight linesareintersecting at the point 45
(20, 10).

Substituting thevaluesof xandyin
equation we get 3(20) + 2(10) = 80 and
4(20) + 3(10) = 110.

Thus, asdetermined by thegraphical
method, the cost of each book 15320 and
of each penis10. Recall that we got the
same solutionusing themodel.

Since (20, 10) isthe common point,
thereisonly onesolutionfor thispair of linear
equationsintwo variables. Such equations
areknown as consistent and independent
pairsof linear equations. They will aways
haveauniquesolution.
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Now, let uslook at thefirst examplefrom the think and discuss section. Wewant to find
the cost of 1kg of potatoesand the cost of 1 kg of tomatoeseach. L et the cost of 1kg potatoes
be Ix and cost of 1kg of tomato be Xy. Then, the equations will become 1x+2y=30 and
2x+4y=66.

For theequation x + 2y =30 For theequation 2x + 4y = 66
_30-X _ 66-2x
X1 y=—>5 (y) X |y=—>{ (. y)
30-0 66—-2(1)
0 y=T=15 (O, 15) 1 sz:16 (1, 16)
30-2 66— 2(3)
2| y= 5 = 14 (2,149 3 Y WS 15 (3,15)
30-4 66— 2(5)
4 y=T=13 (4, 13) 5 y=T:14 (5, 149
30-6 66—-2(7)
6|y= 5 = 12 (6,12 7 == - (7,13)

Here, we observe that the situation is y Bealel 1

represented graphically by two parallel lines. Since’ \ i x:a>§is s i uni:_t
H 19 —yaxis:lem=1unit

the lines do not intersect, the equations have no | \ | | |
common solution. This means that the cost of the
potato and tomato was different on different days. |
We seethisinredl life aso. We cannot expect the |
same cost price of vegetables every day; it keeps :
changing. Also, thechangeisindependent.

Such pairsof linear equationswhich haveno
solution are known as inconsistent pairs of linear
equations.

M ERIHEE, (REE IR IR SR BEY REIE 1T TR EE VI ER

In the second example from the think and |
discuss section, let the cost of each bat be¥ x and | *$ 7=

T O R T a> |
each ball beXy. Thenwe canwritetheequationsas |
3x + 6y = 3900 and x + 2y = 1300.

PR R |

|

For the equation 3x + 6y = 3900 For theequation x + 2y = 1300
3900-3x 1300 - x
X \y=—"§g (*y) X |y=—">5 (xy)
3900 - 3(100) 1300-100
100| y = 5 - 600 | (100, 600)| [100|y= 5 - 600 | (100, 600)
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3900 - 3(200) 1300- 200

200| y=——— =550 (200,550) | |200|y=~———— =550 | (200, 550)
3900 - 3(300) 1300—300

300| y= =~ =500 (300,500)| |300|y= ~—>—— =500 (300, 500)
3900 - 3(400) 1300400

400| y= —————— =450/ (400, 450) | |400|y= ————— =450/ (400, 450)

| S
x axis; 1cm=100 units

Theequationsare geometrically shown Y4
M axis: i cm= 100 units
600 ; L L

500

400

300]

200

by apair of coincident lines. If the solutions of Kiz
the equationsaregiven by the common points,

thenwhat arethe common pointsinthiscase?

From the graph, we observe that every

point on thelineisacommon solutionto both
the equations. So, they haveinfinitely many _
solutionsasboththeequationsareequivalent. % |
Such pairsof equationsare called consistent | =00 -10070] 1100 200 300 400 500 600

and dependent pair of linear equationsintwo

variables.

THINK - DISCUSS

Isadependent pair of linear equations aways cons stent. Why or why not?

Sol vethefollowing systemsof equations:
) x-2y=0 i) x+y=2 i)y 2x-y=4
33X+ 4y =20 2X+2y=4 4x-2y =6

2. Represent thefollowing pair of linear equationsgraphicaly.
X+ 2y-4=0and 2x+ 4y- 12 = 0. Represent this situation graphically.

4.2.3 ReLatioN BETWEEN CoOEFFICIENTS AND NATURE OF SYSTEM oF EQUATIONS

Leta,b,c anda,b,c, dmotethecoefficimtsof agiven pairof linear equationsintwo

) 11 ) 21

b,
variables. Then, et uswriteand comparetheva ueﬁof b and — intheabove examples.
2
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Pair of lines Z—Z s—z z_i Comparison | Algebrac | Gragphicd | Solutions
of ratios interpretetion | representation
1. 3x+2y-80=0 312 |801a,h Consistent and | I ntersecting | One
4 |3 |-110| &, b,
4x+3y-110=0 Independent olution
2. 1x+2y-30=0 L2120 1ah,0 Inconsistent | Paralld No
2 |4 |-66 | & b, ¢
2x+4y—66=0 solution
3 6 [3900| a _b _c . A ¥ -
3. 3x+6y=3900 1 12 1300 g = E = g Conggent | Coincident | Infinitely
x+2y=1300 and many
dependent solutions

Let uslook at examples.

Example-1. Check whether the given pair of equations represent intersecting, parallel or
coincident lines. Find the solutionif the equationsare cons stent.

2X+y-5=0
3X-2y-4=0
L A2 b_1 G -5
Solution: a, 3 b, -2 c, -4

a b
Since _—* 1, thereforethey areintersecting linesand hence, consistent pair of lineer equation.
2

a‘2
For theequation 2x +y=5 For theequation 3x - 2y=4

4-3x

X | y=5-2X (% y) X | y="3 (. y)
4-3(0)

0 | y=5-2(0)=5 (0,5) 0 y:_—2:-2 O, -2)
4-3(2)

1 |y=5-2(1)=3 (1, 3) 2 y:_—2=1 2,1
4-3(4)

2 |y=5-2=1 (2, 1) 4 1y=—— =4 (4,4)

3 |y=5-2Q3)=-1 (3,-1)

4 | y=5-2(4)=-3 4, -3)
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'Scaie_ |

thispair of equations | ' ;\ x axis 1cm=1 unit
is(2,2). | i R Y R S P R T

Example-2. Check whether thefollowing pair of equationsisconsistent.
3x+4y=2and 6x + 8y =4. Verify by agraphical representation.
Solution: 3x+4y-2=0

6x+8y-4=0
a_38_1 b_4_1 G_-=2_1
a, 6 2 b, 8 2 c, -4 2
. a‘l — bl — Cl . B . . . .
Since 77, T . - therefore, they arecoincident lines. So, the pair of linear equations
2 2 2
are cond stent and dependent and haveinfinitely many solutions.
For theequation 3x + 4y =2 For theequation 6x + 8y =4
_2-3X _ 4-6x
X | Y=—73 (% y) X | ¥y="3 (%)
3 ~2-30) 1 0 1 0 _4-6(00) 1 0 1
y_ 4 - 2 ( ’ 2 ) y_ 8 - 2 ( ’ 2)
2-3(2) 4-6(2)
2 | y=—=-1 |(2,-) 2 | y=——7—=-1 (2,-1)
4 8
2-3(4) 4-6(4)
4| y=—F =-25|(4-25) 4 |y=—g =-25|(4-25
2-3(6) 4-6(6)
6 | y= — - -4 | (6,-4) 6 | y= 3 - -4 (6, -4)
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o Yﬂ - xaxis Lem=lunit
| (S

Example-3. Check whether the equations 2x-3y =5 and 4x-6y = 15 areconsistent. Also verify

by graphical representation.

Solution : 4x-6y - 15=0
2x-3y-5=0
a_4_2 bh_-6_2
a, 2 1 b, -3 1
&_£_§ i:&¢i
c, -5 1 a, b, ¢

Sotheequationsareincons stent. They haveno solutionsand their graphisof pardld lines.

For theequation 4x - 6y =9 For theequation 2x - 3y=5
x | y=== 64X (x.¥) x| y= 5:; - (. Y)
0 y=%=; (0, -2.5) 1 y=5-_—é(1):-1 1, -1)
3 |y= L - 2(3) = 71 (3, -0.5) 3| y= 5-_23(4) =1 (4, 1)
6 |y= 15'_—2(6):% (6, 1.5) 6 :5'_—2;7)=3 (7,3)
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_ Xadslom=lunit |
- yaxislem=21lunit

fxh Do THis

Ve u Check each of the given systems of equationsto seeif it has a unique solution,
infinitely many solutionsor no solution. Solvethem graphically.
(i) 2x+3y=1 [y x+2y=6 (i) x+2y=6
Xxy=7 2X+4y =12 6x + 4y = 18

TRY THIS

1. Forwhatvaueof 'p'thefollowing pair of equationshasaunique solution.
2X+py=-5and3x+3y=-6

2. Find the value of 'k’ for which the pair of equations2x - ky + 3=0, 4x + 6y - 5=0
represent parallel lines.

3. For what value of 'k', the pair of equation 3x + 4y + 2=0and 9x + 12y + k = 0
represent coincident lines.

4. Forwhat positivevauesof 'p' thefollowing pair of liner equationshaveinfinitely many

lutions?
px+3y-(p-3)=0
12x+py-p=0

L et uslook at some more examples.

Example-4. Inagardenthereare some beesand flowers. If onebeesitson each flower then
one beewill beleft. If two beessit on each flower, oneflower will beleft. Find the number of
beesand number of flowers.
Solution:  Letthe number of bees=xand

the number of flowers =y
If one bee sitson each flower then one beewill beleft. So, x=y+ 1
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or X-y-1=0 - Q)
If two beessit on each flower, oneflower will beleft. So, x=2(y- 1)
or X-2y+2=0 - (2
For theequationx-y-1=0 For theequationx-2y+2=0
X+2
x| y=x-1 (*¥) X | y=—5 (% y)
0+2
0| y=0-1=-1 O, -1) 0 | y= > =1 0,1
2+2
1] y=1-1=0 (1,0) 2 | y= 5 =2 (2,2
4+2
2 y=2-1=1 (2,1) 4 y:T:B 4, 3)
6+2
3| y=3-1=2 (3,2 6 y=7=4 (6, 4)
4 | y=4-1=3 4,3
' ..:.:Scde.

Y ! |
xaxis: 1 cm=1unit
i y'J:ax_is:; Tem=Lunit

LN

Therefore, thereare4 beesand 3 flowers.

Example-5. Theperimeter of arectangular plotis32m. If thelengthisincreased by 2mandthe
breadth isdecreased by 1m, the areaof the plot remainsthe same. Find thelength and breadth
of theplot.

Solution : Let length and breadth of the rectangular land bel and b respectively. Then,

area=1b and
Perimeter = 2(1 + b) =32 m.
l+b=16 or | +b-16=0 - @
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Whenlengthisincreased by 2 m., then new lengthis| + 2. Also breadth is decreased by
1m so new breadthisb- 1.

Then, area= (1 +2) (b- 1)
Sincethereisno changeinthearea,

(1+2)(b-1)=1Ib
Ib-1+2b-2=1b or lb-lb=1-2b+2
[-2b+2=0 - (2
For theequation| +b-16=0 For theequation|-2b+2=0
| +2
| | b=16-1 (I, b) I b:T (I, b)
6+2
6 | b=16-6=10 (6, 10) 6 b:T: (6,4)
8+2
8 | b=16-8=8 (8,8) 8 b:T: (8,5)
10+2
10 | b=16-10=6 (10, 6) 10 | b= > =6 (10, 6)
12+2
12 | b=16-12=4 (12, 4) 12 | b= > =7 (12,7)
14+2
14 | b=16-14=2 (14,2 14 | b= > =8 (14, 8)

So, origind length of theplotis10m and itsbreadthis6m.
Taking measuresof length on X -axisand measure of breadth on'Y-axis, weget thegraph

YSCde
EEUPRR R o xaxis lem=_lunit, |

. Nl
i s [ N B R E I N

Wyl |
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Exercise - 4.1

by

a C
1 Bycomparingtheratiosa—ll b’ C—l , Satewhether thelinesrepresented by thefollowing
2 2

2
pairsof linear equationsintersect at apoint, are paralel or are coincident.

a 5x-4+8=0 b) 9x+3y+12=0 c) 6x-3y+10=0
7x+6y-9=0 18x+6y + 24 =0 2x-y+9=0

Check whether thefollowing equationsare cong stent or incons stent. Solvethem graphicaly.

3_..5

a 3x+2y=5 b) 2x-3y=8 C) §x+§y =7

2x - 3y=7 4x-6y=9 9% - 10y = 12
4

d) 5x-3y=11 e §X+2y:8 f) x+y=5
-10x+6y = -22 2x+3y = 12 2x+2y = 10

g x-y=8 h 2x+y-6=0 i) 2x2y-2=0
3x-3y = 16 4x-2y- 4 =0 4x-4y-5=0

Nehawent to a'sal€' to purchase some pants and skirts. When her friend asked her how
many of each she had bought, sheanswered " The number of skirtsaretwo lessthantwice
the number of pants purchased. Find the number of skirtsisfour lessthan four timesthe
number of pantspurchased.”

Help her friend to find how many pantsand skirtsNehabought.

10 students of Class-X took part inamathematicsquiz. If the number of girlsis4 more
than the number of boysthen, find the number of boysand the number of girlswho took
partinthequiz.

5 pencilsand 7 penstogether cost T50 whereas 7 pencilsand 5 penstogether cost 346.
Find the cost of one pencil and that of one pen.

Half the perimeter of arectangular gardenis36 m. If thelengthis4m morethanitswidth,
findthedimensionsof thegarden.

We havealinear equation 2x + 3y - 8 = 0. Write another linear equationintwo variables
x andy such that the geometrical representation of thepair soformedisintersecting lines.

Now, write two more linear equations so that oneformsapair of parallel linesand the
second forms coincident linewith the given equation.

Theareaof arectangle getsreduced by 80 sq unitsif itslengthisreduced by 5 unitsand
breadth isincreased by 2 units. If weincrease the length by 10 units and decrease the
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breadth by 5 units, theareawill increase by 50 sg units. Find thelength and breadth of the
rectangle.

9. InXdass,if threestudentssit on each bench, onestudent will beleft. If four Ssudentssit on
each bench, onebenchwill beleft. Find the number of studentsand the number of benches
inthat class.

4.3 ALceBralc MeTHODS OF FINDING THE SoLuTiONs FOR A PAIR oF LINEAR
EquaTiONS

Wehavelearnt how to solveapair of linear equationsgraphicaly. But, thegraphica method
ishot convenient in caseswherethe point representing the solution hasno integral co-ordinates.

w 1
13'19
isevery possibility of making mistakeswhilereading such co-ordinates. Isthereany dternative

method of finding asolution? Thereare severa other methods, whichwe shall discuss some of
them now.

For example, whenthe solutionisof theform (/3,247 ), (- 1.75,3.3), ( ) etc. There

4.3.1 SussTiTuTiON METHOD

Thismethod isuseful for solving apair of linear equationsin two variableswhere one
variable can easily bewrittenintermsof the other variable. To understand thismethod, let us
congder it step-wise

Sep-1: Inoneof theequations, expressonevariableintermsof the other variable. Say yin
termsof x.

Sep-2: Substitutethevaueof y obtained in step 1 inthe second equation.

Sep-3: Simplify theequation obtained in step 2 and find thevalue of x.

Sep-4: Substitutethevalueof x obtainedin step 3in either of the equationsand solveitfory.
Sep-5: Check the obtained solution by substituting thevalues of xandyin both the origina
equations.

Example-6. Solvethegiven pair of equationsusing substitution method.
2X-y=5
Xx+2y=11
Solution:  2x-y=5 2
X+2y=11 2
Equation (1) can bewritten as
y=2x-5
Substituting in equation (2) we get
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X+ 2(2x-5 =11

X+4x-10=11

7x=11+10=21

x=2U7=3.
Subgtitutex =3 in equation (1)

2(3)-y=5

y=6-5=1
Substitute the values of x and y in equation (2), weget 3(3) +2(1) =9+6=11
Both theequationsare satisfied by x=3andy =1.
Therefore, required solutionisx=3andy = 1.

Do THis

" Solveeach pair of equation by using the substitution method.
1) 3x-5y=-1 2 xt2y=-1 8) 243y=9
x-y=-1 2x-3y=12 3x+dy = 5
6
4 x+< =6 5) 0.2x+03y =13 6) V2x+3y=0
8
3x—§ _5 0.4x + 0.5y = 2.3 J3x -8y =0

4.3.2 ELiminATION METHOD

Inthismethod, first wediminate (remove) oneof thetwo variablesby equating itscoefficients.
Thisgivesas ngleequationwhich can besolved to get thevaueof theother varigble. To understand
thismethod, let usconsider it stepwise.

Sep-1: Writeboththeequationsintheform of ax + by =c.

Sep-2: Makethecoefficientsof oneof thevariables, say 'X, equa by multiplying each equation
by suitablerea numbers.

Sep-3: If thevariableto bediminated hasthe samesignin both equations, subtract oneequation
fromthe other to get an equationin onevariable. If they have opposite signsthen add.

Sep-4: Solvetheequationfor theremaining variable.

Sep-5: Substitutethevaue of thisvariablein any one of the original equationsand find the
vaueof thediminated variable.

Example-7. Solvethefollowing pair of linear equationsusing €imination method.
Xx+2y=11
2X+3y=4
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Solution:  3x+2y=11 @
2X+3y=4 2
Let usdiminate'y from the given equations. The coefficientsof 'y' inthe given equationsare 2
and 3. L.C.M.of 2and 3is6. So, multiply equation (1) by 3 and equation (2) by 2.
Equation (1) x 3 9x+6y= 33
Equation (2) x 2 Ix+py= 8
5 = 25
U5,
X=7 =
Substitutex =5, inequation (1)
35)+2y=11

2y=11-15=-4 = y=—=-2

Therefore, therequired solutionisx=5,y=- 2.

¥ Do THIS

Solve each of thefollowing pairsof equationsby theelimination method.

1. 8+5y=9 2. 2x+3y=8 3. 3X+4y=25
x+2y =4 4x+6y=7 5x - 6y =-9

Try THIS

Solvethegiven pair of linear equations
(@a-b)x+(a+h)y=a?-2ab - b?
(a+b) (x+y) =& +b?

L et ussee some more examples;

Example-8. Rubinawent to abank to withdraw ¥2000. She asked the cashier to givethe cash
in¥50 and ¥100 notesonly. Shegot 25 notesin al. Can you tell how many notes each of 50
and 3100 shereceived?
Solution:  Letthenumber of I50 notesbe x;
L et the number of 100 notesbey;

then, x+y=25 (@)

and  50x + 100y = 2000 2
Solutionsthrough the substitution method:
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Fromequation (1)) X=25-y
Subdtitutingin equation (2) 50 (25 - y) + 100y = 2000
1250 - 50y + 100y = 2000
50y = 2000 - 1250 = 750

y= =0 =15
50

x=25-15=10
Hence, Rubinareceived ten ¥50 notes and fifteen 100 notes.
Solutionthrough theelimination method:
Inthe equations, coefficients of x are 1 and 50 respectively. So,
Equation (1) x 50 50x + 50y = 1250
Equation (2) x 1 5& + 100y =2000 samesign, sosubtract

() ()

-50y =-750
_ =750 15
or Y= g5 =
Substituteyinequation (1) x + 15=25
x=25-15=10

Hence Rubinareceived ten ¥50 notes and fifteen ¥100 rupee notes.

Example-9. Inacompetitive exam, 3 marks are awarded for every correct answer and for
every wrong answer, 1 mark will be deducted. Madhu scored 40 marksin thisexam. Had 4
marks been awarded for each correct answer and 2 marks deducted for each incorrect answer,
M adhu would have scored 50 marks. If Madhu has attempted all questions. How many questions
werethereinthetest? (Madhu attempted all the questions)

Solution:  Letthenumber of correct answersbex;
and the number of wrong answersbey.

When 3 marks are given for each correct answer and 1 mark deducted for each wrong
answer, hisscoreis40 marks.

3x-y =40 1)

Hisscorewould have been 50 marksif 4 markswere given for each correct answer and 2
marks deducted for each wrong answer.

4x - 2y = 50 2
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Substitution method

From equation (1), y=3x-40
Substitutein equation (2) 4x - 2 (3x - 40) = 50
4x - 6x + 80 = 50
-2x=50-80=-30
X= —0 =15
-2
Substitutethevalue of xin equation (1)
3(15)-y=40
45-y=40
y=45-40=5

[0 Total number of questions=15+5=20

Usethe dimination method to solvethe example-9.

Example-10. Marytold her daughter, " Sevenyearsago, | wasseventimesasold asyou were
then. Also, threeyearsfromnow, | shall bethreetimesasold asyouwill be." Find the present
age of Mary and her daughter.

Solution:  Let Mary'spresent age be x yearsand her daughter'sage bey years.
Then, seven yearsago Mary'sagewas x - 7 and daughter'sagewasy - 7.
X-7=7(y-7)
X-7=7y-49
X-7Ty+42=0 (@)
Threeyearshence, Mary'sagewill bex + 3 and daughter'sagewill bey + 3.
X+3=3(y+3)
X+3=3y+9
Xx-3y-6=0 )]
Elimination method
Equation1 Z Ty =-42
Equation 2 -3y= 6
() () () samesignfor x, so subtract.
-4y = -48
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_ B
y=—5 =

Subgtitutethevalueof yin equation (2)
x-3(12)-6=0
Xx=36+6=42
Therefore, Mary's present ageis42 yearsand her daughter'sageis12 years.”

,.x Do THis

r\/} ~ Solveexample-10 by the substitution method.

Example-11. A publisher isplanning to produce anew
textbook. Thefixed costs(reviewing, editing, typesetting
and so on) are ¥ 320000. Besides that, he al'so spends
another ¥ 31.25 in producing the book. The wholesale
price (the amount received by the publisher) isT 43.75
per book. How many books must the publisher sell to
break even, i.e., sothat the cost of productionwill equal
revenues?

The point which correspondsto
how much money you havetoearn
through salesin order to equal the
money you spent in productionis
break even point.

Solution : Thepublisher breaks even when costsequal revenues. If X representsthe number of
books printed and sold and y be the breakeven point, then the cost and revenue equationsfor the
publisher are

Cost equationisgiven by y = 320000 + 31.25x Q)
Revenueeguationisgiven by y = 43.75X 2
Using the second equation to subgtitutefor y inthefirst equation, we have

43.75x = ¥ 320000 + 31.25x

12.5x =¥ 320000

_ 320000
X= 15 ~°

Thus, the publisher will break even when 25,600 books are printed and sold.

# EXERCISE - 4.2

Formapair of linear equationsfor each of thefollowing problemsand find their solution.

1.  Theratioof incomesof two personsis9: 7 andtheratio of their expendituresis4: 3. If
each of them managesto save32000 per month, find their monthly income.
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Thesum of atwo digit number and the number obtained by reversing thedigitsis66. If the
digitsof thenumber differ by 2, find the number. How many such numbersarethere?

Thelarger of two supplementary anglesexceedsthe smaller by 18°. Find theangles.

Thetaxi chargesin Hyderabad arefixed, a ong with the chargefor the distance covered.
For thefirst 10 km., the charge paid is%220. For ajourney of 15km. thechargepaidis
Z310.

i.  What arethefixed chargesand charge per km?
ii. How much doesaperson haveto pay for travelling adistance of 25km?

4
Afractionwill beequd to 5 if 1isadded to both numerator and denominator. If, however,

1
5issubtracted from both numerator and denominator, the fraction will be equal to 5

What isthefraction?

PlacesA and B are 100 km apart on ahighway. One car startsfrom A and another from B
at thesametimeat different speeds. If the carstravel inthe samedirection, they meetin5
hours. If they travel towards each other, they meet in 1 hour. What are the speeds of the
two cars?

Two anglesare complementary. Thelarger angleis 3° lessthan twice the measure of the
smaller angle. Find themeasure of each angle.

Anagebratextbook hasatotal of 1382 pages. It isbroken up into two parts. The second
part of the book has 64 pages morethan thefirst part. How many pagesarein each part
of the book?

A chemist hastwo solutionsof hydrochloric acid in stock. Oneis50% solution and the
other is 80% solution. How much of each should be used to obtain 100ml of a 68%
solution.

Supposeyou haveZ12000to save. You haveto save someamount at 10% and the rest
at 15%. How much should be saved at each rateto yield 12% on thetotal amount saved?

EaquaTioNs RepucisLE To A PaIR oF LINEAR EquATiONs IN Two
VARIABLES

Now we shall discussthe solution of pairsof equationswhich arenot linear but can be

reduced to linear form by making suitable substitutions. L et usseean example:

Example-12. Solvethefollowing pair of equations.

243 45
Xy

> 4
Xy =2

Solution : Observethegiven pair of equations. They arenot linear equations. (Why?)

Free Distribution by T.S. Government 2018-19



98 Class-X Mathematics

1 1
Wehave 2(;} + 3[;) =13 (1)
)45
5 <) " 4 y) = -2 (2
1 1
If wesubstitute < p and ; =, weget thefollowing pair of linear equations:
2p+39q=13 (3)
5p- 49=-2 (4)

Coefficientsof qare3and 4 and their LCM is12. Using the éimination method:

Equation(3) x4 8p+ 12 =52
Equation(4)x3 15p-129=-6 'g termshaveoppositesign, soweadd thetwo equations.

23p= 46
46
P=23 =
Substitutethevalue of pinequation (3)
2(2) +3q = 13
30=13-4=9

2

Example-13. Kavithathought of constructing 2 more roomsin her house. She enquired about
thelabour. She cameto know that 6 men and 8 women could finish thiswork in 14 days. But she
wish to completethat work inonly 10 days. When she enquired, shewastold that 8 men and 12
women couldfinishthework in 10 days. Find out that how much timewould betakentofinish
thework if oneman or onewoman worked alone.

Solution : Let thetimetaken by oneman to finishthework = x days.
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1
Work done by oneman in one day =3
L et thetimetaken by onewoman to finishthework =ydays.
_ 1
Work done by onewomanin oneday = ;
Now, 8 men and 12 women can finishthework in 10 days.
. 1
So work done by 8 men and 12 womenin oneday =10 (@)
. _ 1 8
Also, work doneby 8 meninoneday is8 x e -
1 12
Similarly, work done by 12 womeninoneday is12 x ; = 7
_ 8 12
Total work done by 8 men and 12 womenin oneday =% + v )
. | 8,12)_1
Equating equations (1) and (2) x y) 10
8,12
10 x y)~
80,120
Also, 6 menand 8 women canfinishthework in 14 days.
_ 6 8_1
Work done by 6 menand 8womeninoneday=_*— =
x y 14
6,8
0 14 x y)~ 1
84, 112
<y ) et @
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Observeequations(3) and (4). Arethey linear equations? How do we solvethem then?Wecan

convert theminto linear equationsby substituting % =uand % =V.
Equation (3) becomes 80u+120v=1 )
Equation (4) becomes 84u+112v=1 (6)
L.C.M. of 80 and 84 is1680. Using the elimination method,
Equation (3) x 21 (21 x 80)u+ (21 x 120)v =21
Equation (4) x 20 (20x 84)u+ (20 x 112)v =20
16?5u+2520v =21
1680u+2240v = 20 Samesignfor u, so subtract
(1) ()
280v=1
oL
280
Substituteinequation(5)  80u + 120 x % =1
7 7 7
;( 1 1
HET éij " 140

So one man alone can finish thework in 140 days and one woman aone can finishthe
work in 280 days.

Example-14. A mantravels 370 km partly by train and partly by car. If he covers 250 km by
trainandtherest by car, it takeshim 4 hours. But if hetravels130 km by trainand therest by car,
it takes 18 minutes more. Find the speed of thetrain and that of thecar.

Solution : Let the speed of thetrain be x km. per hour and that of the car bey km. per hour.

_ Distance
Also, weknow that time= Speed

250
Instuation 1, timespent travelling by train = 7 hrs.

120

Andtimespent travelling by car = 7 hrs.
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250

So, total timetaken =timespentintrain+timespentincar=—_—+* —

X
But, total timeof journey is4 hours, so

250 120

4 =" = 4
X y

125 60

D=2 e
X y

Again, when hetravels 130 km by train and therest by car

130
Timetaken by himtotravel 130kmby train= v hrs.

240
Timetaken by himtotravel 240 km (370 - 130) by car = T hrs.

130 , 240

) _v A
Totd timetaken= " y

3

3
But given, timeof journey is4hrs18 min i.e., 4% hrs. = 4E hrs.

10

130 N 240 _ 43

o Ty T @

1 1
Substitute - aand ; =bineguations(1) and (2)
125a+ 60b =2 ©)
130a+ 240b =43/10 4
For 60 and 240, LCM is240. Using the elimination method,
Equation (3) x 4 500a+240b= 8

43
Equation (4) x 1 130a+240b = 0 (Samesign, so subtract)
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11

4=10 ~ 370 100
10

, 1 .
Substitutea = 100 inequation (3)

x =100 km/hr and y = 80 km/hr.

S0, speed of train was 100 km/hr and speed of car was 80 km/hr.

2| Exercise - 4.3

Solveeach of thefollowing pairsof equationsby reducingthemtoapair of linear equations.

5 1 X+y
. _° gm 4 . _
i) x—1 y-2 =2 if) Xy =2
6 3 X-y
x-1 y-2 =1 Xy =6
2,3 . .
if) Jx \/; =2 iv) 6Xx+3y = 6Xy
4 9
Ix Ly =-1 2X + 4y = 5xy
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5 2 2 3

Vo ay ey T WXy R
- = 10 where x20, y20 >4 = -2 where x£0, y2z0
Xty X-y ’ X y ’
10 2 1 1 3

v x+y+ x—y:4 i) 3x+y+3x—y_z
15 5 1 |
X+y X-y =-2 2(3x+y) C2(3x-y) 8

2. Formulatethefollowing problemsasapair of equationsand then find their solutions.

I. A boat goes 30 km upstream and 44 km downstreamin 10 hours. In 13 hoursit can
g0 40 km upstream and 55 km downstream. Determine the speed of the stream and
that of theboat in still water.

ii. Rahimtravels600kmto hishome partly by trainand partly by car. Hetakes8 hours
if hetravels 120 km by train and rest by car. Hetakes 20 minutesmoreif hetravels
200 km by train and rest by car. Find the speed of thetrain and the car.

iii. 2women and 5 men can together finish an embroidery work in4 dayswhile 3women
and 6 men canfinishitin 3 days. Find thetimeto betaken by 1 woman aloneand 1
man aoneto finish thework.

% OpPTIONAL EXERCISE
~ [For extensiveL earning]

1. Solvethefollowingequations:.-

L 2X Yy _ x+1  y-1
— + = = _—t — =
0] = b 2 (i) 3 8
X ¥ _ x-1,y+1 _
a b 4 3 2 =9
o XY ,
(i) - +35 =5 v) VBx++2y=43
Xy
5 g =6 J5x + /3y =3
ax by :
(V)F-;:a+b m) 2+3=17
ax - by = 2ab 22 =§

Free Distribution by T.S. Government 2018-19



104 Class-X Mathematics

2. Animasinanexperiment areto bekept onastrict diet. Each animal isto receiveamong
other things 20g of protein and 6g of fat. Thelaboratory technicians purchased two food
mixes, A and B. Mix A has 10% protein and 6% fat. Mix B has 20% protein and 2% fat.
How many gramsof each mix should be used?

Suggested Projects

e Congruct somepair of linear equationsfromdaily lifestuationsand find solutionsof the
equationsby using graphs.

3 WHAT WE HAvE DiscusseD

Py
WY S

1.  Twolinear equationsinthe sametwo variablesarecalled apair of linear equationsintwo
varidbles.
ax+by+c =0(a?+b?>#0)
ax+by+c,=0(a?+hb>#0)
Wherea,, a,, b, b, ¢, c, arereal numbers.
A pair of linear equationsin two variables can be sol ved using various methods.
Thegraph of apair of linear equationsin two variablesisrepresented by twolines.

i.  Ifthelinesintersect & apoint then the point givesthe unique sol ution of thetwo equations.
Inthiscase, the pair of equationsisconsistent.

ii. If thelinescoincide, thenthereareinfinitely many solutions- each point ontheline
being asolution. Inthiscase, the pair of equationsisdependent.

jii. 1f thelinesareparallel thenthe pair of equationshasno solution. Inthiscase, thepair
of equationsisincons stent.

4.  Wehavediscussed thefollowing methodsfor finding the solution(s) of apair of linear
equations.

i. Model Method. ii. Graphicd Method
iii. - Algebraic methods- Substitution method and Elimination method.

5. Thereexistsareation between the coefficientsand nature of system of equations.

a b
i If - 7 b—lthenthepairofIinearequationsisconsistmt.
2

a2
i |fﬁ:ﬂ + S then thepair of linear equationsisincons stent.
a, btz) C,
jii. 1f LaE- &thenthepairofIinearequationsisdepmdmtandconsistmt.

a'2 b2 C2
6. Therearesevera situationswhich can be mathematically represented by two equations

that arenot linear to start with. But we can alter them so that they will bereduced to apair
of linear equations.
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CHAPTER
5 Quadratic Equations

5.1 INTRODUCTION

Sports committee of Dhannur High School wants to construct a Kho-Kho court of
dimensions29 m x 16 m Thisisto be T jtx

laidinarectangular plot of area558 m?.
They want to leave space of equal width
all around the court for the spectators.
What would be the width of the space
for spectators? Would it be enough?

16 m.
X
N

Supposethewidth of the space be
x meter. So, fromthefigurethelength of
the plot would be (29 + 2x) meter.

And, breadth of therectangular plotwouldbe = (16 + 2x) m.

29 m.

<—16+2x m.
/ ~
N

29+2x m.

N

v

Therefore, areaof therectangular plot =length x breadth
= (29 + 2X) (16 + 2x)
Sincetheareaof theplotis =558 m?
O (29 + 2x) (16 + 2Xx) = 558
0 4x% + 90x + 464 =558
4%2 + 90X - 94 =0 (dividingby 2)
2 + 45x - 47 =0
2C+45X-47=0 . (1)

In previous classwe solved thelinear equations of theform ax + b = ctofind thevalue of
‘X'. Similarly, thevaueof x from theabove equationwill givethe possiblewidth of the spacefor

spectators.

Can you think of more such exampleswhere we haveto find the quantities, likein the
above exampleand get such equations.

L et usconsider another example:

Rani hasasquare metd sheet. Sheremoved squaresof side 9 cm from each corner of this
sheet. Of the remaining sheet, she turned up the sides to form an open box as shown. The
capacity of thebox is144 cm?®. Canwefind out the dimensionsof themetal sheet?
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Suppose the side of the square piece of metal sheet
be‘x cm.

Then, thedimensions of thebox are

- - — - — = _—— - - =

9cm x (x-18) cm x (x-18) cm
Sincevolumeof thebox is 144 cm?®

9 (x-18) (x-18) = 144 ~gom, ! “gom. ~

(x-18)? = 16 i

x* - 36x + 308 =0 !

So, theside*'x’ of themetal sheet haveto satisfy the
equation.

& Xom. ——>

% om. >

N

X -36x+308=0 .. ) 9cm.
Let usobservetheL.H.Sof equation (1) and (2)
Arethey quadratic polynomias? T

We studied quadratic polynomials of theform ax® + bx + c,
a# 0inthepreviouschapter.

)

Since, the LHS of the above equations are quadratic polynomiasand the RHSisO they
arecalled quadratic equations.

Inthischapter wewill study quadratic equationsand methodsto find their roots.

5.2 QuabrATIc EQuATIONS

A quadratic equation inthe variable x isan equation of theform ax? + bx+c=0, where
a, b, carereal numbersand a # 0. For example, 2x% + x — 300 = 0 is quadratic equation,
Similarly, 2x2 - 3x+1=0, 4x - 3x* + 2=0and 1 — x* + 300 = 0 are al so quadratic equations.

In fact, any equation of the form p(x) = 0, where p(X) is polynomial of degree 2, isa
quadratic equation. Whenwewritethetermsof p(x) indescending order of their degrees, then
we get the standard form of theequation. That is, ax?+bx+c=0,a # Oiscaledthestandard
form of aquadratic equationandy = ax? +bx+ciscalled aquadratic function.

Check whether thefollowing equations are quadratic or not ?
() ¥¥-6x-4=0 i) -6 +2x-1=0

(i) 7x = 22 V) X +—= =2 (x £0)
X

(V) 2x+1) (3x+1)=b(x-1)(x—=2) (vi) 3y2 =192
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Therearevarioussituation described by quadratic functions. Some of them are:-

1.  Whenarocket isfired upward, then the path of the rocket isdefined by
a‘quadraticfunction.’

>

2. Shapesof thesatellitedish, reflecting mirror in atelescope, lensof the
eyeglassesand orbitsof the celestial objectsaredefined by the quadratic
functions.

Reflecting Mirror Lensof Spectacles

3. Thepathof aprojectileisdefined by quadratic function. _ é"’ - )

4. Whenthebrakesareapplied to avehicle, the stopping distanceiscal culated by using
quadratic equation.

Example-1. Represent thefollowing Situationswith suitable mathematical equations.

i.  Sridhar and Rajendar together have 45 marbles. Both of them lost 5 marbles each,
and the product of the number of marblesnow they haveis124. Wewould liketofind
out how many marbleseach of them had previoudly.

ii. Thehypotenuseof aright triangleis25 cm. Weknow that the differencein lengths of
theother two sidesis5 cm. Wewould liketo find out thelength of thetwo sides?

Solution: i. Letthenumber of marbles Sridhar had bex.
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Then the number of marbles Rgjendar had = 45—x (Why?).
The number of marblesleft with Sridhar, when helost 5 marbles=x—-5
The number of marblesleft with Rajendar, when helost 5 marbles= (45—-x) -5
=40-x
Therefore, their product = (Xx—5) (40—X)
= 40x — x? — 200 + 5x
= — X% + 45x — 200
S0, — X2 + 45x — 200 = 124 (Given that product = 124)
i.e,—x*+45x-324=0
ie, X°—45x+324=0 (Multiply by -1)
Therefore, thenumber of marbles Sridhar had X', should sti sty the quadrati c equation
X2 —45x + 324 =0

whichistherequired representation of the problem.
i. L et thelength of smaller sdebexcm

Thenlength of larger sde=(x+5) cm

Given length of hypotenuse=25cm

Weknow that inaright angletriangle (hypotenuse)® = (side)? + (side)?

S0, X2 + (X + 5)° = (25)?
X2 +x° +10x + 25 =625 E 9@%
2¢ +10x-600 =0 P2 \
% + 5x - 300 =0 n

X
Vaue of x fromthe above equation will givethe possiblevalue of length of sidesof the

givenright angledtriangle.

Example-2. Check whether thefollowing are quadratic equations:

i. (x—2)°+1=2x-3 i, X(X+1)+8=(Xx+2) (x—2)
iii. Xx(2x+3)=x2+1 iv. (x+2)3=x>-4
Solution: i, LHS=(x—2)?+1=x>—4x+4+1=x>—4x+5

Therefore, (x—2)? + 1 = 2x— 3 can be written as
X —4x+5=2x-3
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ie, X¥—6x+8=0
Itisinthe form of ax® + bx +c=0.
Therefore, the given equation isaquadratic equation.
i. Here LHS=x(x+1)+8=x+x+8
and RHS= (x+ 2)(x—2) =2 — 4
Therefore, 32 + x + 8=x*—4
¥ +X+8-X+4=0
e, x+12=0
Itisnot in theform of ax? + bx + ¢ =0.
Therefore, the given equation isnot aquadratic equation.
iii. Here, LHS=x (2x + 3) = 2¢ + 3x
S0, X (2x + 3) = X2 + 1 can be rewritten as
2 +3x=x+1
Therefore, we get X2 + 3x—1=0
Itisin theform of ax® + bx + ¢ =0.
So, the given equation isaquadratic equation.
iv. Here, LHS=(x+2)° = (x+2)%(x+2)
= (6 + 4x + 4) (X + 2)
=3+ 2 + 4% + 8x + 4x + 8
=X+ 6% + 12x + 8
Therefore, (x + 2)3:x3—4can be rewritten as
C+6X +12x+8=x" -4
i.e,6x°+12x+12=0 o, X¥*+2x+2=0
Itisin theform of ax®+ bx+c=0.
S0, the given equationisaquadratic equation.

Remark : In(ii) above, the given equation appearsto be aquadratic equation, but itisnot a
quadratic equation.

In (iv) above, the given equation appearsto beacubic equation (an equation of degree
3) and not aquadratic equation. But it turnsout to be aquadratic equation. Asyou can see, often
we need to ssimplify the given equation before deciding whether it isquadratic or not.
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Exercise - 5.1

1.  Check whether thefollowing are quadratic equations:
i (x+1)%=2(x-3) i X2 —2x=(-2) (3=X)
. x=2)(x+1)=(x-21(x+3) \V2 (x=3)(2x +1) = x(x + 5)
V. 2X—D(x-3)=(x+5)(x-1) vi. X+3x+1=(x-2)7>
vii, (x+2)3=2x(¢-1) viil, =4 —x+1=(x-2)°3
2.  Represent thefollowing Stuationsintheform of quadratic equations:

I. Theareaof arectangular plotis528 m?. Thel ength of theplot isonemetremorethan
twiceitsbreadth. We need to find the length and breadth of the plot.

ii. Theproduct of two consecutive positiveintegersis 306. We need to find theintegers.

iii. Rohan’smother is26 yearsolder than him. The product of their agesafter 3 yearswill
be 360 years. We need to find Rohan’s present age.

iv. A traintravelsadistance of 480 km at auniform speed. If the speed had been 8 km/h
less, thenit would have taken 3 hours more to cover the same distance. We need to
find the speed of thetrain.

5.3 SorLuTioNn oF A QuabrATIC EQuATION BY FACTORISATION

We havelearned to represent someof thedaily life Stuationsmathematicaly intheform of
quadratic equation with an unknown variable‘x'.

Now we need to find the value of x.

Consider the quadratic equation 2 —3x+1=0.If we replace x by 1. Then, we get
(2x 12) —(3x1)+1=0=RHSof theequation. Since 1 satisfiestheequation, wesay that 1
isaroot of the quadratic equation 2x> — 3x + 1 =0.

[0 x=1lisasolution of thequadratic equation.
Thisalso meansthat 1 isazero of the quadratic polynomial 2% —3x+1.

In general, areal number a iscalled aroot of the quadratic equation ax’ +bx+c=0,
if ao®+ba +c=0.Weaso say that X = a isa solution of the quadratic equation, or
o satisfiesthe quadratic equation.

Notethat the zer oesof thequadratic polynomial ax? + bx + c(a # 0)andtheroots
of the quadratic equation ax’+bx+c=0 (a # 0) arethesame.

We have observed, in Chapter 3, that aquadratic polynomia can have a most two zeroes.
So, any quadratic equation can have at most two roots. (Why?)
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Wehavelearntin Class-1X, how to factorise quadratic polynomiasby splitting their middle
terms. We shall usethisknowledgefor finding theroots of aquadratic equation. Let us see.
Example-3. Findtherootsof theequation 2x°—5x+3=0, by factorisation.

Solution : Let us first split the middle term. Recall that if a+bx+cisa quadratic
polynomia thento split themiddle termwe haveto find two numberspand g suchthat p+q=
bandpxg=ax c. Soto split themiddieterm of 2x% —5x + 3, we haveto find two numbers
pandqg suchthatp+q=-5 andpxqg=2x 3=6.

For thiswe haveto list out all possible pairs of factorsof 6. They are (1, 6), (-1, —6);
(2, 3); (2, =3). From thelist it is clear that the pair (-2, —3) will satisfy our condition
p+g=-5and pxqg=6.

Themiddleterm‘-5x’ can bewrittenas‘—2x—3x'.

S0, 2% —Bx + 3= 2% = 2x—3x + 3= 2X (x— 1) =3(x — 1) = (2x— 3)(x— 1)
Now, 2x% — 5x + 3 = 0 can be rewritten as (2x—3)(x—=1) =0.

So, the values of x for 2x% —5x + 3 = 0 are the same for (2x=3)(x—-1) =0,

i.e, ether2x—3=00rx—1=0.

3
Now, 2x—3=0givesx = > andx—1=0givesx=1.

3
S0, x= > and x = 1 are the solutions of the equation.

3
In other words, 1 and 5 aretheroots of the equation 2x2 —5x+3=0.

Do This

Find therootsof thefoll owing equationsus ng factorisation method.
() +5x+6=0 [ xX*-5x+6=0
(iii) X2+ 5x - 6=0 (v) X°-5x—6=0

3
‘ Verify whether 1 and 5 aretheroots of the equation 2x2 —5x+3=0.

Note that we have found the roots of 2x* —5x + 3 = 0 by factorising 2x°* — 5x + 3
intotwo linear factorsand equating each factor to zero.
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1 1
Example4 : Find theroots of the equation x-& i x# 0

. 1 1
Solution : Wehavex-— = = [0 6x2-x-2=0
33X 6

BXC —X—2 = 6X° + 3X—4xX — 2
=3x(2x+ 1) -2 (2x + 1)
= (3x—2)(2x + 1)
The roots of 6x° —x — 2 = 0 are the values of x for which (3x—2)(2x+ 1) =0
Therefore, 3x—2=00r 2x+ 1 =0,

2 __1
ie,x= 3 or Xx= >

2 1
Therefore, the roots of 6x°—x—2=0are — and —=.

3 2

2 1
We verify theroots, by checking that 3 and ) satisfy 6x2—x—2=0.
Example-5. Findthewidth of the spacefor spectatorsdiscussedin section 5.1.

Solution : In Section 5.1, wefound that if thewidth of the spacefor spectatorsisxm, then x
satisfiestheequation 2% +45x- 47 =0. Applying the factorisation method wewritethisequation
aS'

2 - 2x + 4Tx - 47=0
2X(x-1)+47(x-1)=0
ie,(x-1) (2x+47) =0

-47
So, therootsof thegivenequationarex=10r x= - Since‘Xx isthewidth of space

of the spectatorsit cannot be negative.
Thus, thewidthis1 m. Soitisnot enough for spectators.

L] Exercise - 5.2

1.  Findtherootsof thefollowing quadratic equations by factorisation:
i, X*—3x—10=0 ii. 2¢+x-6=0 iii. 2x%+7x+52 =0

1
iv. 2x2—x+§=0 V. 1006 —20x+1=0  Vi. x(x+4)=12
. 3_ - 2
Vii. 3 —5x+2=0 vii. X—;—Z (x # 0) iX. 3(x—4)" —5(x —4) =12
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Find two numberswhose sumis27 and product is182.
Find two consecutive positiveintegers, sum of whose squaresis613.

Theadltitudeof aright triangleis7 cmlessthanitsbase. If the hypotenuseis 13 cm, find the
other two sides.

A cottageindustry producesacertain number of pottery articlesinaday. It wasobserved
onaparticular day that the cost of production of each article (in rupees) was 3 morethan
twicethe number of articles produced on that day. If thetotal cost of production on that
day was Rs 90, find the number of articlesproduced and the cost of each article.

Find the dimensions of arectangle whose perimeter is 28 meters and whose areaiis 40
square meters.

Thebaseof atriangleis4cmlonger thanitsaltitude. If theareaof thetriangleis48 sg.cm
thenfinditsbaseand dtitude.

Twotrainsleavearailway station at the sametime. Thefirst traintravel stowardswest and
thesecond traintowardsnorth. Thefirst traintravels5 km/hr faster than the second train.
If after two hoursthey are 50 km. apart find the average speed of each train.

Inaclassof 60 students, each boy contributed rupees equal to the number of girlsand
each girl contributed rupeesequd to the number of boys. If thetotal money then collected
was¥1600. How many boyswerethereintheclass?

A motor boat heads upstream adistance of 24 kminariver whosecurrentisrunning at 3
km per hour. Thetripupand back takes6 hours. (Assuming that themotor boat maintained
aconstant speed) what wasits speed in still water?

SorLuTioN oF A QuabprATiIc EQuATiION BY COMPLETING THE SQUARE

Inthe previous section, we havelearnt method of factorisation for obtaining therootsof a

quadratic equation. Ismethod of factorization applicableto al typesof quadratic equation?L et
ustry to solve X+ 4x-4=0 by factorisation method

To solvethe given equation X+ 4x-4=0 by factorization method.
Wehavetofind ‘p’and‘q suchthat p+qg=4and
pxq=-4
Wehavenointegersp, q satisfying aboveequation. So by factorization method we cannot

solvethegiven equation.

Therefore, weshall try another method.
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Consider thefollowing situation

The product of Sunita’sage (in years) two years ago and her agefour yearshenceisone
more than twice her present age. What isher present age?

To answer this, let her present age be x years. Agetwo year ago = x - 2 and age after four
years = X + 4 then the product of both the agesis (x—2)(x + 4).

Therefore, xX=-2)(x+4)=2x+1
ie, X +2x—8=2x+1
ie, x*-9=0

So, Sunita' s present age satisfiesthe quadratic equation x?—9=0.

We canwritethisasx? = 9. Taki ng squareroots, weget x=3 or x=—3. Sincetheageis
apositive number, x=3.

So, Sunita'spresent ageis 3 years.

Now consider another quadratic equation (X + 2)2—9 =0. Tosolveit, wecanwriteitas
(x +2)% = 9. Taking square roots, we get x + 2=30r x + 2=—3.

Therefore, x=1lorx=-5
So, the roots of the equation (X + 2)2 —9=0aeland->5.

In both the examples above, theterm containing xisin sideasquare, and wefound the
rootseasily by taking the squareroots. But, what happensif we are asked to solvethe equation
X%+ 4x—4= 0. And it cannot be solved by factorisation also.

So, we now introducethemethod of completingthesquare. Theideabehind this
method isto adjust the left side of the quadr atic equation so that it becomes a per fect
squar eof thefirst degree polynomial and the RHSwithout x term.

Theprocessisasfollows:

X +4x—4 =0
=  X+4x=4
X¥+2.X.2 =4

Now, theLHSIisintheform of a?+ 2ab. If weadd b?it becomesasa’+ 2ab + b>which
isperfect square. So, by adding b? =2 = 4to both sideswe Qget,

XC+2Xx2+22=4+4
—  (X+2°=8=x+2=1/8

= x= —2 * 242
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Now consider the equation 3x2—5x+ 2=0. Notethat the coefficient of X’ isnot 1. So
wedividetheentire equation by 3 so that the coefficient of x2is1

5 .2
0 X -=x+==0
3 3

2 2 2
— -2x24[ 2] 22243 add (§j both side
6 |6 3 6 6

2
5 1
X==| == '
6) % (take sguareroot both sides)

| e 2
1.€, X=1l0rx= 3

2
Therefore, theroots of the given equation are 1 and 3

From the above exampleswe can deducethefollowing dgorithm for completing thesquare.
Algorithm : Let the quadratic equation by ax? + bx+c=0(a # 0)
Sep-1:Divideeachsideby ‘&
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Sep-2: Rearrangethe equation so that constant term c/aisontheright side. (RHS)

2
1(b
Sep-3:Add {—(—ﬂ to both sidesto make LHS, a perfect square.

2\ a

Sep-4: WritetheLHS asasquareand ssimplify theRHS.

Sep-5: Solveit.

Example-6. Findtherootsof theequation 5X°—6x—2=0 by the method of completing the

sguare.
Solution : Given : 5x° —6x—2=0

Now wefollow theAlogarithm

6 2
Sep-1: X =5 X~ =0 (Dividing both sidesby 5)

Sep-2: X2 -2x=2
57 5

3 19
X====*,|—
5 5
X:E-}-@ or X:§—i9
5 5 5 5
_3+\/E _3—\/@
O = 5 or X= 5

2
(Addi ng (g} to both sidesj
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Example-7. Findtheroots of 4%? +3x+5=0 by the method of completing the square.

Solution : Given 4x2+3x+5=0

+3x+2 =0
4

CaSx=22
4 4

3 2
But (X+§j cannot be negativefor any real value of x (Why?). So, thereisnored value

of x satisfying the given equation. Therefore, the given equation hasno redl roots.

w@’ Do THis

Solvethe equationsby completing the square
() ¥*-10x+9=0 [ xX*-5x+5=0
(iii) X2 + 7x-6=0

We have solved several exampleswith the use of the method of * completing the square.”

Now, let usapply thismethod in standard form of quadratic equation ax>+bx+c=0 (az0).
Step1: Dividingtheequationby ‘a” weget
2+2x+8 =0
a a
Step 2 : X2+EX: _c
a a
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2 2 2
Step 3: x2+9x+[£9} __¢ J{EE} .+ adding FE} both sides
a 2a a |[2a 2a
2 2
= X2 +2§(£ +[£} — {ﬂ}
2a | 2a a |2a

b b’-4ac
Stepd: | x+—| =———
& [ Za} 4a°

Step 5: If b2 - 4ac > 0, then by taking the square roots, we get

b +vb®-4ac

X+—=
2a 2a
— ," 2 —
Therefore, x= b+ Sa 4ac

-b++/b? —4ac and -b-+/b? -4ac

So, the roots of ax® + bx + ¢ = 0 are
2a 2a

if b’ —4ac > 0.
If b?—4ac <0, theequationwill havenoreal roots. (Why?)
Thus, if b2—4ac20,thentherootsofthequadraticequation ax’>+bx+c=0are

-b+vb? -4ac
2a '

given by

Thisformulafor finding therootsof aquadratic equationisknown asthequadr aticformula.

L et usconsider some examplesby using quadratic formula.

Example-8. SolveQ. 2(i) of Exercise 5.1 by using the quadratic formula.
Solution : Let the breadth of the plot be x metres.
Thenthelengthis(2x+ 1) metres.
Sinceareaof rectangular plotis528 T
We can write x(2x + 1) = 528, i.e, 2 +x—-528=0.
Thisisintheform of ax® + bx + ¢ =0, wherea=2,b=1, c=—528.

S0, thequadratic formulagivesusthesolution as
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. -1%1+4(2)(528) _ -1+/4225 _ -1%65

4 4 4

e, x=— or X=—
. 33
e, Xx=160r X = —?

Since x cannot be negative. So, the breadth of the plot is 16 metresand hence, thelength
of theplotis(2x+ 1) = 33m.

You should verify that these val ues satisfy the conditions of the problem.

THINK - Discuss

We have three methodsto solve aquadratic equation. Among thesethree, which
‘ method would you liketo use? Why?

Example-9. Findtwo consecutive positive odd integers, sum of whose squaresis290.

Solution : Letfirst positiveodd integersbex. Then, the second integer will bex + 2. According
tothequestion,

X2 + (x + 2)% = 290
e, X+x2+4ax+4=290
e, 2¢+4x—286=0
ie, X+2x—143=0

whichisaquadratic equationinx.

-b++/b? -4ac
2

Using thequadraticformula x =

—2+/4+572 24576 _ 2+24

2 2 2

weget, X =

e, x=11lorx=-13

But xisgivento bean positive odd integer. Therefore, x # —13.

Thus, the two consecutive odd integersare 11 and (x +2) =11+ 2 =13.
Check : 11% + 13% = 121 + 169 = 290.
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Example-10. Arectangular park isto be designed whose breadth is3 mlessthanitslength. Its
areaisto be 4 square metres more than the area of apark that has already been madein the
shapeof anisoscelestrianglewith itsbase asthe breadth of therectangular park and of dtitude
12 m. Find itslength and breadth.

Solution : Let the breadth of therectangular park be x m.
S0, itslength = (x + 3) m.
Therefore, the areaof the rectangular park = x(x + 3) m? = (x* + 3x) m.

Now, base of theisoscelestriangle=xm.

Therefore, its area:% XX x12=6xm.

According to our requirements, 12
X2+ 3x=6x+4

ie, X°—3x—4=0

Using thequadratic formula, we get

X+ 3

X_3i\/£ _3%5
2 2

Butx #—1(Why?). Therefore, x =4. X

= =4o0r-1

So, the breadth of the park = 4m anditslengthwill bex+3=4+3=7m.
Verification : Areaof rectangular park = 28 m?,

areaof triangular park = 24 m? = (28— 4) m?

Example-11. Findtherootsof thefollowing quadratic equations, if they exist.

(i) X*+4x+5=0 (i) 2¢ - 22x+1=0
Solution :
() X*+4x+5=0.Here,a=1,b=4,c=5.%0,b’—4ac=16-20=-4<0,

Sincethe square of areal number cannot be negative, therefore +/b? — 4ac will not
haveany red value.

So, thereareno real rootsfor the given equation.

(i) 2¢-22x+1=0.Here,a=2,b=-22,c=1.
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So, b°—4ac=8-8=0

1
Therefore, X:M :ﬂio ie, Xx= T=.
4 2 V2
1 1
So, therootsare — , —,
J2' 2
Example-12. Findtherootsof thefollowing equations:
1 1 1
Xx+==3 x#0 ' —=—=3 x#0,2
0 X (1) X X=2
Solution :

@) x+1:3. Multiplying both sides of equation by x, we get
X

X2+ 1=23x
ie, x%—3x+ 1=0, which isaquadratic equation.
Here, a=1b=-3,c=1
So, b’—4ac=9-4=5>0

+
Therefore, X= 3'2\/5 (why ?)
+ —_—

So, the roots are 3 2\/3 and #

(i)

X | =

—i =3, x#0, 2.
X—2

As x # 0, 2, multiplying the equation by x (x—2), we get
x—2)—x=3&xxX-2)
= 3% — 6x
So, the given equation reducesto 3x?—6x + 2 = 0, which is aquadratic equation.
Here, a=3,b=-6,c=2 So,b’°—4ac=36-24=12>0

_6+412 _6+2/3 3+3

Therefore, X
6 6 3
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3++/3 3-3

and ——.
3 3

So, theroots are

Example-13. A motor boat whose speedis 18 km/hinstill water. It takes 1 hour moreto go
24 km upstream than to return downstream to the same spot. Find the speed of the stream.

Solution : Let the speed of the stream be x km/h.

Therefore, the speed of the boat upstream = (18 — x) km/h and the speed of the boat
downstream = (18 + x) km/h.

hetimetak distance 24 N
Thetimetaken to go upstream = seed ~ 18-x ours.
Similarly, thetimetakento go downstream = 18+ % hours.
According to the question,

24 24

B-x  18+x
l.e, 24(18+ x)—24(18—-x) =(18—-X) (18 + x)
ie, X2+ 48x —324= 0
Using thequadratic formula, we get

« = —48++/48% +1296 _ 48 +4/3600

2 2

_ 48560 _ . o,

Since xisthe speed of the stream, it cannot be negative. So, weignoretheroot x =—54.
Therefore, x = 6 givesthe speed of the stream as6 km/h.

S Exercise - 6.3

1.  Findtherootsof thefollowing quadratic equations, if they exist.
i. 2¢+x-4=0 i. 4x2+43x+3 =0

i. BX2-7x-6=0 iv. X2 +5=-6x
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Find therootsof the quadratic equationsgivenin Q.1 by applying the quadratic formula.

Find therootsof thefollowing equations:
1 1 1 1
X—-— =3, x%0 ' ——— =—, X£4,7
0 X 0 x+4 x-7 30
Thesum of thereciprocalsof Rehman’sages, (inyears) 3 yearsago and 5 yearsfrom now

1
IS 3 Find hispresent age.

Inaclasstest, the sum of Moulika smarksin Mathematicsand Englishis30. If shegot 2
marksmorein Mathematicsand 3 markslessin English, the product of her markswould
have been 210. Find her marksin thetwo subjects.

Thediagona of arectangular field is60 metresmorethan the shorter side. If thelonger
sideis 30 metresmorethan the shorter side, find the sides of thefield.

Thedifference of squares of two numbersis 180. The square of the smaller numberis8
timesthelarger number. Find thetwo numbers.

A traintravels 360 km at auniform speed. If the speed had been 5 km/h more, it would
havetaken 1 hour lessfor the samejourney. Find the speed of thetrain.

3
Two water tapstogether canfill atank in 9§ hours. Thetap of larger diameter takes 10

hourslessthanthe smaller onetofill thetank separately. Find thetimeinwhich each tap
can separately fill thetank.

Anexpresstraintakes 1 hour lessthan apassenger trainto travel 132 km between Mysore
and Banga uru (without taking into cons deration thetimethey stop a intermediate Sations).
If the average speed of the expresstrainis 11km/h morethan that of the passenger train,
find the average speed of thetwo trains.

Sum of theareas of two squaresis468 m?. If thedifference of their perimetersis24m, find
the sidesof thetwo squares.

Anobjectisthrown upwards withaninitia velocity of 17 m/secfromabuildingwith12m
height. Itisat aheightof S= 12 + 17t—5t*from theground after aflight of ‘t” seconds.
Find thetime taken by the obj ect to touch the ground.

1
If apolygonof ‘n’ sdeshas 5 n(n—3) diagonds. How many sidesarethereinapolygon
with 65 diagonals? Isthereapolygon with 50 diagonal s?
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5.5 NATURE OF RooTs
In the previous section, we have seen that the roots of the equation ax+bx+c=0are
givenby
_ —b++/b?-4ac

2a
Now let ustry to study the nature of roots.

X

Remember that zeroes are those pointswhere val ue of polynomial becomes zero or we
can say that the curve of quadratic polynomial cutsthe X-axis.

Similarly, roots of aquadratic equation are those pointswherethe curve cutsthe X-axis.
Case-1: If b?- 4ac > 0;

We get two distinct real roots

-b++/b* -4ac -b-+/b* -4ac
2a ' 2a
Insuch caseif wedraw corresponding graph for the given quadrati c equation we get the

A X \/

Figure showsthat the corresponding curve of the quadratic equation cuts the X-axis at two
distinct points
Case2: If b®-4ac=0

_ ~b+0 \/
= "oa

_b b
~ 2a’' 2a

So, X

Figure showsthat the corresponding curve of the quadratic equation touching X-axisat
onepoint.

Case-3: b?-4ac<0

Therearenoreal roots. Rootsareimaginary.

\/

| | Y
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In this case graph neither intersects nor touchesthe X-axisat al. So, thereare no real
roots.

Since b —4ac determines whether the guadratic equation ax’+bx+c=0 (a# 0)has
real rootsor not, b?—4aciscalled thediscriminant of the quadratic equation.

So, a quadratic equation axZ+bx+c=0 (a# 0) has
i. twodistinct real roots, if b?—4ac >0,
ii. twoequal red roots, if b?—4ac=0,
iii. noreal roots, if b?—4ac < 0.

L et usconsider someexamples.

Example-14. Find thediscriminant of the quadratic equation 2x*—4x+ 3= 0, and hencefind
thenature of itsroots.

Solution : The given equation isin the form of ax? +bx +c=0,wherea=2,b=—4and
c=3. Therefore, thediscriminant
b?—dac=(-4)?—(4x2x3)=16-24=-8<0

So, thegiven equation hasnoreal roots.

Example-15. A polehasto beerected at apoint onthe boundary of acircular park of diameter
13 metresin such away that the differencesof itsdistancesfrom two diametricaly oppositefixed
gatesA and B ontheboundary is7 metres. Isit possibleto do so?If yes, at what distancesfrom
thetwo gates should the pole be erected?

Solution : Let usfirst draw thediagram.

Let Pbetherequired location of thepole. Let thedistance of the B8
polefromthegate B bexm, i.e., BP=xm. Now thedifferenceof the oS
distancesof the polefromthetwo gates= AP—BP(or, BP—AP)=7m.
Therefore, AP=(x+7) m.

Now, AB =13m, and sinceAB isadiameter, g ]
OAPB =90° (Why?)
Therefore, AP + PB? = AB? (By Pythagorastheorem)
ie, (x+7)%+x% =132
ie, X2 + 14x + 49 + X° = 169

ie, 2+ 14x—120=0
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So, thedistance‘ X' of the polefrom gate B satisfiesthe equation
X2+ 7x—-60=0

So, it would be possibleto placethe poleif thisequation hasred roots. To seeif thisisso or not,
let uscongder itsdiscriminant. Thediscriminant is

b?—4ac=7°—4x1x (—60) = 289 > 0.

o, the given quadratic equation hastwo real roots, and it ispossibleto erect the poleon
the boundary of the park.

Solving the quadratic equation x° + 7x—60 = 0, by the quadratic formula, we get
‘= —-7£+/289  -7#17

2 2
Therefore, x=5or —12.

Since x isthe distance between the pole and the gate B, it must be positive.
Therefore, x =—12 will haveto beignored. So, x=5.

Thus, the pole hasto be erected on the boundary of the park at adistance of 5m fromthe
gate B and 12mfromthe gateA.

1. Explainthebenefitsof evauating thediscriminant of aquadratic equation beforeattempting
to solveit. What doesitsvauesignifies?

2. Writethreequadratic equationsone having two distinct real solutions, onehaving noresl
solution and onehaving exactly onereal solution.

Example-16. Findthediscriminant of theequation 3x? — 2x +% =0 and hencefind thenature

of itsroots. Find them, if they arered.
Solution : Herea=3,b=-2and c= 3
Therefore, discriminant b® —4ac = (-2)% -4 x3 x% =4 -4 =0.

Hence, the given quadrati c equation hastwo equal real roots.

erooeae B o 22 11
erootsare 26.’ 28.’ 1.e., 61 6, l.e., 3, 3-
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Exercise - 5.4

Find the nature of therootsof thefollowing quadratic equations. If real rootsexist, find
them:

() 2¢-3x+5=0 i  3C-4/3x+4=0

(i) 2¢ —6x+3=0

Find the valuesof k for each of thefollowing quadratic equations, so that they havetwo
equa roots.

() 2¢+ka+3=0 (i) k<(x—2)+6=0(k % 0)
Isit possibleto design arectangular mango grovewhoselengthistwiceitsbreadth, and the
areais800 m2?If so, find itslength and breadith.

Thesum of theagesof two friendsis 20 years. Four yearsago, the product of their agesin
yearswas48. | sthe above situation possible?1f so, determinethelr present ages.

Isit possibleto design arectangular park of perimeter 80 m and area 400 m??1f so, find
itslength and breadth. Comment onyou answer.

OPTIONAL EXERCISE
[For extensive L earning]

~1

Some pointsare plotted on a plane such that any three of them are non collinear. Each
pointisjoined with al remaining pointsby linesegments. Find thenumber of pointsif the
number of linesegmentsare 10.

A two digit number issuch that the product of itsdigitsis8. When 18 isadded to the
number they interchangetheir places. Determinethe number.

A pieceof wire8 m. inlengthiscut into two pieces, and each pieceisbent into asgquare.
Where should the cut inthewire be madeif the sum of the areas of these squaresisto be

2m??
X 2 2 X 2 8—x 2
Hint : x+y =8, [—) +[Xj :2:>(—j +[ ) =2
4 4 4 4 '
Vinay and Praveen working together can paint the exterior of ahousein 6 days. Vinay by

himself can completethejobin5 dayslessthan Praveen. How long will it take Vinay to
completethejob.

Show that the sum of roots of aquadratic equation ax? + bx+c=0(a # 0) is b :
a
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c
6.  Show that the product of therootsof aquadratic equation ax+bx+c=0 (az 0)is T

7. If thesum of thefraction anditsreciprocal iszg , findthefraction.

Suggested Projects

Solving quadr atic equationsby geometrical methods.

e Taketwo or three quadratic equations of theform ax? + bx + ¢ =0, wherea # 0, for
different situationslikea >0, a< 0, b = 0 and solvethem by graphical methods.

~ WHAT WEe Have Discussebp

W, S
R

1.  Standard form of quadratic equation in variable x isax® + bx+c=0, wherea, b, care
real numbersanda # O.

2. A red number a issad to be aroot of the quadratic equation ax+bx+c=0,if
aa’+ bo +c=0. Thezeroesof the quadratic polynomial ax? + bx + c and the roots of
the quadratic equation ax? + bx + c =0 arethe same.

3. Ifwecanfactoriseax® +bx+c,a# 0, into aproduct of two linear factors, then theroots
of the quadratic equation ax? + bx + ¢ =0 can befound by equating each factor to zero.

4. A quadratic equation can also be solved by the method of completing the square.

5. Quadraticformula: Theroots of aquadratic equation ax+bx+c=0 (a # O)aregiven
by

-b+vb? —4ac

2a

, provided b? —4ac > 0.

6. A quadratic equation aC+bx+c=0 (a# 0) has
() twodistinct real roots, if b>—4ac >0,
(i) twoequal roots(i.e., coincident roots), if b?—4ac=0, and
(iii) noredl roots, if b%—4ac <O0.

Free Distribution by T.S. Government 2018-19



CHAPTER

6.1

6 Progressions

INTRODUCTION

You might have observed that in nature, many thingsfollow acertain pattern such asthe

petals of a sunflower, the cells of ahoneycomb, the grains on amaize cab, the spiralson a
pineapple and on apine coneetc.

Can you see a pattern in each of the above given example? We can see the natural

patterns have arepetition whichisnot progressive. Theidentical petals of the sunflower are
equidistantly grown. Inahoneycombidentica hexagona shaped holesarearranged symmetricaly
around each hexagonal cell. Similarly, you can find out other natural patternsin spirals of

pinegpple....

(i)

(if)

i)

You canlook for someother patternsin nature. Some examplesare:

List of thelast digits(digitsin unit place) taken fromthevaluesof 4, 4%, 43, 4%, 45, 4¢° .....
IS

4,6,4,6,4,6, ...

Mary isdoing problemson patternsaspart of preparing for abank exam. One of them
is“find the next two termsinthefollowing pattern”.

1,248, 10,20, 22 .......

Usha applied for ajob and got selected. She has been offered ajob with a starting
monthly salary of * 8000, with an annual increment of ¥500. Her salary (in rupees) for
to 1%, 2 3 ... yearswill be 8000, 8500, 9000 ..... respectively.

Thelengthsof therungsof aladder decrease uniformly by 2 cm from bottomtotop. The
bottom rungis45 cminlength. Thelengths (incm) of the 1%, 2™, 34, .... 8" rung from
the bottom to the top are 45, 43, 41, 39, 37, 35, 33, 31 respectively.

Canyou seeany relationship between thetermsin the pattern of numberswritten above?

Pattern givenin example (i) hasarelation of two numbersone after the other i.e. 4 and

6 arerepeating dternatively.
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Now try tofind out the patternin example(ii). Inexamples(iii) and (iv), therdationship
between thenumbersin eachlist iscongtantly progressive. Inthegiven list 8000, 8500, 9000, ....
each succeeding termisobtained by adding 500 to the preceding term.

Whereasin 45, 43, 41, ..... each succeeding term is obtained by adding ‘-2’ to each

preceding term. Now we can see somemore examples of progressive patterns.
5
@ In asavings scheme, theamount becomes 2 timesof itself after 3years.
Thematurity amount (in Rupees) of aninvestment of ¥8000 after 3, 6, 9 and 12 years

will be 20000, 12500, 15625, 19531.25 respectively.
(b) Thenumber of unit squaresinsquareswithsides 1, 2, 3, .... unitsarerespectively.
12,22, 3, ...

(© Hema put Rs. 1000 into her daughter’s money box when she was one year old and
increased theamount by Rs. 500 every year. Theamount of money (in Rs.) inthebox on
her 1%, 2 3d 40 ... birthday would be.

1000, 1500, 2000, 2500, ..... respectively.

(d) Thefraction of first, second, third ..... shaded regions of the squaresin thefollowing
figurewill berespectively.
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(e A pair of rabbitsaretoo young to producein their first month. In the second, and every
subsequent month, they produce anew pair. Each new pair of rabbits produce anew
pair intheir sscond month and in every subsequent month (seethefigurebelow). Assuming
no rabbit dies, the number of pairs of rabbits at the start of the 1%, 2™, 34, ....., 6"
month, respectively are:

1,1,23538

In the examples above, we observe some patterns. In some of them, wefind that the
succeeding termsare obtained by adding afixed number and in other by multiplying with afixed
number. 1nanother, wefind that they are squares of consecutive numbersand so on.

Inthischapter, we shall discuss some of these patternsin which succeeding termsare
obtained by adding afixed number to the preceding terms or multiplying preceding termsby a
fixed number. We shall a so see how to find their n term and the sum of n consecutiveterms,

and usethisknowledgein solving somedaily life problems.

History : Evidenceisfound that by 400 BCE Babylonians, knew of Arithmetic and geometric
progressions. According to Boethins (570 CE), these progressions were known to early
Greek writers. Among the Indian mathematicians, Aryabhatta (470 CE) wasthefirstto give
formulafor thesum of squaresand cubesof natural numbersin hisfamouswork Aryabhatiyam
written around 499 C.E. He aso gave the formulafor finding the sum of n terms of an
Arithmetic Progression starting with pth term. Indian mathematician Brahmagupta (598 C.E),
Mahavira (850 C.E) and Bhaskara (1114-1185 C.E) also considered the sums of squares
and cubes.
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6.2 ARITHMETIC PROGRESSIONS
Congder thefollowing listsof numbers:
0 1,234,... @) 100,70, 40, 10, . ..
(i) —3,-2,-1,0,... iv) 3,333,...
(V) —1.0,-1.5,-2.0, 25, . . .
Each of thenumbersinthelistiscalled aterm.

Canyouwritethe next termin each of thelistsabove?If so, how will you writeit? Perhaps
by following apattern or rule, let usobserveand writetherule.

In (i), eachtermis1 morethan theterm precedingit.
In (i), eachtermis 30 lessthan theterm precedingiit.
In (i), each termisobtained by adding 1 to theterm precedingiit.

In(iv), al thetermsinthelistare 3, i.e., each termisobtained by adding (or subtracting) Oto the

term precedingit.

In(v), eechtermisobtained by adding—0.5to (i.e., subtracting 0.5 from) theterm precedingit.
In all thelists above, we can observe that successive terms are obtained by adding or

subtracting afixed number tothe precedingterms. Suchlist of numbersissaidtoforman Arithmetic
Progression (AP).

(1) Which of theseareArithmetic Progress onsand why?
@ 2,3,5,7,8,10, 15, ...... b 25710, 12,15, ...
(© -1,-3,-5, -7, ......

(@i) Write3moreArithmetic Progressions.

6.2.1 WHAT 1S AN ARITHMETIC PROGRESSION?

Weobservethat an arithmetic progressionisalist of numbersin which each term
isobtained by adding afixed number tothe preceding term except thefirst term.

Thisfixed number iscalled thecommon differ ence of theAP.

Let usdenotethefirsttermof anAPby a,, secondtermby a,,, . . ., nthterm by a_andthe
common differenceby d. ThentheAPbecomesa,, a,, as, .. ., &,

So,8,-ay=a;-8,=...=a,~8,_;=d
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L et us see somemore examplesof AP:

@ Heghts(incm) of somestudentsof aschool standinginaqueueinthe morning assembly
are 147, 148, 149, . . ., 157.

(b) Minimum temperatures(in degreecelsius) recorded for aweek, inthemonth of January
inacity, arranged in ascending order are

-31,-30,-29,-28,-27,-26,-25

(© Thebalance money (in<) after paying 5% of thetotal loan of ¥1000 every monthis
950, 900, 850, 800, . . ., 50.

(d) Cash prizes(in %) given by aschool to the toppers of Classes| to X1l are 200, 250,
300, 350, . . ., 750 respectively.

G Total savings(ing) after every month for 10 monthswhen Rs50 are saved each month
are 50, 100, 150, 200, 250, 300, 350, 400, 450, 500.

THINK AND Discuss

1 Think how each of thelist given aboveform an AP. Discusswith your friends.

2. Find the common difference of each of theabovelists? Think whenisit positive?

3 Writean arithmetic progressionin which the common differenceisasmall positive
quantity.

4. Makean APinwhichthecommon differenceishbig(large) positive quantity.

5.  MakeanAPinwhichthecommon differenceisnegative.

General form of AP: APcan bewritten as.
a,a+da+2d,a+3d,...

Thisiscalled general form of an A.Pwhere‘a’ isthefirst termand ‘d’ isthe common
difference

For exampleinl, 2, 3,4,5, ....
Thefirst termsis 1 and thecommon differenceisaso 1.
In2,4,6,8,10..... What isthefirst term? and what isthe common difference?

(i) Makethefallowingfigureswith match sticks

JANYAV Y AVANYAVAS
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(i) Writedown the number of match sticksrequired for each figure.
(iii) Canyoufind acommon differencein membersof thelist?
(iv) Doesthelist of these numbersforman AP?

6.2.2 PARAMETERS OF ARITHMETIC PROGRESSIONS

Notethat in examples(a) to (e) above, in section 6.2.1 thereare only afinite number of
terms. Such anAPiscalled afinite AP. Also notethat each of these Arithmetic Progressions
(APs) hasalastterm. TheAPsinexamples(i) to (v) inthesection 6.2, arenot finiteAPsand so
they arecalled infiniteArithmetic Progressions. Such APsare never ending and do not have
alastterm.

Now, to know about an AP, what isthe minimuminformation that you need?1sit enough
to know thefirst term?Or, isit enough to know only the common difference?

We can see that we need to know both —thefirst term a and the common difference d.
Thesetwo parametersare sufficient for usto completethe Arithmetic Progression.
For instance, if thefirst term ais6 and the common differencedis 3, thenthe APis
6,912, 15, . ..
andif ais6anddis—3, thentheAPis
6,3,0-3, ...
Smilarly,when
a=-7, d=-2, theAPis -7,-9,—-11,-13,...
a=10, d=01, theAPis 1.0,1.1,1.2,13,...

=0 d_l1 the AP Oll 341 6
a= ’ - 21 e IS ’ 21 ’ 21 [
a=2, d=0, theAPis 2, 2, 2, 2,...

So, if you know what aand d are, you canlist theAP.

Let ustry theother way. If you aregivenalist of numbers, how canyou say whether itis
anA.P.or not?

For example, for any list of numbers:
6,9 12,15,...,
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We check the difference of the succeeding terms. Inthegivenlist wehavea,—a, =9-6=3,
a;—a,=12-9=3,
a,—a;=15-12=3
Weseethat a, —ay =a3—a,=a,—a5...=3
Herethedifference of any two consecutivetermsin each caseis 3. So, thegivenlistisan
APwhosefirsttermais6 and common differencedis3.
For thelist of numbers: 6,3,0,-3,.. .,
a,—a;=3-6=-3,
a3-a,=0-3=-3
a,—a;=-3-0=-3
Y-y =88 =8a —8=—3
Similarly, thisisal so an APwhosefirst termis 6 and the common differenceis—3.
So, weseethat if the difference between succeeding termsisconstant thenitisanArithmetic
Progression.
Ingenerd, foranAPay, a,, . . ., a, wecan say
d=a,, ,—a where kUN;k>1
wherea, , ; and a, arethe (k+ 1)thand the kth termsrespectively.
Consider thelist of numbers 1,1, 2, 3,5, .. .. By looking at it, you can tell that the
difference between any two consecutive termsisnot the same. So, thisisnot anAP.

Note: TofinddintheAP: 6, 3,0,-3, ..., we have subtracted 6 from 3 and not 3 from 6.
We haveto subtract the K term from the (k + 1) th term eveniif the (k + 1) termissmaller and
tofind‘d’ inagivenA.P.weneednotfindal of a,—a,,a, -4, ..... Itisenoughtofindonly one
of them

Takeany Arithmetic Progression.
Add afixed number to each and every term of AP. Writetheresulting numbersasa list.

Similarly subtract afixed number from each and every term of AP Writetheresulting
numbersas alist.

4. Multiply or divideeachterm of APby afixed number and writetheresulting numbersas
alist.

5. Check whether theresulting listssare APin each case.
6. Whatisyour conclusion?
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Let usconsider someexamples

Example-1. FortheAP: — —, —,— ....... , write the first term a and the common

13
4’ 4°

Nl

differenced. Andfindthe 7" term

cution: Here az L. go i1t
ution : ere a= 4’ = 4 4 2

Remember that we can find d using any two consecutive terms, once we know that the
numbersarein AP,

Theseventht dbe —>—2 =21
eseventn termwou 4 5 2 2 a4

Example-2. Which of thefollowing formsan AP? If they form an APthen write next two
terms?

() 4,10,16,22,...(i)1,-1,-3,-5,...(iii)-2,2,-2,2,-2, ...
vy, 1,1,1,2,2,2,3,3,3,... (V) X, 2%, 3X, 4X ......
Solution : (i) Wehavea,—a, =10-4=6
a;—a,=16-10=6
ay—a;=22-16=6
e, a.,—a issameeverytime.
So, thegiven list of numbersformsan APwith thecommon differenced =6.
Thenext twotermsare: 22 + 6 =28 and 28 + 6 = 34.
(i) a,—a;=-1-1=-2
a;—-a,=—-3—-(-1)=-3+1=-2
a,—a;=-5-(-3)=-5+3=-2
i.e,a , ,—a issameevery time.
So, thegivenlist of numbersformsan APwith thecommon differenced =—2.

Thenext twotermsare:
-5+(-2)=—7and-7+(-2)=-9
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(i) a,—a,=2-(-2)=2+2=4
y—a,=-2-2=-4
Asa,—a, # a;—a,, thegivenlist of numbers doesnot form an AP.
(iv) a,—-a,=1-1=0
a;—a,=1-1=0
y—az=2-1=1
Here a,—a,= a;-2, # 3,—ag
So, thegivenlist of numbersdoesnot forman AP,
(V) Wehave a,—a;=2x—-X=X
az3—a, = 3X—2X=X
ay—ay=4x—3x=X
i.e,a.,—a issameevery time.
[ So,thegivenlistformanAP.

The next two terms are 4x + x = 5x and 5x + X = 6x.

P v Exercise - 6.1
==

1. Inwhich of thefollowing Situations, doesthelist of numbersinvolved makean arithmetic

progression, and why?

0] The minimum taxi fare is¥ 20 for the first km and there after I 8 for each

additional km.

1
(it) Theamount of air present inacylinder when avacuum pump removes 1 of the

air remaininginthecylinder at atime.

(i) Thecost of digging awell, after every metre of digging, whenit costsZ 150 for
thefirst metre and rises by ¥ 50 for each subsequent metre.

(iv)  Theamount of money in the account every year, when10000 isdeposited at

compound interest at 8 % per annum.

2. Writefirst four termsof the AP, when thefirst term a and the common differenced are

givenasfollows
() a=10,d=10 (i) a=-2,d=0

(i) a=4,d=-3 (iv) a=—1,d:%

) a=-125d=-025

Free Distribution by T.S. Government 2018-19

137



138 Class-X Mathematics

3.  ForthefollowingAPs, writethefirgt term and the common difference:

@i 3,1,-1,-3,... @i -5-1,37,...
iy 12913 06, 1.7,2.8,39
(iii) 3'3'3' 3" (iv) 0.6,1.7,28,39,...
4. Which of thefollowing areAPs ?If they form an AP, find the common differenced and
writenext threeterms.
5_7
N 2—=,3—,..
i) 2,4,816,... (i) 55
iy -12,-32,-52,-7.2,... (iv) —10,-6,-2,2,...
(V)  3,3+42,3+242,3+3/2,....  (vi) 0.2,0.22,0.222,0.2222, ...
o461 i ~t-i.11
(i) 0,-4,-8,-12,... (viii) 5 3 g T
(X 1,3,927,... X)) a 2a,3a4a,...
x) aa%a’al... (i) +/2,/8,4/18,4/32,.....

(i) \/3,4/6,4/9,412,.....

6.3 n'™ Term oF AN ARITHMETIC PROGRESSION

Let usconsider the offer to Ushawho applied for ajob and got selected. She hasbeen
offered astarting monthly salary of ¥ 8000, withan annua increment of I 500. What would be
her monthly sdlary of thefifthyear?

Toanswer this, let usfirst seewhat her monthly salary for the second year would be.
It would be X (8000 + 500) = 8500.

In the sameway, we can find the monthly salary for the 34 4™ and 5 year by adding
3 500to thesalary of the previousyear.

So, the salary for the 39 year = (8500 + 500)
= (8000 + 500 + 500)
= 3 (8000 + 2 x 500)
= T[8000 + (3—1) x500]  (forthe3year)
= 9000
Sdary for the 4" year = ¥ (9000 + 500)
= ¥ (8000 + 500 + 500 + 500)
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= ¥ (8000 + 3 x 500)
= T[8000+ (4—1) x500]  (for the 4™ year)
= 3 9500
Sdaryforthe5"year = ¥ (9500 + 500)
T (8000+500+500+500 + 500)
% (8000 + 4 x 500)
T [8000 + (5—1) x500]  (forthe5" year)
= ¥ 10000
Observethat weare getting alist of numbers
8000, 8500, 9000, 9500, 10000, . . .

Thesenumbersarein Arithmetic Progression.

L ooking at the pattern above, can wefind her monthly salary inthe 6™ year?The 15t year?
And, assuming that sheisgtill working inthe samejob, what would be her monthly salary inthe
25" year?Herewe can calculate the salary of the present year by adding I 500 to the salary of
previousyear. Canwemakethisprocessshorter? Let ussee. You may have aready got some
ideafrom theway we have obtained the salaries above.

Salary for the 151" year = Sdary for the 14" year +3 500
= | 8000+ 500+500+500 +... +500 | +3500
13 times
= ¥ [8000 + 14 x 500]
= ¥ [8000 + (15— 1) x 500] =% 15000
e, First salary + (15—1) x Annual increment.

Inthe sameway, her monthly salary for the 25" year would be
< [8000 + (25 —1) x 500] =< 20000
= Firgt salary + (25—1) x Annual increment

Thisexamplehasgiven usanideaabout how towritethe 15" term, or the 25 term. By using
the sameidea, now let usfind then™ term of an AP

Leta,, a, a;, ... bean APwhosefirstterma, isaand the common differenceisd.
Then,

thesecondterma,=a+d=a+(2-1)d
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thethirdteema;=a,+d=(a+d)+d=a+2d=a+(3-1)d
thefourthterma,=a3+d=(a+2d)+d=a+3d=a+(4-1)d

L ooking at the pattern, we can say that the n'" term a,=a+(n-1)d.

So, the n'" term of an AP with first term a and common differenced is given by
a,=a+(n-1)d.

a, isasocalledthegeneral term of theAP.

If therearemtermsintheAR, then a,, representsthelast term which issometimesalso
denoted by |.

Finding termsof an AP : Using the above formulawe can find different terms of an
arithemetic progression.

L et usconsider someexamples.
Example-3. Find the 10" term of theAP: 5,1, -3, -7 . ..
Solution : Here,a=5,d=1-5=—-4and n = 10.
Wehavea,=a+(n-1)d
So,a,,=5+(10-1) (4) =5-36=-31
Therefore, the 10" term of the givenAPis—31.

Example-4. Whichterm of theAP: 21, 18, 15, ...is—81?

Isthereany term 0? Givereason for your answer.
Solution : Here,a=21,d=18-21=-3andif a,=-81, wehavetofind n.

As a,=a+(n-1)d,

wehave -81=21+(n-1)(-3)
—-81=24-3n
—-105=-3n

So, n=35

Therefore, the 35" term of the givenAPis—81.

Next, wewant to know if thereisany nfor whicha, =0. If such nisthere, then
21+ (n-1) (-3) =0,

e, 3(n-1)=21

e, n=38

So, theeighthtermisO.
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Example-5. DeterminetheAPwhose 3Ytermis5and the 7" termisO.
Solution : We have
a;=a+(3-1)d=a+2d=5 (@)
and a,=a+(7-1)d=a+6d=9 2
Solvingthepair of linear equations (1) and (2), weget
a=3d=1
Hence, therequired APis3,4,5,6,7, . ..

Example-6. Check whether 301 isaterm of thelist of numbers5, 11, 17, 23, . ..

Solution : Wehave:
a,—-a,=11-5=6,a;-a,=17-11=6,9,—a;=23-17/=6
As(a,,,—a,)isthesamefork=1, 2, 3, etc., thegivenlist of numbersisanAP.
Now, for thisAPwehavea=5and d=6.

We chooseto begin with the assumption that 301 isnth term of thethisAP. Wewill seeif
an‘n’ existsfor whicha = 301.

We know
a,=a+(n-1)d
So, for 301 to beaterm wemust have
301=5+(n-1)x6
or 301 =6n-1

o . 1
’ = "6 "3

But n should beapositiveinteger (Why?).

S0, 301 isnot aterm of thegiven list of numbers.

Example-7. How many two-digit numbersaredivisbleby 3?
Solution : Thelist of two-digit numbersdivisibleby 3is:
12,15, 18,...,99
IsthisanAP? Yesitis. Here,a=12,d=3,a,=99.
As a,=a+(n-1)d,

Free Distribution by T.S. Government 2018-19



142 Class-X Mathematics

wehave 9=12+(n-1) x3

e, 87=(n-1)x3
87
i _1=—=29
e, n-1 3
ie, n=29+1=30 (So, 99 isthe 30" term)

S0, thereare 30 two-digit numbersdivisbleby 3.

Example-8. Findthe 11" term from thelast of thetheAPseriesgiven below :
AP:10,7,4,... —62
Solution : Here,a=10,d=7-10=-3,1 =-62,

where l=a+(n-1)d
Tofind the 11" term from thel ast term, wewill find thetotal number of termsinthe AP
So, -62=10+ (n-1)(-3)
e, —-72=(n-1)(-3)
e, n-1=24
or n=25

So, thereare 25termsinthegiven AP,

The 11" term from thelast will bethe 15™ term of the series. (Notethat it will not bethe
14" term. Why?)

So, a,=10+(15-1)(-3) =10~ 42=—32
i.e, the11™ term fromtheendis—32.

Note: The 11" term from thelastisalso equal to 11" term of theAPwith first term—62 and the
common difference 3.

Example-9. A sumof ¥ 1000isinvested at 8% simpleinterest per year. Calculatetheinterest
at theend of eachyear. Do theseinterestsform an AP?If o, find theinterest at the end of 30
years.

Solution : Weknow that theformulato cal culate smpleinterest isgiven by

mplelnterest= — -
, " 1000x8x1
So, theinterest at the end of the 1™ year =% 10 =380
, nd 1000x8x2
Theinterest at theend of the 2™ year =X ~100 - <160
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1000x8x%3
Theinterest at the end of the 3" year = 00 T 240

Similarly, wecan obtain theinterest at the end of the 4" year, 5" year, and so on. So, the
interest (in Rs) at theend of the 1%, 2, 39 . . years, respectively are

80, 160, 240, . ..
Itisan APasthedifference between the consecutivetermsinthelistis80,
e, d =80. Also, a=80.
So, tofind theinterest at theend of 30 years, weshall find a,.
Now, ay,=a+(30-1) d=280+ 29 x 80 = 2400
So, theinterest at the end of 30 yearswill be I 2400.
Example-10. Inaflower bed, thereare 23 rose plantsin thefirst row, 21inthesecond, 19in

thethird, and so on. Thereare 5 rose plantsin the last row. How many rows aretherein the
flower bed?

Solution : Thenumber of roseplantsinthe 1%, 2™ 39 .. rowsare:

23,21,19,...,5
It formsan AP (Why?).

Let the number of rowsintheflower bed ben.

Then a=23,d=21-23=-2,4,=5

As, a,=a+(n-1)d
Wehave, 5=23+(n-1)(-2)
e, -18=(n=-1)(-2)
e, n=10

So, thereare 10 rowsin the flower bed.

Exercise - 6.2

1. Fillintheblanksin the followi ng table, given that a isthefirst term, d the common
differenceand a, thenth term of theAP:

S No. | a d n a,
0] 7 3 8
(ii) -18 o 10 0
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(iii) o -3 18 -5
(iv) -18.9 2.5 . 36
v) 35 0 105

Findthe

() 30" termof theA.P. 10,7, 4 ......

-1
(i) 11" termof theA.P : =3 - 2,.....

Find therespectivetermsfor thefollowing APs.
() a =2 a3:26 finda2 (D) a,=13; a,=3 findal,a3

. 1 . —
(iii) a =5 a,= 95 find a, a, (iv) a =-4a.= 6 find a, a,a, a
v) a,=38; a;=-22 find a;, a, a, a
Whichterm of theAP: 3,8, 13,18, ...,is78?
Find the number of termsin each of thefollowing APs:
, _ 1
() 71319,...,205 ()  18157,13, .., -47
Check whether, 150 isaterm of theAP: 11, 8,5, 2. ..
Find the 31% term of an APwhose 11" term is 38 and the 16 term is 73.

If the 3" and the 9" terms of anAPare 4 and—8 respectively, which termof thisAPis
zero?

The 17" term of an APexceedsits 10" term by 7. Find the common difference.

TwoAPshavethe same common difference. Thedifference between their 100" termsis
100, what isthe difference between their 1000" terms?

How many three-digit numbersaredivisibleby 7?
How many multiplesof 4 lie between 10 and 250?

For what value of n, arethe n" terms of two APs: 63, 65, 67, ...and 3, 10, 17, . ..
equal?

Determinethe APwhosethird termis 16 and the 71" term exceeds the 51" term by 12.
Find the 20" term from the end of the AP: 3, 8, 13, . . ., 253.
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16.  Thesumof the4" and 8" termsof an APis 24 and the sum of the 6" and 101 termsis
44. Find thefirst threeterms of the AP,

17. Subba Rao started work in 1995 at an monthly salary of ¥ 5000 and received an
increment of ¥ 200 each year. Inwhichyear did hissalary reach ¥ 7000?

6.4 Sum ofF FIRST 7 TERMS IN ARITHMETIC PROGRESSION

Let usconsider thesituation again givenin Section6.1in
which Hemaput ¥ 1000 money box when her daughter wasone
year old, ¥ 1500 on her second birthday, ¥ 2000 on her third
birthday and will continuein the sameway. How much money will
be collected inthemoney box by thetimeher daughter is21 years
old?

Here, the amount of money (in Rupees) put inthe money
box on her firgt, second, third, fourth. .. birthday wererespectively
1000, 1500, 2000, 2500, . . . till her 21% birthday. To find the
total amount inthe money box on her 21% birthday, wewill havetowriteeach of the 21 numbers
inthelist above and then add them up. Don’t you think it would be atedious and time consuming
process? Can we make the process shorter?

Thiswould bepossibleif we can find amethod for getting thissum. Let us see.

6.4.1 How ‘GAuss’ FOUND THE SUM OF TERMS

We consider the problem given to Gauss, to solve when hewas
just 10 yearsold. Hewasasked to find the sum of the positiveintegers
from 1t0 100. Hereplied that the sumis5050. Can you guesshow could
hedoit?

S=1+2+3+...+99+ 100

Andthen, reversed the numbersto write Carl Fredrich Gauss

(1777-1855) wasa great
S=100+99+...+3+2+1 German M athematician

When he added these two term by term he got,
2S=(100+1)+(99+2) +...+(3+98) + (2+99) + (1 + 100)
=101+101+...+ 101 + 101 (100 times) (check this out and discuss)

~100x101

, S > = 5050, i.e, thesum =5050.
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6.4.2 Sum ofF 77 TERMS OF AN AP.

Wewill now usethe sametechniquethat wasused by Gaussto find thesum of thefirstn

termsof anAP:

0s,

a,a+d a+2d,...

Then term of thisAPisa+ (n—1) d.

Let S, denotethesumof the first n termsof the A.P.
By changing the order, we get

0 §,=a+(a+d)+(a+2d) +.. +ta Hn -1)d

S, =[a+(n-1d] +[a +(n -2)d] +... +a
Addingterm by term
2S,=[2a+(n-1d] +[2a+(n-1d] +...+[2a+ (n—-1)d] ntimes
= n[2a+ (n—-1)d]

:g[2a+(n ~1)d] =g[a +{a+(n-1d}] :2 [first term + n™ term] :g(a+an)
If thefirst and last termsof anA.P. aregiven and the common differenceisnot given then
S, =g(a+an) isvery useful tofind S, or S, :2(a+|) where*I” isthe last term.

Now wereturn to theexample(c) intheintroduction 6.1. Theamount of money (in Rs)

in the money box of Hema'sdaughter on 1%, 2" 3™ 4" pirthday, . . ., were 1000, 1500,

2000,

2500, . . ., respectively.

ThisisanAP. Wehavetofind thetotal money collected on her 21% birthday, i.e., thesum

of thefirst 21 termsof thisAP.

Here, a=1000, d =500 and n=21. Using theformula:

— n —_
s, =5l2a+(n-0d],
21
wehave S = ?[2><1000+(21 -1) x500]

- 231[2000+100001
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- 2?1[120001 = 126000

So, the amount of money collected on her 21% birthday is ¥ 1,26,000.

Weuse S, inplaceof Stodenotethesumof first ntermsof the AP so that we know how
many termswe have added. Wewrite S, to denotethe sum of thefirst 20termsof an AP. The
formulafor the sum of thefirst ntermsinvolvesfour quantities S, a, d and n. If weknow any
three of them, we can find thefourth.

Remark : Then™ term of an APisthedifference of the sum tofirst ntermsand thesumtofirst
(n—1termsofiti.e,a, =5 -S, _;.

Do THis
Find the sum of indicated number of termsin each of thefollowing A.Ps
(i) 16,11,6...; 23terms (it) -0.5,-1.0,-15, .....; 10 terms
@y - 1,§ ----- ,» 10terms
4 2

L et usconsider someexamples.

Example-11. If thesum of thefirst 14 termsof an APis 1050 anditsfirst termis 10, find the
20" term.

Solution : Here, S,=1050; n=14,a=10
n
S,= E[2a+(n -1)d]

1050 = %[2a+13d] = 140+91d

910 = 91d
0 d=10
0 ay,=10+(20-1) 10= 200

Example-12. How many termsof theAP: 24, 21, 18, . . . must betaken so that their sumis78?
Solution : Here,a=24,d=21-24=-3, S, =78. Let number of termsof APisn, then we

needtofind n.
n
Weknow that S, :§[2a+ (n-1d]

So, 78= 2[48+(n ~1)(-3)] :2[51 —3n]

or 3n°—5In+156=0
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or n°—17n+52=0
or (n-4)(n-13)=0
or n=4or13

Both values of nareadmissible. So, the number of termsiseither 4 or 13.

Remarks:
1. Inthiscase, the sum of thefirst 4 terms=the sum of thefirst 13terms=78.
2. Twoanswersare possible because the sum of thetermsfrom 51 to 13" will be zero.

Thisisbecauseaispositiveand disnegative, sothat sometermsare positiveand some
arenegative, and will cancel out each other.

Example-13. Find thesumof :

() thefirst 1000 natural numbers (i) thefirst n natural numbers
Solution:

() LetS=1+2+3+...+1000

n
Usingtheformulas;, = - (a+1) for thesum of thefirst ntermsof anAP, we have

1000

1000 = T(1+ 1000) = 500 x 1001 = 500500

So, thesum of thefirst 1000 positive integersis 500500.
(i) LetS =1+2+3+...+n

Herea=1andthelasttermlisn.

n(1+n) n(n+1)
Therefore, S == (or) S,= 5

So, the sum of first n positive integersisgiven by

n(n+1)
S, == 5
Example-14. Findthesumof first 24 termsof thelist of numberswhose nterm isgivenby
a,=3+2n
Solution: As a,=3+2n,
S0, a,=3+2=5
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a,=3+2x2=7
a3:3+2><3:9

List of numbersbecomes5, 7,9, 11, . ..
Here, 7-5=9-7=11-9=2and so on.
So, it formsan APwith common differenced = 2.

TofindS,,, wehaven=24,a=5,d=2.
Therefore, S, = %[2 x5+ (24 -1) x2] =12(10 +46) =672
So, sum of first 24 termsof thelist of numbersis672.

Example-15. A manufacturer of TV setsproduced 600 setsinthethird year and 700 setsinthe
seventh year. Assuming that the production increases uniformly by afixed number every year,
find:

() theproductioninthe1™ year (i)  theproductioninthe10™year

(i)  thetota productioninfirst 7 years

Solution : (i) Sincethe productionincreasesuniformly by afixed number every year, the number
of TV setsmanufacturedin 1%, 2™ 39 .. yearswill formanAP.

L et usdenote the number of TV setsmanufacturedinthenthyear by a_.

Then, a3 = 600 and a; = 700
or, a+2d =600
and a+ 6d= 700

Solving these equations, we get d = 25 and a = 550. A
Therefore, production of TV setsinthefirst year is550. ‘ V/
@i Now a,=a+9d=550+9x25=775 '
So, production of TV setsinthe 10" yearis775.

i) Also, S, = g[2x550+(7 —1) x25]

%[1100 +150] = 4375

Thus, thetotal production of TV setsinfirst 7 yearsis4375.

Free Distribution by T.S. Government 2018-19



1.

10.

150 Class-X Mathematics

Exercise - 6.3

H;Fi nd the sum of thefollowing APs:

0] 2,7,12,...,to 10 terms. (i) -37,-33,-29,...,to12terms.
. _ 111
(i)  0.6,17,28,...,t0100 terms. iv) o5 emtollterms
15121
Findthesumsgivenbelow :
1
0  7+10-5+14+..484 () 34+32+30+...+10

(i) -5+ (-8) +(-11) +. ..+ (—230)

InanAP:

()] givena=5,d=3, an:50,findnand S

(i) givena=7, a,,=35, findd and SHe

(D) given a,= 37,d=3, findaand 812.

(iv) g?ven a,=15,5 =125, fi nq dand a4

v) givena=2,d=8, Sn:90,f|ndnand a.

(W) given a =4, d=2, Sn =-14,findnand a.

(vii)  givenl =28, S=144, andtherearetotal 9terms. Find a.

Thefirg andthelast termsof anAPare 17 and 350 respectively. If thecommon difference
is9, how many termsarethereand what istheir sum?

Find the sum of first 51 terms of an APwhose second and third termsare 14 and 18
respectively.

If thesum of first 7 termsof an APis49 and that of 17 termsis 289, find the sum of first
nterms.

Showthata,, a,, ..., a,...foomanAPwherea isdefined asbelow :
() a,=3+4n (D) a,=9-5n
Alsofindthesumof thefirst 15termsin each case.

If thesum of thefirst ntermsof anAPis4n—n? what isthefirst term (remember thefirst
termisS,)?What isthesum of first two terms?What isthe second term? Similarly, find
the 3rd, the 10th and the nth terms.

Find thesum of thefirst 40 positiveintegersdivisibleby 6.

A sum of ¥ 700isto be used to give seven cash prizesto students of aschool for their
overdl academic performance. If each prizeis 20 lessthanitspreceding prize, find the
valueof each of theprizes.
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11. Inaschool, studentsthought of planting treesin and around the school to reduceair
pollution. It was decided that the number of trees, that each section of each classwill
plant, will bethe same astheclass, inwhich they arestudying, e.g., asection of Class|
will plant 1 tree, asection of Classll will plant 2 treesand so ontill ClassXIl. Thereare
three sections of each class. How many treeswill be planted by the students?

12. A gpira is made up of successive

I,
semicircles, with centresalternately at A
and B, starting with centreat A, of radii Ly
05cm,10cm,15cm,20cm,...as m
U

showninFigure. What isthetotal length
of such a spiral made up of thirteen

22
consecutivesemicircles? (TakeTt =7 )

[Hint : Length of successivesemicirclesis

I, 15, 15,1, ... withcentresat A, B, A, B, . . ., respectively.]

13.  200logsarestacked inthefollowing manner: 20 logsin the bottom row, 19 inthe next

row, 18 intherow next toit and so on. In how many rowsare the 200 |ogs placed and
how many logsareinthetop row?

il

( @@@@c@ @u @@@@@@@éé@l’
u&@@ur_)c@@@w@@@@% BEER)
) @9;.0@@‘% OXEN ) @@20® @3/

(&

14. Inabucket and ball race, abucket isplaced at the starting point, whichis5mfromthe
first ball, and the other ballsare placed 3 m apartinastraight line. Thereareten ballsin
theline.

@._. S _.L_._—in = o o o o %

5m 3m 3m

A competitor startsfrom the bucket, picksup the nearest ball, runsback withit, dropsit
inthe bucket, runsback to pick up the next ball, runsto the bucket todrop it in, and she
continuesinthesameway until al theballsareinthebucket. What isthetotal distance
the competitor hasto run?

[Hint : Topick upthefirst ball and the second ball, thetota distance (in metres) run by
acompetitor is2x 5+ 2 x (5+ 3)]
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6.5 GeomeTRIC PROGRESSIONS

Condder thelists

. _ 1
0] 30, 90, 270, 810 ..... (i) 21664 256"
(iii) 30, 24, 19.2, 15.36, 12.288

Can we write the next term in each of the lists above ?

in (i) each term is obtained by multiplying the preceeding term by 3.
1
in(ii) eechtermisobtained by multiplying the preceeding term by 2

in(iii) each termisobtained by multiplying the preceeding term by 0.8.

Inal thelistsgiven above, we seethat successivetermsare obtained by multiplying the
preceeding term by afixed number. Suchalist of numbersissaidtoform Geometric Progresson
(GP).

Thisfixed number iscaled thecommonration‘r’ of GP. Sointhe aboveexample (i), (i), (iii) the

1
commonratiosare 3, 2 0.8 respectively.

Let usdenotethefirst term of a GP by a and commonratior. To get the second term
according to therule of Geometric Progression, wehaveto multiply thefirst term by the common
ratior. Wherea #0,r Zz0andr #1

0 Thesecond term=ar

Thirdterm= ar.r =ar®

O aarar’ ... iscalled thegeneral form of aGP.
intheabove GPtheratio between any term (except first term) and its preceding termis'‘r’

If wedenotethefirstterm of GPby a,, secondtermby a, ..... ™ term by a,

then 2% - - %
4 & a1
O Alistof numbersa;, a,, a;.... a, ... iscalled ageometric progression (GP), if each
termisnon zero and

8 _

— =y

A1
Where nisanatural number and n> 2.

Free Distribution by T.S. Government 2018-19



Progressions 153

g; Do THis
Find which of the following are not GP.
1. 6,12, 24,48, ... 2. 1,4,916, ...
3. 1,-11 -1, ... 4, -4, =20, 100, -500, .....

Some more example of GP are:

() A person writesaletter to four of hisfriends. He asks each one of them to copy the
letter and give it to four different persons with same instructions so that they can
movethe chain ahead similarly. Assuming that the chainisnot broken the number of
letters at first, second, third ... stages are

1, 4, 16, 64, 256 .............. respectively.

(ii)  Thetotal amount at the end of first, second, third .... year if I 500/- isdepositedin
the bank with annual rate 10% interest compounded annually is

550, 605, 665.5 ......

(iit) A squareis drawn by joining the mid points of the
sides of a given square. A third square is drawn
inside the second square in the same way and this
process continues indefinitely. 1f aside of the first
square is 16¢cm then the area of first, second, third
..... square will be respectively.

256, 128, 64, 32, .....

(iv)  Initially a pendulum swings through an arc of 18
cms. On each successive swing the length of thearcis 0.9"
of the previouslength. Sothelength of thearc at first, second,
third....... swing will be resepectively (in cm).

18, 16.2, 14.58, 13.122......

glg‘ THINK - Discuss

1. Explain why each of the lists aboveisa GP.

2.  Toknow about a GP. what is minimum information that we need ?
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Now let uslearn how to construct a GP. when the first term ‘a’ and common ratio
‘r’ aregiven. And aso learn how to check whether the given list of numbersisa GP.

Example-16. Writethe GP. if thefirst term a = 3, and the common ratior =

Solution : Since‘a’ isthefirst term it can easily be written

2.

Weknow that in GP. every succeeding termisobtained by multiplying the preceding
termwith commonratio ‘r’. Soto get the second term we haveto multiply thefirstterma=3

by thecommonratior = 2.
0 Secondterm =ar =3x2=6  (-- Firsttermxcommonratio)
Similarly thethird term = second term x common ratio
=6x2=12
If weproceedinthisway we get thefollowing GP.
3,6,12,24,......
Example-17. WriteGP. if a =256, r = _7

Solution : General form of GP=a, ar, ar2, ar3, .....

= 256, 2 6(_—1) 2 6(_1T 2 6(_1T
= 256,256\ |, 256 | . 256 -

= 256, -128, 64, -32 ......

-1
Example-18. Findthecommonratio of theGP 25, -5, 1, 5

Solution : Weknow that if thefirst, second, third ... termsof aGPareay, a,, a,
thecommonratio r=22 =% = |
& &

Herea; =25, a,=-5a;=1

Socommonratioln =— =— =——.

Example-19. Whichof thefollowinglist of numbersform GPR. ?

0 3612 .. @) 64, -32 16,
a1 11
(i) 61 328

... respectively
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Progressions

& _8_ &

isnonzeroand 7 =7 T 7T
aq & an-1
Here dl theterms are non zero. Further

o =2 and

a, 3

a 12

a, 6

ie, 2-%-,
a 9

(i)

So, thegivenlist of number formsaG.P. with thecommonratio 2.

All thetermsarenon zero.

& _32_-1
a 64 2

-1

So, thegivenlist of numbersformaGPwith commonratio —.

2

All thetermsarenon zero.

1
 _ 32 _
H-3-
a 1

64

1
& _ 8 _
—= =0 =4
a, 1

32
H _ &

Here = # =
&

So, thegiven list of numbersdoesnot form GP.
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Exercise - 6.4

Inwhich of thefollowing Situations, doesthelist of numbersinvolvedintheformof aGR?

0] Sdary of Sharmila, when her sdlary is3 5,00,000for thefirst year and expected
toreceiveyearly increaseof 10%.

(i) Number of bricks needed to make each step, if the stair case hastotal 30 steps.
Bottom step needs 100 bricksand each successive step needs 2 brick lessthan
the previous step.

(i) Perimeter of the each
triangle, whenthemid
points of sides of an
equilateral triangle
whosesdeis24cmare 24 cm
joined to form another
triangle, whose mid
pointsinturnarejoined
to form still another
triangleand the process
continuesindefinitely.

24 cm

24 cm

Writethreetermsof the GPwhenthefirst term‘a’ and thecommonratio‘r’ aregiven?

) a=4 r=3 i  a=+5; r:%

H =81 — __ f a:i. =2

(i) a=8l r= 3 (iv) o1 r=

Which of thefollowing are GP?1f they arein GP. Write next threeterms?
4,816 S S

@ 4,8,16.... (i) 3T

(i) 5,55, 555, .... vy, -2,-6,-18.....
111 - 2 3

(v > 2 M) 3,-3937 ..

Gi) x 131, (x20) i) =, -2, 42
LS N

(iX) 0.4,0.04, 0.004, .....

Find x so that x, X + 2, X + 6 are consecutive terms of ageometric progression.
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6.6 " Term oF A GP

L et us examine a problem. The number of bacteriain acertain culture triples every
hour. If there were 30 bacteriapresent in the culture originally, then, what would be number
of bacteriain fourth hour?

To answer thislet usfirst ssewhat the number of bacteriain second hour would be.
Sincefor every hour ittriples

No.of bacteriain Second hour = 3 % no.of bacteriain first hour

=3x30=30x 3!
=30 x 3?1
=90

No.of bacteriainthirdhour =3 x no.of bacteriain second hour
=3x90 =30 x (3x3)
=30x3?  =30x3EY
=270

No.of bacteriain fourth hour = 3 x no.of bacteriain third hour
=3 x 270 = 30 x (3x3x3)
=30x3>  =30x3"*D
=810

Observethat we are getting alist of numbers
30, 90, 270, 810, ....
These numbersarein GP (why ?)
Now looking at the pattern formed above, can you find number of bacteriain 20" hour?

You may have already got some ideafrom the way we have obtained the number of
bacteriaasabove. By using the same pattern, we can compute that number of bacteriain 20"
hour.

= 30x%(3%x3x... X3)
%f—/

19 terms
=30x 3% =30 x 3%1)

Thisexamplewould have given you someideaabout how to writethe 25" term. 351
term and more generally the nth term of the GP.

Leta,, a, a;..... bein GPwhose ‘first term’ a, isaand thecommonratioisr
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then the second term a, = ar = ar(®™)
thethirdterm  a, =a,xr = (ar) xr = ar? =g
thefourthterm a, = a;xr =ar?xr = ar® = ar*?

L ooking at the pattern we can say that nM term a,= ar™?

So n"'term an of aGPwith first term* &’ and common ratio‘r’ isgivenby a_ = ar™?,

L et usconsder someexamples
Example-20. Find the 20" and n" term of the GP.

555
> 1 g
5
5 2
Solution : Here a= > and r=4=1
2 5 2
2
19
_ .01 _9(1)y" _ 5
Then 8y = ar =53 T
and an:arn—l ZE(E]n_lzi
2\ 2 2"

Example-21. Whichtermof theGP: 2, 24/2,4..... is1287?

_2\/52\/5

Solution : Here a=2 r= —

Let 128 be the " term of the GP.
Then a,=a"' =128

2.(v2)"* =128

(V)™ =64

n-1

(2)2 =2°
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] n=13.
Hence 128 isthe 13" term of the GP.

Example-22. InaGPthe3termis 24 and 6 termis 192. Find the 10" term.

Solution : Here a3 = ar’=24 (1)
ag=ar’ =192 (2)
Dividing (2) by (1) weget & = 192
a’ 24
— rP=g=2%
= r =2

Substituting r=2 in(1) we geta=_6.
0 ag=a’=6(2)° =3072

Exercise-6.5

1 For each geometric progression find thecommonratio‘r’, andthenfinda,
[ 3 333 [ 2, -6, 18, -54
(|) g (i|) , , 18,
4 8
ii -1 -3 -9 - ' 5 2,—,—..
(i) 1,-3, -9 -27 ... (iv) 525

2. Find the 10" and n term of GP. : 5, 25, 125, ...

3. Find theindicated term of each Geometric Progression

(0] =9 r=%; find a, (i) a, =-12; r=:—13; find ag

4. Which term of the GP.

@) 2,8,32, ...1s512 2 (i) V3,3 3/3......18 729 ?
111001,
W) 392718 2187°
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Find the 12" term of aGP, whose 8" termis 192 and the common ratiois 2.

2 16
The 4™ term of ageometric progression is 3 and the seventhtermis a1 Find the

geometric series.

2

2 2
If the geometric progressions 162, 54, 18 ..... and ' 27' 97" havetheir n'" term
equd. Findthevaueof n.

OrpTiONAL EXERCISE
~=| [For extensive Learning]

1.

Whichtermof theAP: 121, 117, 113, . . ., isthe
first negativeterm?

[Hint: Findnfora <0

25¢cm
Thesum of thethird and the seventhtermsof an

APis6 andtheir product is8. Find the sum of
first sxteentermsof theAP,

A ladder has rungs 25 cm apart. The rungs
decresseuniformly inlengthfrom45cmatthe :
bottom to 25 cm at the top. If thetop and the : 2

1
bottomrungsare 25 mapart, what isthelength
of thewood required for therungs?

[Hint : Number of rungs= 22i5?+1] T

Thehousesof arow are numbered consecutively 45 cm \
from 1to 49. Show that thereisavaue of x such

that the sum of thenumbersof the housespreceding

the house numbered xisequal to the sum of the numbersof thehousesfollowingit. And
findthisvaueof x.

[Hint: S _,=S5-S]

A smdll terrace at afootbal | ground comprisesof 15 stepseach of whichis50mlongand
built of solid concrete.
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1

1
Each step hasariseof 1 m and atread of 5 m. (seeFig. 5.8). Calculatethetotal volume

of theterrace.

[Hint : Volumeof thefirst step= %X%XSOW]

6. 150 workerswere engaged to finish apiece of work in acertain number of days. Four
workers dropped from the work on the second day. Four workers dropped on third
day and soon. Ittook 8 more daysto finishthework. Find the number of daysinwhich
thework was completed.

[let theno.of daystofinishtheworkis‘x then
150x = %8[2 x150 +(x +8 —1)( 4)]

[Ans. x=17 = x+8=17+ 8=25]

1
7. A machinecosts? 5,00,000. If thevaluedepreciates 15%inthefirst year, 135 %inthe

second year, 12% in thethird year and so on. What will beitsvalue at the end of 10
years, when al the percentageswill be applied tothe origina cost?

1
[Total depreciation=15+ 135 +12+....10terms.

S, = %[30 ~13.5] =82.5%

[J after 10 year original cost =100 -82.5=17.5 i.e, 17.5% of 5,00,000
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Suggested Projects

1. Verify thegiven sequenceisAPor not, by grid paper.

2. Find thesum of ntermsin APby using grid paper

8& WHAT WEe Have Discussep

In this chapter, you have studied the following points:

1. Anarithmetic progression (AP) isalist of numbersinwhich each termisobtained
by adding a fixed number d to the preceding term, except the first term. The fixed
number d is called the common differ ence.

Thetermsof AParea,a+d, a+2d,a+3d, ...

2. A givenlist of numbersay, a,, as, . . . isan AR if the differencesa, —a;, a;—a,, a,
—a,, ..., givethesamevalue, i.e, if a , ; —a, isthe samefor different values of k.

3. In an AP with first term a and common difference d, the n term (or the general
term) isgivenby a =a+ (n-1) d.

4, The sum of thefirst ntermsof an APisgiven by :

:g[2a+(n ~1)d]

5. If | isthelast term of the finite AP, say the n™ term, then the sum of all terms of the
APisgivenby :
n
=—(a+l
5 (@+).
6. A Geometric Progression (GP) isalist of numbersinwhichfirst termisnon-zero each

succeeding termisobtained by multiplying preceeding term with afixed non zero number
‘" except first term. Thisfixed number iscalled commonratio‘r’.

Thegenera form of GPisa, ar, ar?ars....

7. If the first term and common ratio of a GP are a, r respectively then nth term
%:w“
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CHAPTER
7 Coordinate Geometry

7.1 INTRODUCTION

You know that in chess, the Knight movesin ‘L’ shapeor two and ahalf steps(seefigure).
It can jump over other pieces too. A Bishop moves
diagonaly, asmany stepsasarefreeinfront of it.

Find out how other pieces move. Also locate
Knight, Bishop and other pieces on the board and see
how they move.

Consider that the Knight is at the origin (0, 0). It can
movein4 directionsasshown by dotted linesinthefigure.
Findthecoordinatesof itspogtion after thevariousmoves
showninthefigure.

A
\4

- N w N [6)] (*2] ~ (o]
S
>
S
>

Vit Do THis

I.  Fromthefigurewrite coordinates of thepointsA, B, C, D, E, F, G H.

ii.  Findthedistance covered by the Knight in each of its8 movesi.e. find thedistance of A,
B, C,D, E, F, GandH fromtheorigin.

jii. What isthedistance between two pointsH and C? and a so find the distance between
two pointsA and B

7.2 Distance BETweeNn Two PoINTS

Thetwo points(2, 0) and (6, 0) lieonthe X-axisasshowninfigure.
Itiseasy to seethat the distance between two pointsA and B as4 units.

We can say the distance between pointslying on X-axis isthe difference between the
x-coordinates.
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What is the distance between
(-2, 0) and (-6, 0)?

The difference in the value of
x-coordinatesis

(-6) — (-2) =4 (Negative)

We never say the distance in

negativevaues.

So, wewill takeabsolute val ue of
thedifference.

Therefore, thedistance

=|(-6) = (-2)| =|-4| =4 units.

So, in general for the points
A(xy, 0), B(x, 0) onthe X-axis, the
distance between A and B is|x, = X|

Similarly, if two points lie on
Y-axis, then the distance between the
pointsA and B would bethedifference
betweentheir y coordinates of the points.

The distance between two points
(0.y1) (0,y,) wouldbely, - |-

For example, Let the points
beA(0, 2) and B(0, 7)

Then, thedistance between A and
Bis|7 —2|=5units.

Do THIS

1. Where do thesefollowing pointslie (-4, 0), (2, 0), (6, 0) and (=8, 0) on coordinate

plane?

2. What isthe distance between points (-4, 0) and (6, 0) ?
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1. Wheredo thesefollowing pointslie (0, =3), (O, —8), (0, 6) and (O, 4) on coordinate
plane?

2. What isthedistance between (0, —3), (0, —8) and justify that the distance between two
pointson Y-axisis|y, — ;| on coordinate plane?

4\ THINK - Discuss

How will you find the distance between two pointsinwhich x or y coordinatesare same
but not zero?

7.3 Distance BETWEEN Two PoINTS ON A LINE PARALLEL TO THE
COORDINATE AXES.

Consider the pointsA(xy, y;) and B(x,, y;). Sincethey-coordinatesareequal, pointslie
onaline, pardl€ to X-axis.

APand BQ aredrawn perpendicular to X-axis.
Observethefigure. APQB isa

rectangle.
Y
Therefore,
AB = PQ.
PQ=x,—X,| (i.e., Themodulus A(Xqy) BOGY,)
of difference between x coordinates) —
X %)
Similarly, linejoining two points X' < . L >X
A(x,, ¥;) and B(xy, y,) parallel to ﬁ
Y-axis, thenthe distance between these 2
two pointsisly, -y, (i.e. thedifference
between y coordinates)
YI
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Example-1. What isthe distance between A (4,0) and B (8, 0).
Solution: Theabosolutevaueof thedifferenceinthex coordinatesis|x, - x;| = [8—4|=4 units.

Example-2. A and B are two points given by (8, 3), (-4, 3). Find the distance between
A andB.

Solution : Herex,; and x, arelyingintwo different quadrants and y-coordinate are equal.
Distance AB = [x, — X;| = |-4 — 8| = |-12| = 12 units

Do THis

g Find the distance between thefollowing points.
i. (3,8), (6,8 ii.(-4,-3),(-8,-3) iii. (3,4),(3,8) (iv) (-5,-8), (-5,-12)

Let A and B denote the points
(4, 0) and (0, 3) and ‘O’ be the
origin.
TheAAOB isaright angletriangle.
Fromthefigure

OA =4units (x-coordinate)

OB =3 units(y-coordinate)
ThendistanceAB =?
Hence, by using Pythagorean
theorem

AB? = AQ? + OB?

AB? = 4% + 32
AB = 16+9 = /25 = 5units

isthedistance between A and B.

Find the distance between the following points (i) A = (2, 0) and B(0, 4) (ii) P(0, 5) and
Q(12, 0)

S
e TRY THIS

ﬁj.}
| Find the distance between points‘ O’ (origin) and ‘A’ (7, 4).

. Free Distribution by T.S. Government 2018-19



Coordinate Geometry 167

THINK - Discuss

1. Ramu saysthedistanceof apoint P(x,, y,) fromtheorigin O(0, 0) is \/X’ + y{ . Do
you agreewith Ramu or not?Why?

2. RamudsowritesthedistanceformulasAB = \/(X1 — %) +(y, - ¥,)? (why?)

7.4 DistaNce BETWEEN ANY Two POINTS IN THE X-Y PLANE

Let A(x;,y,) andB(x,, Y,) beany two points (onaline) inaplaneasshowninfigure.

Draw APand BQ perpendicularsto X-axis

Draw aperpendicular AR from thepoint %
A onBQ. @
Then OP=x;, OQ =X, &,
- _ -y _ N v- Yy
So, PQ=0Q - OP=x, - X, v@é& | 27 Y1
Observe the shape of APQR. Itisa (<X2—X1>) R
rectangle.
X' € o) 5 >X
So PQ=AR =X, = X;. -—
(X5 - Xq)
AlsoQB=Yy,, QR=Yy;,
SoBR =QB-QR=y, -y,
In AARB (right triangle)
AB?=AR?+RB? ( By v
Pythagorean theorem)

AB?= (Xz 2 X1)2 + (yz - y1)2

e, AB= /(=) +(y, ~)?
Hence, the distance betweenthepointsA and B is

d= = %)% + (¥, ~ W) -
thisiscalledthedistanceformula
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Example-3.  Let’sfind the distance betweentwo points A (4, 3) and B(8, 6)
Solution : Comparethese pointswith (Xy, y;), (X5, Y,)
X, =4, X,=8,y,=3,¥,=6

Using distanceformula

d= 06 =%)? +(y, — )2

distanceAB = /(8-4)2 +(6-3)2 =/4% +3

= J16+9 =+/25 =5 units,

Do THis

Find thedistance between thefollowing pair of points
@) (7,8)and (-2, 3) (i) (-8,6) and (2, 0)

| .»,I[“ - Discuss

Sridhar calculated the distance between T(5, 2) and R(—4, —1) to the nearest decimal
1S9.5units.

Now you find the distance between P (4, 1) and Q (-5, -2). Do you get the same
answer that Sridhar got? Why?

L et ussee some examples

Example-4. Show that thepointsA (4, 2), B (7,5) and C (9, 7) arethree pointslieon asame
line

Solution : Let usfind thedistancesAB, BC,AC

By usingdistanceformula, d = \/(xz -%)% +(¥, —W)°
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So, AB= \[(7-4)2 +(5-2)? =3 +3 =9 +9 =18
=J9x2 =32 units.
BC=(9-7)2 +(7-5?% =22 +22 =4 +4 =8 =2/2 units
AC= \J(9-4)? +(7-2)° =+/5* +5° =25 +25 =/50

= /25x2 =52 units.

NowAB +BC= 32+2y2 =5/2=AC. Therefore, that thethreepoints(4, 2), (7, 5) and
(9,7) lieonadtraight line. (Pointsthat lieonthesamelineare called collinear points).

Example-5. Arethepoints (3, 2), (-2, —3) and (2, 3) form atriangle?

Solution : Let us apply the distance formula to find the lengths PQ, QR and PR, where
P(3, 2), Q(-2, -3) and R(2, 3) arethe given points. We have

PQ = \/(—2—3)2 +(-8-2)° :\/( 5)* + 5)* =25 25 =/50 =7.07 units (approx)

QR=\/(2—(—2))2+(3—(—3))2 =/(4)% +(6)> =52 =7.21 units(approx)

PR=(2-3)? +(3-2)% =/(-1)? +12 =2 =141 units(approx)

Sincethe sum of any two of theselengthsisgreater than thethird length, the points P, Q
and Rformatriangleand all thesidesof triangleisunequal.

Example-6. Show that the points (1, 7), (4, 2), (-1, —1) and (-4, 4) are the vertices of a
square.

Solution: LetA(L, 7), B(4, 2), C(-1, —1)and D(—4, 4) be the given points.

Oneway of showingthat ABCD isasguareisto usethe property that all itssides should
be equal and bothitsdiagonal sshould also beequal . Now

Sosidesare  AB=,[(1-4)2 +(7-2)2 =/9 +25 =+/34 units

BC=/(4+1)% +(2+1)2 =/25+9 =+/34 units
CD = \[(-1+4)? +(-1-4)> =/9 +25 =/34 units
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DA = \/(—4—1)2 +(4-7)" = J25+9 = /34 units

anddiagond are  AC= \/(1+1)2 +(7+1)? =4 +64 =68 units

BD = \/(4+4)2 +(2-4)? =64 +4 =/68 units

Since AB=BC=CD =DA andAC=BD. Soall thefour sides of the quadrilateral
ABCD areequal anditsdiagonasACand BD arealsoequal. Therefore, ABCD issquare.

Example-7. Figure showsthe arrangement of desksinaclassroom.

Madhuri, Meena, Pallavi areseated at A3, 1),
B(6, 4) and C(8, 6) respectively. °

Doyouthink they areseated inaline?

Givereasonsfor your answer. 6 39?’

Solution : Using thedistanceformula, we have v -

4
AB=[6-3) +(4-1 =979 =IB=32 ¢ ¢
units 2

: 4
BC= \/(8—6)2 +(6-4)" =Ja+4=8=2J2 A &

1 2 3 4 5 6 7 8 9 10

units

AC=\/(8-3) +(6-1)" = v/25+25 = /50 = 5/2 nits
Since, AB+BC=3,/2 =2,/2 =5/2 =AC, wecansay that thepointsA, B and Care
collinear. Therefore, they areseatedinaline.

Example-8. Findtherelation between x andy such that the point (x, y) isequidistant fromthe
points(7,1) and (3, 5).

Solution : Given P(x, y) be equidistant from the pointsA(7, 1) and B(3, 5).
0 AP=BP.  So,AP?=BP?
e, (x=7)7+(y=1)?=(x=3)*+ (y-5)°
e, (0¢—14x+49) + (> =2y + 1) = (X — 6x + 9) + (y° — 10y + 25)
(O +y? - 14x - 2y + 50) - (6% + y? - 6x - 10y + 34) = 0
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-8x + 8y = -16
i.e, Xx—y=2 whichistherequiredrelation.

Example-9. Find apoint ontheY -axiswhich isequidistant from both the pointsA(6, 5) and
B(—4, 3).

Solution : We know that apoint on the Y-axisisof theform (0, y). So, let the point
P(0, y) beequidistant fromA and B. Then

PA = J(6-0)" +(5-y)’

PB = \/(-4-0)° +(3-y)’
PAZ = PB?

So, (6-0)°+(5-y)°=(-4-07"+(3-y)*
ie,36+25+y?—10y=16+9+y° —6y
i.e, 4y =36
i.e,y=9

So, therequired pointis(0, 9).

Letuscheckoursolution: — AP= \/(6-0)2 +(5-9)> =+/36 +16 =/52

BP=/(-4-0)% +(3-9)? =16 +36 =+/52

S0 (0, 9) isequidistant from (6, 5) and (4, 3).

Exercise 7.1

1. Findthedistance between thefollowing pair of points
i) (2,3)and(4,1) (ii) (-5,7)and (-1, 3)
(i) (-2,-3)and(3,2) (vy  (a,b)and(-a, -b)
2. Findthedistance between the points (0, 0) and (36, 15).

3. Verify whether the points(1, 5), (2, 3) and (-2, —1) are collinear or not.
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Check whether (5, -2), (6, 4) and (7, —2) arethevertices of anisoscelestriangle.

Inaclassroom, 4 friends are seated at the points  *°
A, B, Cand D asshownin Figure. Jarinaand Phani
walk into the class and after observing for afew

minutes Jarinaasks Phani “Don’ t you noticethat

ABCD isasquare?’ Phani disagrees.
Using distanceformula, whoiscorrect. Why ?

=N W S (S ) ~N O

Show that thefollowing pointsform an equilateral
triangleA(a, 0), B(-a, 0), C(0,a+/3) T2 3 7 5

Provethat the points (-7, —3), (5, 10), (15, 8) and
(3, -5) takenin order arethe cornersof aparallelogram.

Show that the points (-4, =7), (-1, 2), (8, 5) and (5, —4) taken in order arethe verticesof
arhombus. Andfinditsarea.

(Hint : Areaof rhombus = %x product of itsdiagonals)

Namethetypeof quadrilatera formed, if any, by thefollowing points, and givereasonsfor
your answe.

0 (-1-2.(10),(-12.(-30) (i) (-3,9).,(3,1),(1,-3).(-51)
(i) (4,5),(7,6),(4,3),(1,2

Find the point on the X-axiswhichisequidistant from (2, —=5) and (-2, 9).

If the distance between two points(x, 7) and (1, 15) is 10, find the value of x.

Find theva uesof y for which the distance between the points P(2, =3) and Q(10, y) is10
units

Find the radius of the circlewhose centreis (3, 2) and passesthrough (-5, 6).
Canyoudraw atrianglewith vertices (1, 5), (5, 8) and (13, 14) ? Givereason.

Find arelation between x and y such that the point (x, y) isequidistant from the points
(-2,8) and (-3, -5)
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7.5 SecTioNn FormuLA

A and B aretwotowns. Toreach B
fromA, wehavetotravel 36 km East and B(36, 152
from therel5 km North of thetownA
(as shown in the figure). Suppose a
telephone company wantsto position a

relay tower at Pbetween A and B insuch (x Y2 5 IC [1okm
away that the distance of thetower from y y
BistwiceitsdistancefromA. If Plieson < é S - g X
AB, itwill divideAB intheratio1: 2(See 56 — S

figure). If wetakeA astheorigin O, and 1
km as one unit on both the axis, the
coordinatesof B will be (36, 15). In order to know the position of thetower, we must know the
coordinatesof P. How do wefind these coordinates?

\

L et thecoordinatesof Pbe (X, y). Draw perpendicularsfrom Pand B tothe X-axis, meetingitin
D and E, respectively. Draw PC perpendicular to BE. Then, by the AA similarity criterion,
studied earlier, APOD and ABPC aresimilar.

Therefore, —=—=-—- ad =7 ==

Theseequationsgivex=12
andy=5.

You can check that P(12, 5) B(x,,)
meetsthe condition that OP: PB = xy ™
1:2

Consider any two points
A(xy, yq) and B(x,, y,) and
assume that P (x, y) divides AB
internaly intheratiom,; : m,,

e, AP_Mm 1)

PB < > X
@fqumz O R

DrawAR, PSand BT
perpendicular tothe X-axis. Draw

(xy7)

wn
!

N
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AQand PC paralle tothe X-axis. Then, by theAA similarity criterion,

APAQ ~ ABPC
_AQ _PQ
Therefore, B_pPC _BC 2

Now,AQ=RS=0S-0R=Xx-X;
PC=ST =0T -0S=x,—-X

PQ=PS-QS=PS-AR=y-Yy,;

BC=BT-CT=BT-PS=y,-y

Substituting thesevaluesin (1), we get

ﬂ: X7X = Y™% {E:ﬂ from(l)i|
m X=X Y7y m,

Teking M _X"% weget x= 122 Te%
m, X, —X m +m,

rnl_ y- yl Wegd y= M

Yo=Y m +m,

So, the coordinates of the point P(X, y) which dividesthe line segment joining the points
A(xy, y,) and B(x,, ¥,), internally intheratiom, : m, are

(mixzﬂrbxl mly2+mzy1J
m,+m, m, +m,

Similarly, taking

Thisisknown asthe section for mula.

Thiscan also bederived by drawing perpendicularsfromA, Pand B onthe Y -axisand
proceeding asabove.

If theratioinwhich PdividesAB isk: 1, thenthe coordinates of thepoint Pare

(kX2+X1 kY2+Y1j
k+1 = k+1 )
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Special Case: The mid-point of aline segment divides the line segment in theratio 1 : 1.
Therefore, the coordinates of the mid-point Pof thejoin of the pointsA(x,, y;) and B(x,, y,) are

(1-X1+1-x2 1-y1+1-y2j:(x1+xz y1+y2)

1+1 ' 1+1 2 ' 2

L et ussolvefew examplesbased on the section formula.

Example-10. Find the coordinatesof the point which dividestheline segment joining the points
(4,-3)and (8, 5) intheratio 3: 1internaly.

Solution : Let P(x,y) betherequired point. Using the section formula

mX, +myx, MYy, +My;
m+m, = m+m,

P(xy) =( J we get

x=3(8)+1(4) _24+4 28 _

7,
3+1 4 4

:3(5) +1(-3) _ 15-3 :E _
3+1 4 4

3

P(x,y) = (7, 3) istherequired point.
Example-11. Findthemid point of theline segment joining the points (3, 0) and (-1, 4)

Solution : Themid point M(x, y) of theline segment joining the points (x,, y;) and (X, ¥,).

+ +
M(x,y) = (Xlzxz’ Y12)’2j

[0 Themid point of theline segment joining thepoints(3, 0) and (-1, 4) is

3+(-1) 0+4 2 4
moy = (25 50 =(35) e,

1 Findthepoint whichdividesthelinesegmentjoiningthepoints(3, 5) and (8, 10) interndly
intheratio2: 3.

2. Findthemidpoint of theline segement joining the points (2, 7) and (12, -7).
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7.6 TrisecTioNAL PoINTS OF A LINE

The pointswhich dividea line segment into 3 equal partsare said to bethetrisectional
points.

Example-12. Findthe coordinatesof the pointsof trisection of theline segment joining the
pointsA(2,-2) and B(-7, 4).

Solution : Let Pand Q bethe pointsof trisection of AB i.e., AP=PQ=0B (seefigure below).

Therefore, PdividesAB interndly intheratio1: 2. A P Q B
(2,-2) (-7,4)

Therefore, the coordinatesof Pare (by applying the section formula)

P(x,y) = mx, +myy MYy, +MYy,
it m+m, ' om+m,

(1(-7) +2(2) 1(4) +2( -2)j
1+2 1 1+2

e, (_7;4.4—;4) {_?ng =(-10)

Now, QasodividesAB internally intheratio 2: 1.

So,the coordinatesof Q are

:(207)+K3 2@)+K%3)

2+1 ' 2+1

-14+2 8-2 -12 6
i.e.,( ' ]:( ,—j:(—4,2)
3 3 3 3
Therefore, the coordinates of the pointsof trisection of theline segment are P(-1, 0) and
Q(-4, 2)

"'_ Do THis

1. Findthetrisectiona pointsof linejoining (2, 6) and (-4, 8).
2. Findthetrisectional pointsof linejoining (-3, —5) and (-6, —8).
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TryY THIS

LetA(4, 2), B(6,5) and C(1, 4) betheverticesof AABC

A
1. ThemedianfromA meetsBC at D. Find thecoordinates of the
point D. = E
2. Findthecoordinates of the point Pon AD suchthat AP: PD = , ‘\
2:1. B N C

3. Findthecoordinatesof pointsQ and R onmedians BE and CF.

4. Findthepointswhichdividethelinesegment BEintheratio2 : 1 and asothat dividethe
linesegment CFintheratio2: 1.

5. What do you observe ?
Justify the point that divideseach medianintheratio 2: 1isthecentriod of atriangle.

7.7 CeNTROID OF A TRIANGLE

The centroid of atriangle is the point of AlX1.¥7)

concurrency of itsmedians. >

LetA(xy, y,), B(X,, Y,) and C(x5, y,) bethe

verticesof thetriangleABC. G\

Let AD be the median bisecting its base. (Rpy) D (X3¥9)

Then,

D :(X2+X3 y2+y3]
2 2

Now the point G on AD which dividesit internally in theratio 2 : 1, is the centroid.
If (%, y) arethe coordinatesof G, then

2[X2 . X3j+1(x1) 2[y2 ;y?’j +1(y,)

G(x, y) = o1 , o1

~ (X X+ X VY, +y3}

- 3 ’ 3
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Hence, the coordinates of the centroid are given by

{x1+x2+x3 Y, +Ys +y3}
3 ’ 3 '

Example-13. Findthe centroid of thetrianglewhoseverticesare (3, -5), (-7, 4) and (10, —2).

Solution : Thecoordinates of thecentroid are

:(&+&+& m+w+mj
3 3

Therefore, Centroid of thetrianglewhoseverticesare (3, -5), (-7, 4) and (10, —-2).

(3+(—7) +10 (-5) +4 +(2)

3 3 j =2

0 Thecentroidis(2, -1).

WA Do THis

| Findthe centroid of thetrianglewhaoseverticesare(—4, 6), (2, —2) and (2, 5) respectively.

Example-14. Inwhat ratio doesthe point (—4, 6) divide theline segment joining the points
A(-6, 10) and B(3,—8)?

Solution : Let (—4, 6) divideAB interndly intheratiom, : m,. Using the section formula, weget

(~4,6) = [Bml—sz 8m +10mzj
m+m,  m+m

We know that if (x,y) =(a, b) thenx=aandy=h.

So, 4= M7OM 4 g=_SM*iOM,
m +m, m +m,

—4= 3”1_6mz
m +1m,

Now, givesus
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e, 7/m =2m,
m_2
m, 7

e, mm,=2:7

We should verify that theratio satisfiesthe y-coordinate al so.

8™ +10
—-8m, +10m, __m
ml"'mz ﬂ.}.l
m,

Now, (Dividing throughout by m,)

8x2410 P
= 27 i _ -16+70 54
240 T2 TT9 T

7 7

Therefore, the point (-4, 6) divides the line segment joining the points A(-6, 10) and
B (3,-8)intheratio2: 7.

JM THINK - Discuss

Thelinejoining pointsA(6, 9) and B(-6, —9) aregiven
(@ Inwhichratiodoesorigindivide AB ?Andwhatisit calledfor AB ?
(b) Inwhichratio doesthepoint P(2, 3) divide AB ?
(¢) Inwhichratio doesthepoint Q(-2, —3) divide AB ?
(d) Intohow many equal partsis AB divided by Pand Q?

(6 What dowecall Pand Qfor AB?
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Example-15. Find theratio in which the y-axisdividesthe line segment joining the points
(5,-6) and (-1, —4). Alsofind the point of intersection.

Solution : LettheratiobeK : 1. Then by the section formula, the coordinatesof the point which
dividesAB intheratioK : 1are

(K(—1)+1(5) K(-4) +JHS)j
K+1 ' K +1

_ (—K+5 —4K—6j
1K+l K+

Thispoint liesonthe Y -axis, and we know that on the Y -axisthe abscissaisO.
-K +5
K+1
-K+5=0= K=5.
So, theratioisK : 1=5:1
Putting thevalueof K =5, we get the point of intersection as

_(—5+5 —4(5)—6)_(0 —20—6)_(0 —_26)_(0 —_13]
“{5+1" 5+ )" 6 )" 6 ) U 3

Example-16. Show that thepointsA(7, 3), B(6, 1), C(8, 2) and D(9, 4) takeninthat order are
verticesof aparallelogram.

Solution : LetthepointsA(7, 3), B(6, 1), C(8, 2) and D(9, 4) are verticesof aparallelogram.
Weknow that the diagonals of aparallelogram bisect each other.
[0 Sothemidpoint of the diagonalsAC and DB should be same.

Therefore,

+ X +
Now, wefind themid pointsof AC and DB by using (Xl 5 2, h zsz formula.
N (7+8 3+2j_(15 5) D, 4)
midpointof AC= 5 ' o 7123 \\ .

-~

midpoint of DB:( 5 5

A(7,3)
Hence, midpoint of AC and midpoint of DB issame.

Therefore, thepointsA, B, C, D areverticesof aparallelogram.
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Example-17. If the points A(6, 1), B(8, 2), C(9, 4) and D(p, 3) are the vertices of a
parallelogram, takeninorder, find theva ueof p.

Solution : We know that diagonal s of parallel ogram bisect each other.
S0, the coordinates of the midpoint of AC = Coordinates of the midpoint of BD.

o [6+9 1+4]_(8+p 5]
2 2 2 '2

(73553

15_8+p
2 2

15=8+p= p=7.

ExeRrcISE - 7.2

1. Findthecoordinates of the point which dividestheline segment joining the points (-1, 7)
and (4, -3) intheratio 2: 3.

2. Find the coordinates of the points of trisection of the line segment joining (4, —1) and
(-2, =3).

3. Findtheratioinwhichthelinesegment joining thepoints (-3, 10) and (6, —8) isdivided by
(-1, 6).

4. 1f (1, 2), (4, y), (%, 6) and (3, 5) are the vertices of aparallelogram taken in order, find
xandy.

5. Find the coordinates of apoint A, where AB isthe diameter of acirclewhosecentreis
(2,-3)andBis(1, 4).

6. If A and B are (-2, —2) and (2, —4) respectively. Find the coordinates of P such that

3
AP= 7 AB and Plieson the segment AB.

7. Findthecoordinatesof pointswhich dividetheline segment joining A(—4, 0) and B(0, 6)
into four equal parts.
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8. Findthe coordinates of the pointswhich dividestheline segment joining A(-2, 2) and
B(2, 8) intofour equal parts.

9. Find the coordinates of the point which divides the line segment joining the points
(a+b,a-b)and(a—b,a+b)intheratio 3: 2internaly.

10. Findthecoordinatesof centroid of thetriangleswith vertices:
i' (-11 3)1 (6! -3) and (-3! 6) ” (6! 2)1 (O! O) and (4! -7)
ji. — (1,-1), (0, 6)and (-3,0)

7.8 AREA OF THE TRIANGLE

Consider the points A (0, 4) and B(6, 0) which form a

trianglewith origin O onaplaneasshowninfigure.
A(O, 4
What isthe area of the AAOB?

OL4 units

AAOB isright angletriangleand thebaseis6 units(i.e., X
coordinate) and height is4 units(i.e., y coordinate).

<Zunits B(6,0)

&

1 :
[0 Area of AAOB = E><ba5;e><he|ght

1
= EX6X4 =12 sguare units.

Takeapoint A on X-axisand B onY-axisand find areaof thetriangleAOB. Discuss
withyour friendswhat did they do?

B\ THINK - Discuss

Y,
N
Let A(X;, Yy), B(X, ¥y), C(Xs5, Vo). A
Thenfindtheareaof thefollowingtrianglesinaplane.
X'¢ X
C B ~
And discusswith your friendsin groups about the
areaof that triangle.
v o0
v
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{ (iii) (iv)
v .

-<_/
-<

Areaof thetriangle

Let ABC be any triangle whose
vertices are A(Xy, y;), B(x,, Y,) and
C(X3 Ys) - a4 N A(X.Yy)

Draw AP, BQ and CR ’

perpendiculars from A, B and C
respectively tothe X-axis. Ub---

Clearly ABQP, APRC and BQRC
aredl trapezia

!|||H||!!!"” Clxzy3)

Now fromfigure, itisclear that X' < o) 3 R X

Areaof AABC =areaof trapezium
ABQP+ areaof trapezium APRC - area v
of trapezium BQRC

1
* Areaof trapezium = 5 (sumof the parallel sides) (distance between them)

Areaof AABC= 5(BQ+APIQP+Z(AP+CRIPRZ(BQ +CRIQR ....(1)

Fromthefigure

BQ=yY, AP=y,;, QP=0P-0Q=X; =X,
CR=y,; PR=0OR-0P=x;-X

QR =0R -0Q = X3 = %,

Therefore, Areaof AABC [from (2)]

= 210290 (4 =5) +2 04 +15) (6 %) 5 (%5 4) (% )

1

= Elxl(yz = Y3) + % (Y3 = Y1) +X5(Y1 —Y2) |

Free Distribution by T.S. Government 2018-19




184 Class-X Mathematics

Thus, theareaof AABC is

1
P02 = Yo+ (v = 3) #3531 ~¥o)
L et ustry someexamples.

Example-18. Findtheareaof atrianglewhoseverticesare (1, -1), (—4, 6) and (-3, -5).

1
Solution : Areaof thetriangle=A= E|X1(y2 = ¥3) % (Y5 = Ya) +%5(¥1 —Yo)|

Theareaof thetriangleformed by theverticesA(1, —1), B(—4, 6) and C(-3, -5), by using
theformula

A= %|1(6+5)+(—4)(—5 +1) +(3)( 1 -6)|

= 1 11+16 +21 =24
2

Sotheareaof thetriangleis24 square units.

Example-19. Findtheareaof atriangleformed by the pointsA(5, 2), B(4, 7) and C(7, —-4).

Solution : Theareaof thetriangleformed by thevertices A(5, 2), B(4, 7) and C(7, —4) isgiven
by

_ %|5(7+ 4)+4(-4-2) +7(2 -7)
= 1|55—24—35| =‘_—4‘ =2
2 2

Sinceareaisameasure, which cannot be negative, we will takethe numerica vaueof -2
or absolutevaluei.e., |-2|=2.

Therefore, theareaof thetriangle= 2 square units.

Find theareaof thetrianglewhoseverticesare
1. (52 (3, -5 and (-5, 1)
2. (6,-6),(3,-7) and (3,3)
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Example-20. If A(-5, 7), B(—4,-5), C(-1, —6) and D(4,5) arethe verticesof aquadrilateral.
Then, find the areaof thequadrilateral ABCD.

Solution : By joining B to D, youwill get twotrianglesABD, and BCD.
Theareaof AABD

- %|-5(-5 ~5) +(-4)(5 7) +4(7 +5)

O

Also, Theareaof ABCD = %|_4(_6 _5) ~1(5 +5) +4( 5 +6)|

= %|44—10 +4| =19 Squareunits

So, theareaof quadrilateral ABCD =Areaof AABD + areaof ABCD
53+19 =72 square units.

j‘ THINK - DISCUSS

[

Find theareaof thetriangleformed by thefollowing points
() (20),(12),(1,6)
@ 31,050,012
@) (=15,3),(6,2),(-3,4)
What do you observe?
Pl ot these pointson three different graphs. What do you observe?

Canwe haveatrianglewith zero squareunitsarea?

What doesit mean?
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7.8.1. COLLINEARITY

Supposethe pointsA(xy, y;), B(X,, ¥,) and C(x5, y,) arelyingonaline. Then, they can
not formatriangle. i.e.areaof AABCiszero.

Whentheareaof atriangleiszero then thethree points said to be collinear points.

Example-21. Thepoints(3, —2) (-2, 8) and (0, 4) arethreepointsin aplane. Show that these
pointsarecollinear.

Solution : By using areaof thetriangleformula
1
- E|3(8 -4) +(-2)(4 -(-2) +0(( 2 -9)|

= 1|12- 12=0
2

Theareaof thetriangleis0. Hencethethree pointsarecollinear or thelieonthesameline.

WA Do THis

Verify whether thefollowing pointsare collinear
0 1,-1,(41,(2-3
@ (1,-1).(23).(20)
@iy (1, -6), (3, -4), (4,-3)

7.8.2. ARea oF A TRIANGLE- ‘HERON’s FORmuULA’
1 .
Weknow theformulafor areacf thetriangleis - basexheight ,

Any giventrianglemay bearight angletriangle,

A
equilateral triangle and isosceles triangle. Can we
caculatetheareaof thetriangle?
If we know the base and height directly, we h
apply theaboveformulato find theareaof atriangle.
Theheight (h) isnot known, how canwefindits B 5 C

area?
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For thisHeron, an Ancient Greek mathematician, derived aformulafor atrianglewhose
lengthsof sidesarea, band c.
atb+c
2

For example, wefind theareaof thetrianglewhoselengthsof sdesare 12m, 9m, 15m by
using Heron’sformulawe get

A = /S(S-a)(S-b)(S-c), where S=

a+b+c

A = /S(S-a)(S-b)(S—c), where S= > N
o= 12+2+15 :3_26:18m

Then S-a=18-12=6m
S-b=18-9=9m
S-c=18-15=3m B C

A =/18(6)(9)(3) =+/2916 =54 square meter.

Do THis

(i) Findtheareaof thetrianglewhoselengthsof sdesare 7m, 24m, 25m (useHeron's
Formula).

(i) Findtheareaof thetriangleformed by the points (0, 0), (4, 0), (4, 3) by using
Heron'sformula

Example-22. Findthevalueof ‘b’ for which thepointsA(1, 2), B(-1, b) and C(-3, -4) are

callinear.
Solution : Let given pointsA(Z, 2), B(-1, b) and C(-3, —4)
Thenx; =1,y,=2; X, ==1y,=b; Xg=-3, y3=—4

1
Weknow, areaof A= §|X1(Y2 = ¥3) +%(Ys = Y1) +Xs(Y1 ~Y,)|
areaofAABC:%|1(b+ 4) +(=1)(~4 -2) +(-3)(2 -b)| =0 (- Thegivenpointsarecollinear)
lb+4+6-6+3b=0

4b+ 4| =0

db+4=0

Ob=-1
Free Distribution by T.S. Government 2018-19



- Class-X Mathematics

" EXERCISE - 7.3

1. Findtheareaof thetrianglewhoseverticesare
0 (23)(-10),(2 -4 @ (5-1.6 5.2
(i) (0,0),(3,0)and (0, 2)

2. Findthevaueof ‘K’ for which thepointsarecollinear.
0 7-261)GK) @M &1 (K, -4),(2 -5
(i) (K,K) (2, 3)and (4, -1).

3. Findtheareaof thetriangleformed by joining the mid-pointsof the sides of thetriangle
whoseverticesare (0, 1), (2, 1) and (O, 3). Find theratio of thisareato the areaof the
giventriangle.

4. Findtheareaof thequadrilateral whose vertices, takenin order, are (-4, —2), (=3, -5),
(3,-2) and (2, 3).

5. Findtheareaof thetriangleformed by the points (2, 3), (6, 3) and (2, 6) by using Heron’s
formula
7.9 STRAIGHT LINES
Bharadwag and Meenaarediscussing to find solutionsfor alinear equationintwo variable.
Bharadwaj : Canyou find solutionsfor 2x+ 3y =12

Meena: Yes, | havedonethis, see| x 0 3 6 -3
y 4 2 0 6

2x+3y = 12
3y=12- 2x

B 12 -2x
y=73

M eena : Canyou writethese solutions
inorder pairs?

Bharadwaj : Yes, (0,4), (3, 2), (6, 0),
(=3,6)

Meena, can you plot these points
onthe coordinate plane.

Meena: | havedonelikethis.

Bharadwaj : What do you observe?
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What doesthislinerepresent?

Meena: Itisastraight line.
Bhar adwaj : Canyou identify somemore pointsonthisling?
Canyou help Meenato find somemore pointsonthisling?

Andinthisling whatis AB called?

~ AB isalinesegment.

a; Do THis

Plot these points on the coordinate plane and join them:
1. AL, 2), B(-3,4), C(7,-1)
2. P(3,-5) Q(5, 1), R(2,1), 41, 2)

Which givesastraight line? Which doesnot?why?

JM THINK - Discuss

Is y=x+7 represent astraight line? draw theline on the coordinate plane.
Atwhich point doesthislineintersect Y-axis?

How much angle doesit make with X-axis? Discusswith your friends

7.9.1 SLOPE OF THE STRAIGHT LINE

You might have seen adlide inapark. Two dideshave been given here. Onwhich dide
you candidefaster?

———— .

Obvioudy your answer will be second. Why?

Obsarvetheselines.
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<5 > X < /O >X

WhichlinemakesmoreanglewithOX ?
Sincetheline“m’ makesagrester anglewith OX thanline‘l’.

line*m hasagreater “dope” thanline‘l’. Wemay asotermthe” Steepness’ of alineas
itsdope.

How canwefind thedopeof aline?

Consider thelinegiveninthefigureindentify thepointsonthelineandfill thetablebel ow.

xcoordinate | 1 - - 4 -
ycoordinate | 2 3 4 - 6
We can observethat y coordinates

change when x coordinates change.

Wheny coordinateincreasesfrom
y;=2toy, =3,

Sothechangeinyis=.....ccccocevennene.
Then corresponding changein‘x is=..

o Changeiny _

change in x

When y coordinate increases from
y1=2,y;=4

So, thechangeinyis=.......ccco....

The corresponding changeinxis

changein y _
changein x

o,
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Then, canyoutry other pointson theline? Choose any two pointsandfill inthetable.

changein y
changein x

2 4 - 1 2 1 -

yvaue Changeiny X Changeinx

What can you concludefrom above activity?

Therefore, thereisarelation between theratio of changeinyto changein xonalinehas
relation with anglemadeby it with X-axis.

You will learn the concept of tan 8 from trigonometry

ie. tan@ = Oppositesideof anglef _ Changein y
’ adjacentsideof angle®  Changein x

7.9.2 SLOPE OF A LINE JOINING Two PoINTS

LetA(x,, y,) and B(x,, ¥,) betwo pointsonaline‘l’ asshowninfigure

_ changein y
Thedopeof aline= —change o AY
— Y2= W
S f AB=m="_ __
opeo m X, — %

Slopewill bedenoted by ‘m' and theline
‘I" makestheangle @ with X-axis.

SoAB linesegment makesthesameangle® X' 0
withAC aso.

Oppositesideof angle6 ~ BC _ y,—y,
adjacentsideof angled AC  x,—X

[] tanB =

0 tng= 2N -y
X=X
— vY'
Hence 0 m= tan@ = Y2~ %1
X=X L
Itistheformulatofind slopeof linesegment AB whichishaving end pointsare(x;, y;),
(X, ¥o)-

If Bisanglemadeby thelinewith X-axis, thenm=tan 6.
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Example-22. Theend pointsof alinesegment are (2, 3), (4,5). Findtheslopeof theline.
Solution : Pointsof alinesegment are(2, 3), (4, 5) then dopeof theline segment

m:—yz_yl :—5_3 :E =1

X=X 4-2 2
Slopeof thegivenlinesegmentis1.

? Do THis

Find the dope of AB withthe given end points.
1. A4 -6), B(7,2) 2. A(8, -4), B(-4, 8)
3. A(-2,-5),B(1,-7)

Findtheslopeof AB
1 A@1), B2 6) 2 A(=4,2),B(~4 -2)
3. A(-28),B(-2 -2)

4.  Justify thattheline AB line segment formed by pointsgiven in the abovethree
examplesisparallel to Y-axis. What can you say about their dope?Why?

!/A‘ THINK - Discuss

Findtheslope AB withthepointslyingonA(3, 2), (-8, 2)
Whenistheline AB parallel to X-axis?Why ?

Think and discusswith your friendsin groups.

Example-23. Determinex sothat 2 isthe d ope of theline passing through P(2, 5) and Q(x, 3).
Solution : Slope of theline passing through P(2, 5) and Q(x, 3) is2.
Here, X,=2, y;=5 X=X Y,=3
3-5_ 2 -2

BA- Y2~ Y _ _ _
Slopeof a = = = = =2
P PQ X=X X-2 X-2 X-2

= 2=2X-4 = 2Xx=2 =>x=1
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Exercise - 7.4

1 F;nd the d ope of theline passing thetwo given points
0 (4-8 and(5 -2
@) (0,0)and (+3,3)
(i) (2a 3b) and (a, -b)
) (a 0)and (0, b)
) A(-14,-37), B(-2.4, 1.3)

Vi) A3 -2),B(-6,-2)

1 1
(vii) A(—3§, 3}, B(—?, 25)

(i) A(0, 4), B(4, 0)

OpTiONAL EXERCISE

[For extensive L earning]
1. Centreof thecircleQisontheY-axis. Andthecirclepassesthroughthe points (0, 7) and
(0, -1). Circleintersectsthe positive X-axisat (P, 0). What isthevalueof ‘P ?

2. Atriangle AABCisformed by thepointsA(2, 3), B(-2, =3), C(4, —3). What isthe point
of intersection of side BC and bisector of angleA?

3. Thesdeof BC of an equilateral triangle AABCisparallel to X-axis. Find thedopesof
linealongsidesBC, CA andAB.

4. Findthecentroid of thetriangleformed by theline 2x+ 3y — 6 =0, with the coordinate
axes.

Suggested Projects

e By using graph paper find the coordinates of apoint which dividestheline segment
interndly.
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. Thedistance between two points P(x,, y;) and Q(x,, ) is \/ (%, - xl)2 +(y, - yl)2 .

Thedistance of apoint P(x, y) fromtheoriginis ,/x? + y? .
The distance between two points (X, y;) and (X, y,) onalineparalel toY-axisisly, - y,|.
Thedistance betweentwo point (x;, y;) and (x,, y;) onalineparallel to X-axisis|x, - X;|.

The coordinates of the point P(X, y) which divides the line segment joining the points

+ +
A (X3, Yy) and B(x,, y,) internaly intheratiom, : m, are meTT% Y mzyl]

m+m, = m+m,

The mid-point of the line segment joining the points (x;, y;) and (X,, y,) is

(&+& m+nj
2 2 )

Thecentroid of atriangleisthepoint of intersection of itsmedians. Hencethe coordinates

X X, + X m+n+%j
3 3 :

of thecentroid are (

Thepoint that divideseachmedianintheratio 2: 1isthecentroid of atriangle.

Theareaof thetriangleformed by the points (x;, y;) (X,, ¥,) and (X5, y5) isthe numerical

) 1
value of the expression > X, (V5 - Vo) + % (Y3~ Yp) + %5 (Y1 - o)l

Areaof atriangleisgivenin‘Heron'sFormula

5= a+b+c
T2

A= /S(sa) (Sb) (Sc)

(a, b, carethree sidesof AABC)

Yo~ Y,
Slope of theline containing the points (x,, y,) and (x,, Y,) is m= Xz : (X1 2 X))

b X
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CHAPTER

8 Similar Triangles

8.1 INTRODUCTION

Thereisatall treein the
backyard of Snigdha's house.
Shewantsto find out the height
of that tree but she is not sure
about how tofindit. Meanwhile,
her uncle arrives at home.
Snigdha requests her uncle to
help her with the height. He
thinksfor awhile and then asks her to bring amirror. He placesit ontheground at acertain
distancefrom the base of thetree. Hethen asked Snigdhato stand onthe otherside of themirror
at such aposition fromwhere sheisableto seethetop of thetreeinthat mirror.

Whenwedraw thefigurefrom (AB) girl to themirror (C) and mirror to thetree (DE) as
above, we observetrianglesABC and DEC. Now, what can you say about thesetwo triangles?
Arethey congruent? No, because athough they havethe same shapetheir sizesare different.
Do you know what we call the geometrical figureswhich have the same shape, but are not
necessarily of thesamesize? They arecalled similar figures.

Can you guesshow the heights of trees, mountainsor distances of far-away, objectssuch
asthe Sun have been found out? Do you think these can be measured directly withthehelp of a
messuring tape? Thefact isthat all these helghtsand distances have been found out using theidea
of indirect measurementswhichisbased on the principleof smilarity of figures.

8.2 SimiLAR FIGURES

Observetheobject (car) intheabovefigure.
If itsbreadth iskept the sameand thelengthisdoubled, it appearsasinfig.(ii).
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If thelengthinfig.(i) iskept the sameand itsbreadthisdoubled, it appearsasinfig.(iii).

Now, what can you say about fig.(ii) and (iii)? Do they resemblefig.(i)? Wefind that the
figureisdistorted. Canyou say that they aresimilar? No, they have same shape, yet they arenot
amila.

Think what aphotographer doeswhen she prints photographs of different sizesfromthe
samefilm (negative) ? You might have heard about stamp size, passport sizeand post card size
photographs. She generally takes a photograph on asmall size film, say 35 mm., and then
enlargesitinto abigger size, say 45 mm (or 55 mm). We observethat every line segment of the
smdler photographisenlarged intheratio of 35: 45 (or 35: 55). Further, inthetwo photographs
of different sizes, we can seethat the corresponding anglesare equal . So, the photographsare
smilar. :

Similarly in geometry, two polygons of the same number of sides are similar if their
corresponding anglesare equa and their corresponding Sidesarein the sameratio or proportion.

A polygon in which all siddesand anglesareequal iscalled aregular polygon.

Theratio of the corresponding sidesisreferred to assca efactor (or representativefactor).
Inred life, blueprintsfor the construction of abuilding are prepared using asuitable scaefactor.

!E‘ THINK AND Discuss

Canyou give somemore examplesfromyour daily lifewhere scalefactor isused.

All regular polygonshaving the samenumber of Sdesareawayssimilar. For example, al
squaresaresimilar, al equilatera trianglesaresimilar and soon.

Circleswith sameradiusare congruent and those with different radii are not congruent.
But, asal circleshave same shape, they aredl smilar.

We can say that all congruent
figuresaresimilar but all similar figures D @
need not be congruent.
Similar Similar equilateral Similar
Squares triangles Circles
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Tounderstand thesimilarity of figuresmoreclearly, let usperformthefollowing activity.

Jhsp AcTiviTy

e

Placeatabledirectly under alighted bulb, fittedintheceiling in
your classroom. Cut apolygon, say ABCD, from aplane cardboard
and placeit paralld to the ground between the bulb and thetable. Then,
ashadow of quadrilateral ABCD iscast onthetable. Mark theoutline

of theshadow asquadrilateral A' B' C' D' .

Now thisquedrilateral A" B' C' D' isenlargement or magnification
of quadrilateral ABCD. Further, A’ liesonray OA where‘O’ isthebulb, B'on OB, C' on
OC and D'on OD. QuadrilateralsABCD and A’ B' C' D' are of the same shape but of
different sizes.

A' correspondstovertex A andwedenoteit symbolicalyas A’ « A. Smilarly B' « B,
C - Cand D' « D.
By actualy measuring anglesand sides, you can verify
() ODA=1 A", 0B B, 0C# C,0D#H D and

i) AB _BC _CD _DA
A'B BC CD DA

Thisemphasi sesthat two polygonswith the same number of Sdesaresimilar if

(1) Allthecorresponding anglesareequal and
(i) All thelengthsof the corresponding sidesareinthe sameratio (or in proportion)

Isasquaresimilar to arectangle? 1 n both thefigures, corresponding anglesare equal but
their corresponding Sidesare not inthesameratio. Hence, they arenot smilar. For similarity of
polygonsonly one of theabovetwo conditionsisnot sufficient, both haveto be satisfied.

gp‘ THINK AND Dissuss

Writewhy the conditionsare not sufficient.

‘ Can you say that asquare and arhombus are similar? Discuss with your friends.
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Fill intheblankswith smilar / not smilar.

(i) Allsquaresare..........cccecvnunees

(i) Allequilatera trianglesare..........cccccuenee.
(i) All isoscelestrianglesare ..o

(iv) Two polygonswith samenumber of Sdesare..........cccocueunee. if their corresponding
anglesareequal and corresponding sidesareequal.

(v) Reduced and Enlarged photographsof anobject are...........cccuc.u.....
(vi) Rhombusand squaresare.............c..c....... to each other.
2. Write True/ Falsefor thefollowing statements.
(i) Anytwosmilar figuresarecongruent.
(i) Anytwo congruent figuresaresimilar.
(i) Two polygonsaresimilar if their corresponding anglesareequal.

3. Givetwodifferent examplesof pair of

(i) Smilarfgures (i) Nongmilar figures

8.3 SimILARITY OF TRIANGLES
In the examplewe had drawn two triangles, those two triangles showed the property of
smilarity. Weknow that, twotrianglesaresimilar if their
(i) Corresponding Anglesareequal and
(i) Lengthsof the Corresponding sidesareinthe sameratio (in proportion)
InAABC and ADEC intheintroduction, D

A
DA = 0D, OB =0E, OACB =1 DCE
wo DEECDC
© AB BC AC . (scdefacton : ¥ E

then AABCissmilar to ADEC
Symbolically wewrite AABC ~ ADEC
(Symbol ‘~ isread as“Issimilar to”)
Aswe have stated K isascalefactor, So
if K>1wegetenlargedfigures,
K =1 weget congruent figuresand
K <1 weget reduced (or diminished) figures
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Further, intrianglesABC and DEC, correspondinganglesare | pasic proportionality
equa. Sothey arecaled equiangular triangles. Theratioof anytwo | theorem?
corresponding sidesin two equiangular trianglesisawaysthe same.

For proving this, Basic Proportionality theoremisused. Thisisalso
known as Thaes Theorem.

Tounderstand Basi ¢ proportiondity theorem or Thaestheorem,
let usdothefollowing activity.

\
A o
)

Takeany ruled paper and draw atriangle on that with base O
ononeof thelines. Severd lineswill cut thetriangleABC. Select
any onelineamong them and namethe pointswhereit meetsthe B/ \Q
sidesAB andACasPand Q. \
Find the ratio of AP and 19 . What do you observe? B/ \C
PB QC

Theratioswill beequal. Why ?Isit alwaystrue? Try for different linesintersecting the

triangle. Weknow that all thelineson aruled paper areparallel and we observethat every
timetheratiosareequal.

| | AP
S0inAABC, if PQ|BCthen ~n = AQ
PB  QC

Thisisknown astheresult of basic proportionality theorem.

8.3.1 Basic PROPORTIONALITY THEOREM (THALES THEOREM)

Theorem-8.1: If alineisdrawn paralel to onesideof atriangletointersect the other two sides
indistinct points, then the other two sidesaredivided inthe sameratio.

Given: In AABC, DE||BC, and DE intersectssidesAB and AC at D and E respectively.

Construction : Join B, Eand C, D and then draw A
DM OACand EN O AB. N M

1
Proof: Areaof AADE=§><AD><EN

1
Areaof ABDE= EX BD xEN
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1
a(AADE) _ o APXEN ap "
a(ABDE) 1, oo,y  BD
2

AgainAreaof AADE = %xAE xDM

1
Areaof ACDE= EX ECxDM

1

a(AADE) _ 5 “AEXDM  ap
a(ACDE) 1, r~.pym EC +(2)
2

Observethat ABDE and ACDE are on the same base DE and between sameparalelsBC
and DE.

So ar(ABDE) = ar(ACDE) ...(3)
From (1) (2) and (3), we have

AD _ AE
DB EC
Henceproved.

Is the converse of the above theorem also true? To examine this, let us perform the
followingactivity.

")
Draw anangleXAY inyour notebook and onray AX, mark pointsB,, B, B;, B, and
B which areequidistant respectively.

AB,=B,B,=B,B,=B,B,=B,B = lcm (say)

Similarly onray AY, mark pointsC,, C,, C5, C, and C such that
AC,=C,C,=C,C;=C,C,=C,C=2cm (say)

Join B,,C,andB, C.

AB, _ AC, _ 1
Observethat _BlB CcC 4
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Similarly, joining B,C,, B,C;and B,C,, you seethat

Y
AB, AC, 2 cuS
B,B C,.C 3 C
Co
AB; _AC, _3 _ Cy
BB C.C 2 MR e
AB, AC, 4

check whether C,B, || C,B, | C;B, || C, B, || CB?

From thiswe obtain thefollowing theorem called converse of the Thaestheorem

Theorem-8.2: If alinedividestwo sdesof atriangleinthesameratio, thenthelineisparald to
thethird side.

Given:InAABC, alineDEisd hthattﬂ‘E
iven:In ,alineDEisdrawnsuc DB EC
RTP:DE|BC A
Proof : Assumethat DE isnot parallel to BC then draw theline £l _>
DE' paralld toBC  ol--"NE .
e, Cd
AD _ AE'
e ec "7
B C
AE AE
¢ pc Why?)

1. E and F are points on the sides PQ and PR respectively of APQR. For each of the
following, statewhether. EF ||QR or not?

() PE=39cm EQ=3cm PF=3.6cmandFR=2.4cm
(i) PE=4cm, QE=4.5cm, PF=8cmand RF=9cm.
(i) PQ=128cm PR=256cm PE=18cmandPF=3.6cm
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2. InthefollowingfiguresDE || BC.
i) FindEC

A

. . e
()  FndAD m
o
N D E [
> S >
(@) ‘>
B C

Construction : Division of alinesegment (using Thalestheorem)

Madhuri drew alinesegment. Shewantstodivideit
intheratioof 3: 2. Shemeasured it by using ascaleand
divideditintherequiredratio. Meanwhileher elder sister | g
came. Shesaw thisand suggested Madhuri to dividethe| 5
linessgment inthegivenratiowithout measuring it Madhuri
waspuzzled and asked her sister for helptodoit. Thenher 5,/ N
siter explained. Youmay adsodoit by thefollowingactivity. |
=8
=

Take a sheet of paper from a lined note book. . A/
Number thelinesby 1, 2, 3, ... starting with the bottom <
linenumbered‘0'.

Take athick cardboard paper (or file card or chart
strip) and placeit against thegivenlinesegment AB
andtransferitslengthtothecard. LetA'and B! denote
the pointson thefile card corresponding toA and B.

3
>
g
<
3

D)
N

N

Now place Alonthezeroethline of the lined
paper and rotate the card about Alunitl point B!
falls on the 5" line(3+2).

Mark the point wherethethird linetouchesthefile card, by P

Again placethiscard along the given line segment and transfer thispoint Pland denote
itwith‘P'.

So Pisrequired point which dividesthe givenlinesegment intheratio 3:2.

Now let uslearn how thisconstruction can bedone.

Givenalinesegment AB. Wewant todivideitin

theratio m: nwherem and n are both positiveintegers.
Letustakem=3and n=2.

Steps:
1. Draw aray AX through A making an acute angle X
withAB.
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2. With*A’ ascentreand with any length draw an arc

onray AX andlabel thepointA,;. A

3. Usngthe .
same compass
setting and with

X' A, ascentredraw another arc and locateA.,.

>

B

i

4. Likethislocate 5 points(=m+n) A, A, Ag A, A
suchthat AA; =A A, =AA;=AA, =A A A 3 C/z

5. JoinA;B. Now through point A;(m = 3) draw aline parallel {0 A

A.B (by makinganangleequal to UA A_B) intersectingAB a C A
and obeservethat AC: CB=3: 2.

Now let ussolve some exampleson Tha estheorem and itsconverse.

AD _3
Example-1. INnAABC, DE||BCand ﬁ=g.

AC=56. FindAE. A
Solution : INAABC, DE||BC

AD_AE ot D S
DB EC (YBPT)

AD _3 AE _3
bt ——== So —==~

@]

DB 5 EC 5 B >
GivenAC=5.6 andAE:EC=3:5.
AE 3
AC-AE 5
AE
5.6-AE
5AE = (3 x5.6) - 3AE
S8AE=16.8

3
5 (crossmultiplication)

AE = % =2.1lcm.
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Example-2. Inthegiven figureLM ||AB
AL=x-3, AC=2x, BM=x-2
and BC = 2x + 3find the value of x

Solution : In AABC, LM ||AB

3%—3—0(byBPT) C - A
Xx-3 X=2
2x—(x=-3) (2x+3) —(x -2)
X-3 X=2
X+3 X+5
xX=-3)(x+5 =(x—-2) (x+3)
X2+ 2x-15 =2+ X -6
2X-x=-6+15
X=9

(crossmultiplication)

1. What vaue(s) of x will makeDE ||AB, inthegivenfigure?
AD=8x+9, CD=x+3 5 £
BE=3x+4,CE=x.

Y
vy]

2. InAABC,DE||BC. AD=x,DB=x-2, -
AE=x+2andEC=x-1.

Find thevaueof x. A B

D

Example-3. Thediagonasof aquadrilateral ABCD intersect each other at point* O’ such that
AO _CO

BO - DO Provethat ABCD isatrapezium.

AO _ CO

Solution : Given : Inquadrilateral ABCD , "BO D_O

RTP:ABCD isatrapezium.
Construction : Through‘ O’ draw alineparallel toAB whichmeetsDA at X.
Proof : InADAB, XO ||AB (by construction)

DX DO

YA - OB (by basic proportiondity theorem)
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AX _BO .
Xxp oo (4
. Ao _co .
agan BO - DO (given)
AO _BO ,
o -oo (2
From (1) and (2)
AX _AO
XD €O
INAADC, XQOisali hthatﬁ—A—O
n : isalinesuc <D - OC
0 XO|DC (by converse of the basic the proportionality theorem)
0 AB|DC
Inquadrilatera ABCD,AB ||DC
0 ABCD isatrapezium (by definition)
Henceproved.

Example-4. Intrapezium ABCD, AB || DC. E and F are pointson non-parallel sdesAD and

BC respectively such that EF || AB. Show that % - BF

FC
Solution : LetusjoinACtointersect EF at G
AB ||DCand EF||AB (given)
— EF||DC(Linesparalld tothesamelineare paralel to each other)

In AADC, EG ||DC A B
E—ﬁ by BPT 1 E/ \\\\\- \F
Similarly, INACAB, GF||AB b \¢
CG _CF vBPn ie AG_BF 5
ca g WYBPD i€ 6o e )

From(1) & (2) AE _ BF
ED FC
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Exercise - 8.1

1. InAPQR, ST isalinesuchthat g = E

dso OPSE O PRQ.
Provethat APQR isanisoscelestriangle.

B
M
A 2. Inthegivenfigure, LM |[|[CBand LN ||CD
L ~
Provethat 2 = AN
N AB AD A
3. Inthegivenfigure, DE||ACand DF||AE
D
Provethat BF . %

FE EC \

A\
B S 3 C

4. Provethat alinedrawnthrough the mid-point of onesideof atriangleparallel to another
Sdebisectsthethird side (Using basic proportionality theorem).

5. Provethat alinejoining themidpointsof any two sidesof atriangleisparalldl to thethird
side. (Using converse of basic proportiondity theorem)

»]

6. Inthegivenfigure, DE || OQand DF || OR. Show
that EF || QR. D

Q R

7. Intheadjacent figure, A, B and C arepointson OP, OQ
and OR respectively suchthat AB || PQ and AC||PR.

Show that BC || QR.
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8. ABCDisatrapeziuminwhich AB||DC anditsdiagonalsintersect each other at point‘O’.

Showthat 2O — €O

BO DO
9. Draw alinesegment of length 7.2cmand divideitintheratio 5: 3. Measurethetwo parts.

# THINK ABD Discuss

Discusswith your friendsthat in what way similarity of trianglesisdifferent from
smilarity of other polygons?

8.4 CRITERIA FOR SIMILARITY OF TRIANGLES

Weknow that two trianglesaresimilar if corresponding anglesareequa and corresponding
sidesareproportional. For checkingthe similarity of two triangles, we should check for the
equdity of corresponding anglesand equdity of ratiosof their corresponding Sides. Let usmake
anattempttoarriveat certain criteriafor smilarity of twotriangles. Let usperformthefollowing
activity.

F% AcTiviTy

Use aprotractor and ruler to draw two non congruent triangles so that each triangle
should have40° and 60° angle. Check thefiguresmade by you by measuring thethird angles
of twotriangles.

It should be each 80° (why?)
Measurethelengthsof thesides of thetrianglesand computetheratios of thelengthsof the
corresponding Sides.

Arethetrianglessimilar? P

o o 400 (s}
s A% OA: O 60IAR

Thisactivity leadsustothefollowing criterion for smilarity of twotriangles.

8.4.1 AAA CRITERION FOR SIMILARITY OF TRIANGLES

Theorem-8.3: Intwo triangles, if the angles are equal, then the sides opposite to the equal
anglesareinthesameratio (or proportiona) and hencethetwotrianglesaresimilar.

Given: IntrianglesABC and DEF,
A :DD,DBszandDC:DF
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RTP: —=— =—=
Congtruction : Locate pointsPand Q on DE and DF respectively,
suchthat AB =DPand AC =DQ. Join PQ.

Proof : AABC A DPQ (why ?)
Thisgives 1B = UUP = OE and PQ || EF (How ?)

(@]

Do
D

DP_ D
0= S (why ?)
. AB _ AC
e, E = — (Why ?)
AB BC AB _ BC _ AC
Smllarly——E andSOE_E_E' ]
Henceproved.

Note: If two anglesof atriangleare respectively equd to thetwo anglesof another triangle, then
by the angle sum property of atriangle, third angleswill alsobeequal.

SoAA smilarity criterionisstated asif two anglesof onetrianglearerespectively equd to
thetwo anglesof anther triangle, thenthetwo trianglesaresmilar.

What about the converse of the above statement ?

If thesidesof atrianglearerespectively proportiond to the sidesof another triangle, isit
truethat their corresponding anglesareequal ?

Let usexerciseit through an activity.

N Acnvmr

Dravv two triangles ABC and DEF such that AB = 3cm, BC =6 cm, CA=8cm,

DE=45cm,EF=9cmand FD =12 cm.
D,
A
12 cm

8
3 em cm 4.5 cm

C =
B 6 cm ~ E 9 cm '

Soyou have E = E_ % _E
DE

EF FD 3
Now measurethe anglesof both thetriangles. What do you observe?\What can you say
about the corresponding angles? They areequal, sothetrianglesaresmilar. You can verify
itfor differenttriangles.

Fromtheaboveactivity, we canwritethefollowing criterionfor smilarity of twotriangles.
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8.4.2. SSSCriterionfor Similarity of Triangles

Theorem-8.4: If intwo triangles, the sides of onetriangle are proportional to thesidesof the
other triangle, then their corresponding anglesare equal and hencethetrianglesaresmilar.

Given : AABC and ADEF are such that

RTP:UOA = 0D, 0B = UE, UC = OF A
Construction : Let DE>AB Locate pointsPand Q on DE and DF respectively

suchthat AB =DPand AC=DQ. Join PQ.

@]

D.
D

Proof : % = DQ andPQ || EF (why ?)

oF
DP_ DQ PQ
DE DF EF
SO%:—Q:— h
DE  DF  EF Wh?)

So BC=PQ (Why ?)
AABC A DPQ (why ?)
So OA =0D, OB = 0E and UC = UF (How?)

We studied that for similarity of two polygonsany one conditionisnot sufficient. But for
thesmilarity of triangles, thereisno need for fulfillment of both the conditionsasoneautomaticaly
impliesthe other. Now let uslook for SAS similarity criterion. For this, et us perform the

following activity.
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b ©
5 & AcTIvITY
J\'ighl.:

Draw two trianglesABC and DEF suchthat AB = 2cm, A =50°AC = 4cm,

DE=3cm, 0D =50°and DF = 6cm.

D
A 50" 6 em
0° 4
2 cm o S
B Cc E F
Ob thatE‘A—C‘g d OA = OD =50°
evethd b " pE 3 @ "N TR

Now measure OB, UC, OE, UF aso measure BC and EF.

BC 2
Observethat 0B = UE and OC = UF dso — = —.
EF 3
So, thetwotrianglesaresmilar. Repesat thesamefor triangleswith different measurements,
which givesthefollowing criterionfor smilarity of triangles.

8.4.3 SAS CRITERION FOR SIMILARITY OF TRIANGLES

Theorem-8.5: If one angle of atriangleis equal to one angle of the other triangle and the
including sidesof these anglesare proportiond, thenthetwo trianglesaresimilar.
D

Given: InAABC and ADEF

AB _AC 1) and
DE DF an A
OA = 0D

RTP: AABC~ADEF B - =

Construction : Locate points Pand Q on DE and DF respectively such that AB = DPand
AC=DQ. Join PQ.

Proof : PQ || EF and AABC [A DPQ (How ?)

So DA =0OD, OB = 0OP, UC = 0Q
0 AABC~ADEF (why ?)
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1. Aretrianglesformedineachfiguresmilar? If so, namethecriterion of smilarity. Write
thesmilarity relationinsymbolicform.

0) 3 . (i
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5cm.

W 1.6cm >
m

D 4.cm.

15cm C 15cm

6cm.

Construction : To construct atrianglesimilar to agiven triangle as per given scalefactor.

3
a) CongructatrianglesmilartoagiventriangleABCwithitssdesequd to 2 of corresponding

3
sidesof AABC (scalefactor Z)

Seps: 1. Draw aray BX, making an acute anglewith BC ontheside
oppositetovertex A.

2. Locate4 pointsB,, B,,B;andB,onBX sothat BB, =B,B, =
B,B;=B3B,.

3. JoinB,Canddraw alinethrough B,

parallel toB,CintersectingBCat C'.

4. Drawalinethrough C' parallel to CAtointersectABat A'.
So AA'BC' istherequiredtriangle.
L et ustake some examplestoillustratethe use of these criteria.

Example-5. A person 1.65mtall casts 1.8m shadow. At the sameinstance, alamp post casts
ashadow of 5.4 m. Findthe height of thelamppost.

P
A
2?2[hm
1.65|m.
B 1
1.8m. C Q 54m. R

Solution: In AABC and APQR
0B = 0Q =90°
[C = R (AC||PR, all sun’sraysareparalel at any instance)
AABC~APQR ( by AA similarity)
AB _BC

0" oR (cpst, corresponding partsof Similar triangles)
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165 _ 18
PQ 54
1.65x54
=—— =4.95m
PQ 18

Theheight of thelamp post is4.95m.

Example-6. A man seesthetop of atower inamirror whichisat adistanceof 87.6m fromthe

tower. Themirror ison the ground facing upwards. The man is 0.4m away from the
mirror and hisheightis1.5m. How tal isthetower?

Solution: INAABC & AEDC
UOABG- U EDE 90

E

OBCA= O DCE (Complements of the A

angleof incidence and angle of reflection

aresame) h
L 1.5|m.

AABC~AEDC (by AA similarity)

AB _BC 15 _ 04 B oam s o FoRer

e~ n R ave Mirror '

ED CD h 876

h=12%876 _ g em

Hence, the height of thetowersis328.5m.

Example7. Gopd isworrying that hisneighbour can peepinto hisliving roomfrom thetop floor
of hishouse. He hasdecided raisethe height of afencethat ishigh enoughto block the

view fromther topfloor window. What should betheheight of thefence? Themessurements
aregiveninthefigure.

Solution : InAABD & AACE
0B =0C =9p°

UA =0A (commonangle)
AABD ~AACE  (by AA similarity)

AB _BD 2 _BD

=
AC CE 8 1.2

_2x12 _ 24 _
8 8

BD

0.3m

Tota height of thefencerequiredis1.5m. + 0.3m. = 1.8mto block the neighbour’sview.
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2 EXERCISE - 8.2

A
Inthegivenfigure, JADE= [1 B
() Showthat AABC~AADE c D
(i) 1fAD=3.8cm, AE=3.6cm /\
BE=21cm BC=4.2cm B c
findDE.

. Theperimetersof two similar trianglesare 30 cm and 20 cm respectively. If oneside of
thefirgt triangleis 12 cm, determinethe corresponding side of thesecond triangle.

3. Inthegivenfigure, AB|CD || EF.
given AB=7.5cm DC=ycm
EF =4.5cm, BC=xcm.

Findthevaluesof xandy.

. A girl of height 90 cm is walking away from the base of alamp post at a speed of
1.2 m/sec. If thelamp post is 3.6m abovethe ground, find thelength of her shadow after
4 seconds.

. Giventhat AABC ~APQR, CM and C R
RN arerespectively the medians of
AABC and APQR. Provethat
() AAMC ~APNR
. oM _AB
(ii) RN PQ A N B P N Q

(i) ACMB ~ ARNQ
. DiagonalsAC and BD of atrapezium ABCD with AB || DC intersect each other at the

OA _ OB
point‘O’. Usingthecriterionof smilarity for twotriangles, show that oc = oD
. AB, CD, PQ are perpendicular to BD. R
AB=x,CD=y andPQ=Z c
* 5
et 1 N 1 1 y
rovethat 7+ — = 7.

P Xy z B 5 D
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8. Aflagpoledmtal castsa6 mshadow. Atthesametime, anearby building castsashadow
of 24m. How tal isthebuilding ?

9. CD and GH arerespectively thebisectorsof JACB and UEGF suchthat D andH lie
onsidesAB and FE of AABC and AFEG respectively. If AABC ~ AFEG then show that

) SDoAC i ADCB ~ AHGE iii) ADCA ~AHGF
O ) (i)
10. AX andDY aredtitudesof twosmilar trianglesAABC and ADEF. Provethat AX : DY =
AB:DE.

11. Construct atriangle shadow similar to thegiven AABC, withitssidesequal to g of the
corresponding sidesof thetriangleABC.

12. Construct atriangle of sides4cm, 5cmand 6 cm. Then, construct atrianglesimilar toit,

2
whosesidesare 3 of the corresponding sides of thefirst triangle.

13. Condgtruct an I soscelestrianglewhose baseis8cm and dtitudeis4 cm. Then, draw another

1
trianglewhosesidesare 15 timesthe corresponding sides of theisoscelestriangle.

8.5 AREAs OF SiMILAR TRIANGLES

For two similar triangles, ratios of
their corresponding sidesisthesame. Do | @ b d
youthink thereisany relationship between
the ratios of their areas and the ratios of
their corresponding sides ? L et usdo the e f
following activity tounderstand this.

4 AcTviTy

Make a list of pairs of similar
polygonsinthisfigure. h

Find [

(i) Theratioof smilarity (scalefactor)
and

(i) Theratioof aress.
You will observethat ratio of areasisthe square of theratio of their corresponding sides.

Let usproveit likeatheorem.
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Theorem-8.6: Theratio of theareas A N
of twosimilar trianglesisequal tothe
ratio of the squares of their
corresponding Sides.

] I
Given : AABC ~APOR B M ¢ Q R

rrp. F(BABC) _(AB *_(BC Zz(C_AJZ
" ar(APQR) PQ QR RP) -
Construction : DrawAM OBC and PN O QR.

1
a(AABC) 5 BC*AM geyam

Proof . ar(APQR) EXQRxPN " QRxPN ..(1)
2

In AABM & APQN
0B = 0Q(-- AABC~ APQR)
OM=0O N 90°

A ABM ~APQN (by AA similarity)

AM _ AB
PN PO (2

Also AABC ~APQR (given)

AB _ BC| _ AC

PO OR| PR -3

a(AABC)_ AB  AB
a(APQR) PQ PQ from (1), (2) and (3)

Gl

Now by using (3), we get

o =(ra) (&) (%)
a(APQR) (PQ) |QR) (PR

Hence proved.

Now |et us see some exampl es.

Free Distribution by T.S. Government 2018-19



Similar Triangles 217

Example-8. Provethat if theareasof two similar trianglesare equal, then they are congruent.
Solution : AABC ~APQR

iron =(ra) (&) (%)
Soar(APQR)_ PO) (QrR) (PR

But % =1 (.- areasareequal)
ABY _(BCY :(ACJZ _
PQ QR PR
So AB? = PQ?
BC? = QR?
AC? = PR?
Fromwhichweget AB = PQ
BC=0QR
AC=PR

0A ABC 0 APQR (by SSS congruency)

Example-9. AABC~ADEF andtheir areasarerespectively 64cm? and 121 cm?.
If EF=15.4cm., thenfind BC.

~ a(MABC) _(BCY
Solution: —————— =

ar(ADEF) |\ EF

64 _(BCY
121 (154
8 BC

8x15.4
—_— —
11 154

BC

=11.2cm.

Example-10. Diagonasof atrapezium ABCD withAB || DC, intersect each other at the point
‘O’. IfAB =2CD, find theratio of areasof trianglesAOB and COD.

Solution : Intrapezium ABCD, AB || DCasoAB =2CD.

D N C
InAAOB and ACOD
. _ 0
OJAOB = JCOD (verticaly oppositeangles)
OOAB= O OCD (dternateinterior angles) A B
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AAOB ~ACOD (by AA similarity)

a(AAOB) _ AB?
a(ACOD) DC?

0 ar(AAOB): ar(ACOD)=4: 1.

i Exercise - 8.3
\;—'g‘:__::_._

1. D,E, Faremidpointsof ssidesBC, CA,AB of AABC. Findtheratio of areasof ADEF
and AABC.

2. InAABC, XY ||ACand XY dividesthetriangleinto two parts of equal area. Findthe

ratoo XB

3. Provethat theratio of areasof two similar trianglesisequa to the square of theratio of
their corresponding medians.

4. AABC~ADEF. BC=3cm EF =4cm and areaof AABC =54 cm?. Determinethearea
of ADEF.

5. ABCisatriangleand PQisadraight linemeetingAB inPandACinQ. IfAP=1cm. and
BP=3cm.,, AQ=15cm, CQ=45cm.
1
Provethat (areaof AAPQ) = 6 (areaof AABC).

6. Theareasof twosmilartrianglesare 8lcm?and 49 cm? respectively. If thedltitudeof the
bigger triangleis4.5 cm. Find the corresponding dtitudefothesmaller triangle.

8.6 PyYTHAGORAS THEOREM

You arefamilar with the Pythagorastheorem, you had verified thistheorem through some
activities. Now weshal provethistheorem using the concept of smilarity of triangles. For this,
wemake useof thefollowing result.

Theorem-8.7 : If aperpendicular isdrawn fromthe vertex of theright angleof aright triangleto
the hypotenuse, then the triangles on both sides of the perpendicular are similar to thewhole
triangleand to each other.
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Proof: ABCisarighttriangle, right angled at B. Let BD bethe perpendicular to hypotenuseAC.

In AADB and AABC B
DA = DA
And OADB:= 0 ABC (why ?)
So AADB ~ AABC (How ?) (1)
Similarly, ABDC~AABC (How?)  ..(2) A =1 c

So from (1) and (2), triangles on both sides of the perpendicular BD are similar to the
triangleABC.

Alsosince AADB ~AABC
ABDC ~ AABC
So AADB ~ABDC

Thisleadsto thefollowing theorem.

THINK AND Discuss

For aright angled trianglewith integer sides atl east one of its measurements must be
| an even number. Why? Discussthiswithyour friendsand teachers.

8.6.1 PyTHAGORAS THEOREM (BAUDHAYAN THEOREM)

Theorem-8.8: Inaright triangle, thesquareof length of the hypotenuseisequa to the sum of
the squares of lengths of the other two sides. B

Given: AABCisaright triangleright angled at B.
RTP:AC?=AB?+BC?
Construction : Draw BD OAC.

Proof : AADB ~AABC A ,_D c
_AD _AB . o
AB AC (sidesareproportional)
AD .AC=AB? ()

Also, ABDC~AABC

Cb _BC
BC AC
CD .AC=BC? (2
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Onadding (1) & (2)
AD .AC+CD.AC=AB?+BC?
AC (AD + CD) =AB? + BC?
AC.AC=AB?+BC?

|AC? = AB? +BC?|

Theabovetheoremwasearlier given by an ancient Indian mathematician Baudhayan
(about 800 BC) inthefollowing form.

“Thediagonal of arectangle produceshy itself the sameareaas produced by itsboth sides
(i.e. length and breadth).” So sometimes, thistheorem is also referred to as the Baudhayan
theorem.

What about the converse of the abovetheorem ?
We proveit likeatheorem, asdoneearlier aso.

Theorem-8.9: Inatriangleif square of thelength of one sideisequal to the sum of squares of
thelengthsof the other two sides, then the angle oppositeto thefirst sdeisaright angleand the
triangleisaright angledtriangle. A =

Given : InAABC,
AC?=AB?+BC?
RTP: OB =90° 1

Congruction : Congtruct aright
angled triangle APQR right
angled at Q suchthat PQ=AB

and QR = BC. % H B R
Proof : InAPQR, PR? = PQ? + QR? (Pythagorean theorem as 0Q =90°)
PR?=AB2+BC? (by construction) (1)
but AC?=AB? + BC? (given) (2

0 AC=PRfrom(1) & (2
Now In AABC and APQR
AB = PQ (by construction)
BC = QE (by construction)
AC =PR (proved)
OA ABQA PQR (by SSScongruency)

O OB = 0Q (by cpct)
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but JQ =90° (by construction)
0 0OB=90°.

Hence proved.

Now let ustake some examples.

Example-11. Aladder 25mlongreachesawindow of building 20mabovetheground. Determine
thedistancefrom thefoot of theladder to the building.

A
Solution : InAABC, UC =90°

— AB? = AC? + BC? (by Pythagorean theorem)

25m
BC? = 625 — 400 = 225
BC =+/225 =15m B Le

Hence, thefoot of theladder isat adistance of 15m from the building.

Example-12. BL and CM aremediansof atriangleABCright angled at A.
Provethat 4(BL? + CM?) = 5BC2.
Solution : BL and CM aremediansof AABCinwhich DA =90°.
INnAABC B

BC?=AB?+AC? (Pythagorean theorem (1)
INAABL, BL2=AL%+AB?

2
So BL? :(A—ch +AB? (- Listhemidpoint of AC)

BLZ = AC?

2
+AB c

0 4BL%=AC?+ 4AB? (2
In ACMA, CM?=AC?+AM?

ABY?
CM?= AC2+(7J (-~ M isthemid point of AB)
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2
cM?= AC?+ 28

ACM?=4AC?+AB? .. (3)
Onadding (2) and (3), we get
A(BL2+CM?) =5(AC?+AB?
0 4(BL%+CM?) =5BC? from (1).

Example-13. *O’ isany pointinsidearectangle ABCD.
Prove that OB2 + OD? = OA? + OC?
Solution : Through*O’ draw PQ || BC sothat Plieson AB and Q lieson DC.
Now PQ || BC A 5
0 PQ OAB& PQ O DC (-- OB=UC =90°)
So, OBPQ: 90 & OCQR: 90 Fr-----—2 O Q
0 BPQC and APQD areboth rectangles.
Now from AOPB. OB2=BP?+ OP?> ..(1)
Similarly from AOQD, we have OD?= OQ2 + DQ2 ..(2)
From AOQC, we have OC? = 0Q? + CQ? (3
And from AOAP, OAZ = AP*+ OP?
Adding (1) & (2)
OB? + OD? = BP? + OP? + 0Q? + DQ?
= CQ? + OP? + OQ? + AP? (--BP=CQand DQ=AP)
= CQ? + OQ? + OP? + AP?
= 0C? + OA? (from (3) & (4))

B

@]

1. InAACB, OC =90°andCD O AB

BC> _BD

AC> AD’

Provethat

A ml B
A >
2. A ladder 15mlong reachesawindow whichis9 m abovethe ground ononesideof a
street. Keepingitsfoot at the same point, theladder isturned to other side of the street

to reach awindow 12m high. Findthewidth of the street.
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3. Inthegiven fig.if AD BC C
Provethat AB? + CD? = BD? + AC>.

B

A

Example-14. Thehypotenuse of aright triangleis6m morethan twice of the shortest side. If
thethird sideis2m., lessthan the hypotenuse, find the sides of thetriangle.

Solution : Let the shortest sdebexm.
Then htypotenuse = (2x + 6)m and third side = (2x + 4)m.
by Pythagorestheorem, wehave
(2x + 6)2 = X2 + (2x + 4)?
AX2 + 24X + 36 = X2 + 4% + 16X + 16
x> -8x-20=0
(x-10) (x+2)=0
x=10o0rx=-2
but x can’t be negative asside of atriangle.
0 x=10
Hence, thesides of thetriangle are 10m, 26m and 24m.

Example-15. ABCisarighttrianglerightangledat C. LetBC=a, CA=b,AB=candletp

1 1.1

bethelength of perpendicular from ConAB. Provethat (i) pc=ab (ii) F=¥ +F :

Solution : A
() CD UABandCD =p.

1
Areaof AABC = EXABXCD c D

1
= —( p
> p.

1
aso areaof AABC = EX BCxAC

:lab
2

vg}
Q)
@]

cp =%ab
=ab (1)

S8Nlk
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(i) SinceAABCisarighttriangleright angledat C.
AB?=BC? + AC?

c?=a’+b?

2
3w
P

1 _a*+b> 1 1
P e @ b

"EXERCISE - 8.4

1. Provethat thesum of thesquaresof thesdesof arhombus
isequal tothe sum of the squaresof itsdiagonals.

2. ABCisarighttrianglerightangledat B. Let D and Ebe
any pointson AB and BC respectively.
Prove that AE? + CD? = AC?+ DE?,

3. Prove that three times the square of any side of an
equilateral triangleisequd tofour timesthe square of thealtitude.

4. PQRisatriangleright angled at Pand M isapoint on QR suchthat PM U QR.
Show that PM? = QM [MR. D

5. ABDisatrianglerightangledat AandAC U BD
Show that (i) AB?=BC [BD.
(i) AC?=BC [DC

(iii)AD?= BD [TD. - A

6. ABCisanisoscelestriangleright angledat C. Provethat AB2=2AC?.

7. ‘O'isany pointintheinterior of atriangleABC.
OD U BC, OE O AC and OF U AB, show that
(i) OA2+OB?+0C?-OD?-OE2-OF? = AF>+BD*+CE?
(i) AF?+BD?+CE? =AE?+CD?+BF2

8. A wireattachedtoveritical poleof height 18mis24mlong andk A ,
other end. How far from the base of the pol e should the stake be driven so that thewire
will betaut?

9. Two polesof heights6m and 11m stand on aplaneground. If the distance betweenthe
feet of the polesis 12m find the distance between their tops.
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1
Inan equilateral triangleABC, D isapoint onside BC suchthat BD = 3 BC. Provethat
9AD?=7AB2

Inthegivenfigure, ABCisatriangleright angled at
B. D and E are pontson BC trisect it.

Provethat 8AE? = 3AC? + 5AD?.

A

ABCisanisoscdestriangleright angled A " D
at B. SimilartrianglesACD andABE
are constructed on sidesAC and AB. E
Find the ratio between the areas of
AABE and AACD. 5 C

Equilatera trianglesaredrawn on thethree sidesof aright angledtriangle. Show that the
areaof thetriangle on the hypotenuseisequal to the sum of theareasof trianglesonthe
other two sides.

Provethat theareaof the equilateral triangle described on the side of asquareishalf the
areaof theequilatera trianglesdescribed onitsdiagonal.

8.7 DIFFERENT FORMS OF THEORITICAL STATEMENTS

1. Negation of a statement :

Wehaveastatement and if weadd “Not” after the statement, wewill get anew statement;
whichiscalled negation of the statement.

For example take astatement “AABC isaequilateral”. If we denoteit by “p”, we can
writelikethis.

p: TriangleABC isequilateral anditsnegationwill be“ TriangleABCisnot equilateral”.
Negation of statement p isdenoted by [p; and read as negation of p. the statement [
negatesthe assertion that the statement p makes.

When wewritethe negation of the statementswe would be careful that there should no
confusion; inunderstanding the statement.

Observethisexamplecarefully
P: All irrational numbersarereal numbers. We canwrite negation of plikethis.
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) Op:Allirrational numbersarenot real numbers.

How dowedecidethisnegationistrueor fase?Weusethefollowing criterion“Let pbe
agatement and [pitsnegation. Then [Cpisfasewhenever pistrueand [pistruewhenever
pisfase.

For example S . 2+2=4isTrue

Os : 2+2 # 4isFdse

2. Converse of a statement :

A sentencewhichiseither trueor falseiscalled asmple statement. If wecombinetwo
smplegaementsthenwewill get acompound statement. Connecting two S mplestatements
with the use of thewords* If and then” will giveacompound statement whichiscalled
implication (or) conditiond.

Combining two smplestatementsp & qusingif and then, weget pimpliesgwhich canbe
denoted by p [7 q. Inthisp [J q, supposeweinterchangep andgweget q [J p. This
iscalleditsconverse.

Example: pJ q: InAABC,ifAB=ACthen OGO B

Converseq [J p : InAABC, if OGO B thenAB=AC

3. Proof by contradiction :

\""“‘m,‘___;

Inthisproof by contradiction, we assumethe negation of the statement astrue; whichwe
have to prove. In the process of proving we get contradiction somewhere. Then, we
redlizethat this contradiction occursbecause of our wrong assumptionwhichisnegationis
true. Thereforewe concludethat theoriginal statement istrue.

~| OpTIONAL EXERCISE

[For extensive L earning] T

1. Inthegivenfigure,

QT _QR sdoen 2
PR QS

prove that APQS ~ ATQR.

S

R

Free Distribution by T.S. Government 2018-19



Similar Triangles 227

2. Raviis1.82mtdl. Hewantstofindtheheight E
of atreeinhisbackyard. Fromthetree' shase
hewalked 12.20 m. along thetree'sshadow C
to a position where the end of his shadow 1.82m.
exactly overlapstheend of thetree' sshadow.
Heisnow 6.10m from theend of the shadow.

How tall isthetree?

3. Thediagonal AC of aparallelogram ABCD intersects DPat the point Q, where* P isany
point on sideAB. Provethat CQ*PQ=QAxQD.

A
“end 6.10m. BRravi 12.20m. Trg)e

4. AABC and AAMP are two right triangles right

(@]

angled at B and M respectively. M
Provethat (i) AABC~ AAMP
iy CA_BC
OB TNV
: : A u P
5. Anaeroplaneleavesan airport and fliesdue north B

at agpeed of 1000 kmph. At the sametime another aeroplaneleavesthe sameairport and
flies due west at a speed of 1200 kmph. How far apart will the two planes be after

1 hour?
, hour

6. Inaright triangle ABC right angled at C. P and Q are points on sidesAC and CB
respectively which dividethesesidesintheratioof 2: 1.

Provethat (i) 9AQ? = 9AC? + 4BC?
(i) 9BP? = 9BC? + 4AC?
(iii) 9(AQ? + BP?) = 13AB?

Suggested Projects

Proving the statement

e “Theratioof areasof similar trianglesisequal totheratio of squaresof corresponding
Sdes’. By using equilaterd trianglesscelanetriangles.

WHAT WE HAVE DiscusseD

. .J hlﬁ" S
1. Twofigureshavingthesameshapearecaled smilar figures.
2. All thecongruent figuresaresmilar but the converseisnot true.
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Two polygonsof thesame number of sidesaresmilar
If(i) their corresponding anglesareequa and
(i) Their corresponding Sdesareinthesameratio (i.e propostion)
If alineisdrawn parallel to oneside of atriangleto intersect the other two sidesat distinct
pointsthen the other two sidesaredivided in the sameratio.

If alinedividesany two sidesof atriangleinthesameratio, thenthelineisparllel tothe
thirdside.

Intwotriangles, if corresponding anglesareequd, thentheir corresponding Sdesareinthe
sameratio and hencethetwo trianglesaresmilar (AAA smilarity)

If two anglesof atriangleareequal to thetwo anglesof another triangle, thenthird angles
of both trianglesareequal by angle sum property of triangle.

Intwotriangles, if corresponding sidesarein the sameratio, then their corresponding
anglesareequa and hencethetrianglesaresimilar. (SSSsmilar)

If oneangleof triangleisequal to one angle of another triangle and theincluding sides of
theseanglesareinthesameratiothenthetrianglearesimilar. (SASsmilarity)

The ratio of areas of two similar trianglesis equal to the square of the ratio of their
corresponding Sides.

If aperpendicular isdrawn from thevertex of theright angleto the hypotenuse, inaright
angletriangle, thenthetrianglesformed on both sidesof the perpendicular aresmilar tothe
wholetriangleand also to each other.

Inaright triangle, the square of the hypotenuseisequal to the sum of the squares of the
other two sides (Pythagorean Theorem).

Inatriangle, square of onesideisequal to the sum of the squaresof the other two sides,
then theangle oppositetothefirst sdeisaright angle.

Puzzle

Draw atriangle. Jointhe mid-point of thesidesof thetriangle. You get 4 trianglesAgain
jointhe mid-points of thesetriangles. Repeat thisprocess. All thetrianglesdrawn are
smilartriangles. Why ?think and discusswithyour friends,

Aé tnangles
AN AT
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CHAPTER

9 Tangents and Secants
to a Circle

9.1 INTRODUCTION

We have seenthat two linesin aplane mostly intersect at apoint or may not intersect. In
somesituationsthey may coincidewith each other.

>

Similarly, what arethe possiblerdlative positionsof acurveandalinearegiveninaplane?
A curvemay beaparabolaasyou have seenin polynomiasor asimpleclosed curve*“circle”’
whichisacollection of all those pointson aplanethat are at aconstant distance from afixed

point.

A
N
Y
v

N

) ,X Q
& S
< 7

4

You might have seen circular objectsrolling on aplane creating apath. For example;
bicyclewhedl onasandy field, wheelsof train onthetrack etc., whereit seemsto beacircleand
aline. Doestherearelation exist between them?

Let usobservetherelative positionsof acircleand alinearegiveninaplane.

9.1.1 A Line AND A CIRCLE

You areasked to draw acircleand alineon apaper. Abhiram arguesthat there canonly
be 3 possibleways of presenting them on apaper.

Consider acirclewith centre‘ O’ and aline PQ, thethree possibilitiesare giveninthe
followingfigures. AP \P

\P
A

o > @»A
B
Q

(i) YQ (i) N (iii) Q
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InFig.(i), theline PQ and the circle have no common point. Inthiscase PQisanon-
intersecting linewith respect tothecircle.

InFig.(ii), theline PQ intersectsthecircleat two pointsA and B. It formsachord AB
withitsend pointsA and B onthecircle. Inthiscasetheline PQisasecant of thecircle.

InFig.(iii), Thereisonly onepoint A, commontothelinePQandthecircle. Thislineis
caled atangent tothecircle.

You can seethat there cannot be any other position of thelinewith respect tothecircle.
Wewill study the existence of tangentsto acircleand dso study their propertiesand congtructions.

Doyo know?

Theword ‘tangent’ comesfromthelatin word ‘ tangere’, which meansto touch and was

ﬁ\i\. Draw acirdewith any radius. Draw four tangentsat different
points. How many moretangentscan you draw tothiscircle?

ii. How many tangentsyou can draw to circlefromapoint away
fromit?

iii. Intheadjacent figurewhichlinesaretangentstothecircle?

9.2 TANGENTS OF A CIRCLE

We can see that tangent to acircle can be drawn at any point on the circle. How many
tangents can bedrawn at any point onthecircle?

Tounderstand thislet usconsider thefollowing activity.

AcTiviTy A

iy T
S :%z >

* Takeacircular wireand attach astrai ght wireAB at apoint Pof /
P

thecircular wire, so that the system can rotate about the point Pina
plane. Thecircular wirerepresentsacircle B
and thestraight wireAB representsaline

intersectsthecircleat point P

Placethe system on atable and gently rotatethewire AB about
the point Pto get different positionsof thestraight wire as shown
inthefigure. Thewireintersectsthecircular wireat Pand at one
of thepointsQ,, Q, or Q; etc. Sowhileit generally intersects
circular wire at two points one of whichisPin one particular
position, itintersectsthecircleonly at the point P (Seeposition
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A'B' of AB). Thisistheposition of atangent at the point Pto thecircle. You can check that
inall other positionsof AB it will intersect thecircleat Pand at another point, A'B' isa
tangenttothecircleat P.

We seethat thereisonly onetangent to thecircleat point P

MovingwireAB ineither direction from thisposition makesit cut thecircular wireintwo
points. All these aretherefore secants. Tangent isaspecial case of asecant wherethetwo

Do THis P
RS

Draw acircleand asecant PQ of the circle on apaper asshown
below. Draw variouslinesparalld to the secant on both sidesof it.

What happensto thelength of chord coming closer and closer
tothecentreof thecircle?
What isthelongest chord? )

How many tangentscan you draw toacircle, whichare pardlel
to each other ?

The common point of atangent and thecircleiscalled the point of contact and the tangent
issaid to touch thecircleat the common point.

Observethetangentsto thecirclein thefiguresgiven below:

How many tangents can you draw to acircle at apoint? How many tangents can you
obtaintothecircleinal? Seethepointsof contact. Draw radii from the pointsof contact. Do you
see anything specia about the angle between the tangentsand theradii at the pointsof contact.
All appear to be perpendicular to the corresponding tangents. We can a so proveit. Let ussee
how.

Theorem-9.1 : The tangent at any point of a circle is A

perpendicular to theradiusthrough the point of contact.

Given : A circle with centre ‘O’ and a tangent XY to the Oe

circleat apoint Pand OP radius.

Toprove: OPisperpendicular to XY. o R o
X P Y

Free Distribution by T.S. Government 2018-19



232 Class-X Mathematics

Proof : Takeapoint Qon XY other than Pandjoin O and
Q. Thepoint Q must lieoutsidethecircle (why?) (Notethat
if Qliesinsidethecircle, XY becomes a secant and not a
tangent tothecircle)

Therefore, OQislonger thantheradiusOP of thecircle
[Why?] <

i.e, OQ>OP

Thismust happenfor dl pointsontheline XY. Itisthereforetruethat OPisthe shortest of
all thedistancesof thepoint Otothe XY.

Asaperpendicular istheshortest inlength among al line segmentsdrawn from apoint to
theline(Activity 5.3 of 7thclass).

Therefore OPisperpendicular to XY.

ie, OP OXY
Hence proved.

Note: Thelinecontaining theradiusthroughthe point of contact isalso called the‘ normal to
thecircleat thepoint’.

“If alineinthe planeof acircleisperpendicular totheradiusat itsendpoint onthecircle,
thenthelineistangent tothecircle’.

We can find some moreresultsusing the above theorem

(i) Sincetherecanbeonly oneperpendicular OPat thepoint P, it followsthat oneand only
onetangent can bedrawnto acircleat agiven point onthecircle.

(ii) Sincethere can be only one perpendicular to XY at the point P, it follows that the
perpendicular to atangent to acircleat itspoint of contact passesthrough the centre.

Think about these. Discusstheseamong your friendsand with your teachers.

9.2.1 ConsTRUCTION OF TANGENT TOo A CIRCLE

How canwe congtruct alinethat would betangent to acircleat agiven point onit?Weuse
what wejust found the tangent hasto be perpendicular to theradiusat the point of contact. To
draw atangent through the point of contact we need to draw aline prependicular to theradiusat
that point. To draw thisradiuswe need to know the center of thecircle. Let us seethe stepsfor
thiscongtruction.
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Construction : Construct atangent to acircle at agiven point when the centre of thecircleis
known.

Wehaveacirclewith centre ‘O’ and apoint Panywhere onitscircumference. Thenwehaveto
construct atangent through P.

L et usobserve steps of construction to draw atangent.

Sepsof Construction::

(e 1. Draw acirclewith centre’ O and mark
N apoint ‘P anywhereonit. Join OP.
P
2. Draw aperpendicular linethroughthe
- ) - - point Pand nameit as XY, asshown in
0) P .
thefigure.
N 3. XY istherequired tangent to the given circle passing through P.
vY Canyou draw one moretangent through P ? give reason.
TRy THIs X

How can you draw thetangent to acircleat agiven point when the
centreof thecircleisnot known?

Hint : Draw equa angles [IQPX and OPRQ. Explain the
congtruction.

9.2.2 FINDING LENGTH OF THE TANGENT
Canwefindthelength of thetangent to acirclefrom agiven point?

Example: Findthelength of thetangent to acirclewith centre* O’ and radius=6 cm. froma
point P such that OP =10 cm.
Solution : Tangent is perpendicular to theradiusat the point of contact (Theorem 9.1)

Here PA istangent segment and OA isradiusof circle

0 OA0 PA = [OOCAR= 90

NowinAOAP, OP?= OAZ+PA? (pythagoras theorem) A o
10? = 62+ PA? }
— 2 6 10
100 = 36+ PA
PAZ =100- 36 0
=64

0 PA= .64 =8cm.
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Exercise - 9.1

1. Fllintheblanks
(i) Atangenttoacircletouchesitin................ point ().
(i) Alineintersectingacircleintwo pointsiscalleda.............
(iii) A Number of tangentscan bedrawnto acircleparalle tothegiventangentis......
(iv) Thecommon point of atangenttoacircleandthecircleiscaled...............
(v) Wecandraw............. tangentstoagivencircle.
(vi) Acirclecanhave................ parallel tangentsat the most.

2. Atangent PQ at apoint P of acircleof radius5 cm meetsalinethrough the centre O at
apoint Q sothat OQ =13 cm. Find length of PQ.

3. Drawacircleandtwolinesparalld to agiven linedrawn outsidethecircle suchthat one
isatangent and the other, asecant to thecircle.

4. Caculatethelength of tangent from apoint 15 cm away from the centre of acircle of
radius9cm.

5. Provethat thetangentsto acircleat theend pointsof adiameter areparallél.

9.3 NUMBER OF TANGENT TO A CIRCLE FROM ANY POINT

To get an idea of the number of tangentsfrom apoint on acircle, Let us perform the
followingactivity.

& AcTiviTy
e

(|) Dréw acircleonapaper. Takeapoint

Pinsideit. Canyou draw atangent to \
thecirclethroughthispoint ?Youwill
(i)

findthat al thelinesthroughthispoint
intersect thecircleintwo points. What
arethese? Theseareall secantsof a
circle. So, itisnot possibleto draw
any tangent toacirclethrough apoint

insideit. (Seetheadjacent figure) 3

(i) Next, takeapoint Ponthecircleand
draw tangentsthrough thispoint. You
have observed that thereisonly one
tangent to thecircleat asuch apoint.

(Seetheadjacent figure) )
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(i) Now, takeapoint Poutsidethecircle
and try to draw tangentsto thecircle
fromthispoint. What doyou observe?
Youwill findthat you can draw exactly
two tangentsto thecirclethroughthis
point (Seethe adjacent figure)

Now, we can summarise these facts as follows::
Case (i): Thereisno tangent to acircle passing through a point inside the circle.
Case(ii): Thereisoneand only onetangent to acircle passing through apoint on thecircle.

Case(iii): Thereare exactly two tangentsto acircle through a point outside the circle. In
thiscase, A and B arethe pointsof contactsof thetangents PA and PB respectively.

Thelength of the segment from the external point P and the point of contact with the
circleiscalled thelength of thetangent from the point Ptothecircle.

Notethat intheabovefigure(iii), PA and PB arethelength of thetangentsfrom Pto the
circle. What istherelation between lengths PA and PB?

Theorem-9.2 : Thelengthsof tangentsdrawn from an externa point toacircleareequal.
Given : A circlewith centre O, Pisapoint lying outside the circle and PA and PB are two
tangentstothecirclefromP. (Seefigure)
Toprove: PA=PB
Proof : JoinO,A,O,Band O, P.
OJOAR= [0 OBP 90° (Angle between radii and tangents is Tox
Now in the two right triangles  according to theorem 9.1)
AOAP and AOBPR,
OA=0B (radii of samecircle) (7
OP = OP  (Common)
Therefore, By R.H.S. Congruency axiom, P
AOAP 0O AOBP
Thisgives PA=PB (CPCT) 9
Hence Proved. .

Use pythagoras theorem and write proof of above theorem.
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9.3.1. ConNsTRUCTION OF TANGENTS TO A CIRCLE FROM AN EXTERNAL POINT

You haveseenthat if apoint liesoutsidethecircle, therewill beexactly two tangentsto the
circlefromthispoint. We shall now seehow to draw these tangents.

Construction : To construct thetangentsto acirclefromapoint outsideit.

Given : Wearegivenacirclewith centre* O’ and apoint Poutsideit. We haveto construct two
tangentsfrom Ptothecircle.

Sepsof construction :

Step(i) : Join PO and draw aperpendicul ar T
bisector of it. Let M bethe midpoint
of PO. Pe 7 10}
Step (ii) : Taking M ascentreand PM or MO
asradius, draw acircle. Letitintersect
Y

thegivencircleat thepointsA and B.

Step (iii) : Join PA and PB. Then PA and PB
aretherequired two tangents.

Proof : Now, Let ussee how thisconstruction
isjudtified.

JoinOA. Then OPAO isananglein
thesemicircleand,

therefore, JPAO =90°.

Canwesay that PA JOA ?

Since, OA isaradiusof thegivencircle,
PA hasto beatangent tothecircle(By
conversetheoremof 9.1)

Similarly, PB isalso atangent to the
crce.

Hence proved.
Someinteresting statements about tangentsand secantsand their proof:

Satement-1: Thecentreof acirclelieson thebisector of the angle between two tangentsdrawn
fromapoint outsideit. Can you think how we can proveit?

Proof : Let PQ and PR betwo tangentsdrawn from apoint P outside of thecirclewith centre O
Join OQ and OR, triangles OQP and ORP are congruent because,
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JOQP = JORP=90° (Theorem 9.1)

OQ=OR (Radii)

OPiscommon. =)
Thismeans DOPG= 0 OPR (CPCT)
Therefore, OPisthe bisector angleof QPR .

Hence, the centrelieson the bisector of the angle between the two tangents.

Satement-2: Intwo concentric circles, the chord of thebigger circle, that touchesthe smaller
circleisbisected at the point of contact with thesmaller circle.

Proof : Let thetwo concentric circlesC, and C, with centreO and
achordAB of thelarger circle C,, touchingthesmaller circleC, at
the point P (Seefigure) weneed to provethat AP = PB.

Join OP.
ThenAB isatangenttothecircleC, at Pand OPisitsradius.
Therefore, by Theorem 9.1

OPUAB

Now, AOAPand AOBPare congruent. (Why?) ThismeansAP=PB. Therefore, OPis
the bisector of the chord AB, asthe perpendicular from the centre bisectsthe chord.

Satement-3: If two tangentsAPand AQ aredrawn to acirclewith centre O from an externa
pointAthen OPAG 21 OPS 2 OQP.

Canyou see?

Proof : Wearegivenacirclewith centre O, an external point A and two tangentsAPand AQto
thecircle, where P, Q arethe pointsof contact (Seefigure).

We need to provethat
OPAG ZI OPQ
Let OPAQ =8 AT
Now, by Theorem 9.2,
AP=AQ, SoAAPQisanisosceclestriangle S
Therefore, [APQ+ HAQP+ [OPAQ = 180° (Sum of three angles)

OAPG O AQP %(18(-}6 )
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= 90°—19
2

Also, by Theorem 9.1,

UOPA= 90

So, JOPG O OPAO APQ

= 90°—[90 1 6} -1 0 -1 [(PAQ
2 2 2

Thisgives LJOPQ= —]ZD PAQ.

00 PA@ [2 OPQ.Similaly PAQ 2 OQP

Satement-4 : A quadrilateral ABCD is drawn to circumscribe

C
acirclethen R
D
AB +CD =AD + BC.
Q
Proof : The circle touched the sides AB, BC, CD and DA of S
Quadrilateral ABCD at the points P, Q, R and S respectively as
- S A
shown AB, BC, CD and DA aretangentstothecircle. B

Since by theorem 9.2, thetwo tangentsto acircledrawn from apoint outsideit, areequal,
AP=AS
BP=BQ
DR=DS
axd CR=CQ
Onadding, We get
AP+BP+DR+CR =AS+BQ+ DS+ CQ
or (AP+PB) + (CR+DR)=(BQ+QC) +(DS+ SA)

or AB + CD =BC+ DA.
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Example-1. Draw apair of tangents to a circle of radius 5cm which are inclined to each
other at an angle 60°.

Solution : To draw the circle and the two tangents we need to see how we proceed. We
only have the radius of the circle and the angle between the tangents. We do not know the
distance of the point from where the tangents are drawn to the circle and we do not know
the length of the tangents either. We know only the angle between the tangents. Using this,
we need to find out the distance of the point outside the circle from which we haveto draw
thetangents.

To begin let us consider acircle with centre ‘O’ and radius 5cm. Let PA and PB are
two tangentsdraw fromapoint ‘P’ outsidethe circle and the angle betweenthemis 60°. In

this JAPB = 60°. Join OP. A
Aswe know, +
OP isthe bisector of JAPB,
60° —>e P

OOAP= DOPB=T:30° (- AOAPLUAOBP)
Now In AOAP, )

. Opp. side _ OA B

o_ —ZME- Ve M

sn30" = Hyp oP

L_ 5 (Fomuigonomericra

> = OP( rom trigonometricratio)

OP=10cm.

Now we can draw acircle of radius5 cm with centre‘O’.
Wethen mark apoint at adistance of 10 cm from the centre
of thecircle. Join OP and completethe construction asgiven
in construction 9.2. Hence PA and PB aretherequired pair
of tangentsto thegivencircle.

Draw apair of radii OA and OB ina circlesuchthat OBOA = 120°. Draw the bisector
of OBOA anddraw lines perpendicularsto OA and OB at A and B. Theselinesmeet on
thebisector of OBOA at apoint whichistheexternal point and the perpendicular linesare
therequired tangents. Construct and Justify.

ExerciIse - 9.2

1.  Choosethecorrect answer and givejustification for each.

(i) Theanglebetween atangent to acircleand theradiusdrawn at the point of contactis
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(8 60° (b) 30° (c) 45° (d) 90°

From a point Q, the length of the tangent to acircleis 24 cm. and the distance of Q
from the centreis 25 cm. Theradius of thecircleis

(3 7om (b) 12cm (c) 15cm A
(d) 24.5cm P

If APand AQ arethetwo tangentsacirclewith centre O so that

OPOQ= 110 , then OPAQ isequal to B °

@ 60° (b) 70°

(© 80° (d) 90°

If tangents PA and PB from apoint Pto acirclewith centre O are
inclined to each other at angle of 80°, then OPOA isequal to

(@ b50° (b) 60°
(¢ T70° (d)y 80°
InthefigureXY and X laetwo paralel tangents
to acircle with centre O and another tangent AB

X
A

>

<

®)
@]

with point of contact C intersecting XY at A and
X%y at B then DAOB=

@ 80° (b) 100° J
© 90° (d) 60°

Two concentric circlesof radii 5cmand 3cmaredrawn. Find thelength of
thechord of thelarger circlewhichtouchesthesmaller circle.

Provethat the paralelogram circumscribing acircleisarhombus.

AtriangleABCisdrawnto circumscribeacircleof radius3 cm.

such that the ssgmentsBD and DCintowhich BCisdividedby =~ < ° ™
the point of contact D are of length 9 cm. and 3 cm. respectively (See adjacent figure).
FindthesidesAB and AC.

:«k:m.)'C

Draw acircleof radius6cm. Fromapoint 10 cm away fromits centre, construct the pair
of tangentsto the circleand measuretheir lengths. Verify by using Pythogoras Theorem.

Construct atangent to acircleof radius4cm from apoint onthe concentric circleof radius
6cm and measureitslength. Also verify the measurement by actua calculation.

Draw acirclewith the help of abangle, Takeapoint outsidethecircle. Construct the pair
of tangentsfrom thispoint to the circle measure them. Write conclusion.
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8. InarighttriangleABC, acirdewithasdeAB asdiameter
isdrawn to intersect the hypotenuse ACin P. Prove
that thetangent tothecircleat P bisectstheside BC.

9. Draw atangent toagivencirclewith center Ofroma b P
point ‘R’ outsdethecircle. How many tangentscan be
drawntothecirclefromthat point?
Hint : Thedistance of two pointsto the point of contact
isthesame.

9.4 SEGMENT OF A CIRCLE FORMED BY A SECANT

We have seen aline and acircle. When aline meets a
circleinonly onepoint, itisatangent. A secantisalinewhich
intersectsthecircle at two distinct points and the line segment

between the pointsisachord.

Here‘l’ isthesecant andAB isthechord. A\_/B >

Shankar ismaking apictureby sticking pink
and blue paper. Hemakesmany pictures. Onepicturehemakesisof washbasin.
How much paper does he need to makethispicture? This picture can be seen
in two parts. A rectangle isthere, but what isthe remaining part? It isthe
segment of the circle. We know how to find the areaof rectangle. How dowe
findthe areaof the segment?Inthefollowing discussonwewill try tofind thisarea.

N

Shankar madethefollowing picturesal so.

O] &=

What shapes can they be brokeninto that we can find areaeasily?

Make some more pictures and think of the shapesthey can be divided into different
parts.
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Letsusrecd| theformulaeof the theareaof thefollowing geometricd figuresasgiveninthetable

S.No. Figure Dimensions Area
1. length=1 A=Ilb
breadth="Db
|
2. s Side=s A=¢
1
3. All base=b A= > bh
b
4. @ radius=r A =112
9.4.1. FiNnDING THE AREA OF SEGMENT OF A CIRCLE

Swethamade the segmentsby drawing secantstothecircle.

0]

Asyou know asegment isaregion, bounded by thearc and achord, we can seethearea
that isshaded ([Z]) infig.(i) isaminor segment, semicircleinfig.(ii) and major segmentin

figii).

How do wefind theareaof the segment? Do thefollowing activity.

Takeacircular smaller paper and fold it along with achord than
the diameter and shadethe smaller part asshownininthefigure. What
dowecall thissmaller part?Itisaminor segment (APB). What dowe
call the unshaded portion of thecircle? Obvioudly it isamajor segment

(AQB).

You have already come across the sector and

Q

P

segment in earlier classes. The portion of some unshaded part and shaded
part (minor segment) isasector whichisthecombination of atriangleand

asegment.

Let OAPB beasector of acirclewith centreO and radius‘r’ asshown

inthefigure. Let themeasureof JAOB be‘X .
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You know that area of circlewhen the angle measure at the centreis 360° isTr?
So, when the degree measure of the angle at the centre is 1°, then area of sector is
1° 5
360°
Therefore, when the degree measure of theangle at the centreisx®, the areaof sector is

x° -
360° U

Now et ustakethe case of the areaof the segment APB of acirclewith centre O’ and
radius‘r’, you can seethat

Areaof thesegmentAPB = Areaof the sector OAPB - Areaof AOAB

XO

— 2
=350 X0 area of AOAB

7
';' D
AW' o THIs

1. Findtheareaof sector, whoseradiusis7 cm. withthegivenangle:

I. 60° i 30° . 72° iv. 90° v. 120°
2. Thelength of theminute hand of aclock is14 cm. Find the areaswept by the minute hand
in 10 minutes.

Now, wewill seean exampleto find areaof segment of acircle.

Example-1. Find theareaof the segment AY B shown in the adjacent figure. Givenradiusof the

) . 0 22 A
circleis21cmand 0 AOB =120 (UseTt= = and /3 =1.732)
Solution : Areaof thesegment AYB v 'G
= Areaof sector OAYB - Areaof AOAB =
(6]
Now, area of the sector OAYB = :1)’280 xgx 21x21cm? B

= 462 cm? (1)
For findingtheareaof AOAB,draw OM [ AB asshowninthefigure:-
Note OA = OB. Therefore, by RHS congruence, AAMO 0 ABMO
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A
1
So, M isthe midpoint of AB and 0 AOM = [ BOM = §><1200 =60’ 21¢em.
v 0
Let, OM =xcm 60°
oM 21 cm.
— =cos60°.
So, from AOMA , OA B
X 1 0 1)
L == . C0S60™ ==
o 21 2 [ 2
(2
or, 5

21
So, OM = 7 cm

AM _
Also, —— =sn60°

OA
( )
ﬂ:ﬁ L-.-sin60°:£J
21 2 2
So, AM = 21\/5 cm.
2
Therefore AB =2AM = 2x2143 cm. =21+/3cm

1
So, Areaof AOAB = > xAB xOM
1 21 2
= —><21J§><— cm-”.
2 2

= 4%1\@ cm?. (2

441
Therefore, areaof the segment AYB = (462— T\/é) cm?.
(- from(2),(2)]
_2) (e 2
== (88-214/3) em

= 271.047 cm?
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Example-2. Findtheareaof the segmentsshaded infigure, if PQ=24cm.,PR=7cm. and
22
QRisthediameter of thecirclewith centreO (Takerr:7 )

Solution : Areaof the segments shaded = Areaof sector OQPR - Areaof triangle PQR.
Since QR isdiameter, 1QPR =90° (Angleinasemicircle)
So, using Pythagoras Theorem
In AQPR, QR?> =PQ’+PR?
= 24% + 7°
=576 + 49
=625

QR = .625 =25cm.

1
Thenradiusof thecircle = 7 QR

2
Ll 2®
=35 (25) = 5 cm.
. 1 5
Now, areaof semicircleOQPR = > r
_1,2,25.25
27 2 2
=24553¢cm? ... (1)
. _ 1
Areaof right angledtriangle QPR = 5 x PR x PQ
1 X 7% 24
2
=84cm®> . (2
From (1) and (2),
Areaof the shaded segments =24553 - 84
= 161.53 cm?

Example-3. A roundtabletop hassix equal designsasshowninthefigure. If theradius of the
tabletopis14 cm., find the cost of making the designswith paint at therate of %5 per cm?. (use

J3 =1732)
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Solution : Weknow that theradiusof circumscribing circle of aregular hexagonisequal tothe
length of itsside.

[J Each side of regular hexagon = 14 cm.
Therefore, Areaof six design segments = Area of circle - Areaof the regular hexagon.

Now, Area of circle = 2

22
== x14x14=616cm° ... 1)
7
N
V3,

Areaof regular hexagon = 6 x vy a ‘ )

e X

3
=6x — x14x 14
4

=509.2cm?> ... )
Hence, areaof six designs = 616 - 509.21 (from (1), (2)
= 106.79 cm®.

Therefore, cost of painting the design at therate of 5 per cm?
=3106.79% 5
=3533.95

Exercise - 9.3

1. Inacircleof radius 10 cm, achord subtends aright angle at the centre. Find the area
of the corresponding: (use 1= 3.14)

i.  Minor segment ii. Mg or segment
2. Inadcircle of radius 12 cm, a chord subtends an angle of 120° at the centre. Find the
area of the corresponding minor segment of the circle (uset=3.14 and /3 =1.732)

3. A car has two wipers which do not overlap. Each wiper c
has ablade of length 25 cm sweeping through an angle of
115°. Find the total area cleaned at each sweep of the

22
blades. (use 77=7)

4.  Findtheareaof theshaded regionintheadjacent figure, where
ABCD isasquare of sde 10 cm and semicirclesaredrawn  p|
with each side of the square as diameter (use 1= 3.14)

10 cm.
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5.  Find the area of the shaded region in figure, if ABCD isa
square of side 7 cm. and APD and BPC are semicircles.

2
A (use 77=—)

C 6. Infigure, OACB isaquadrant
of acircle with centre O and A

2em radius 3.5 cm. If OD = 2 cm,

find the area of the shaded region.

22
o 35cm B (use ”‘7)

7.  AB and CD are respectively arcs of two concentric circles of
radii 21 cm and 7 cm with centre O (See figure). If DAOB =

22
30°, find the area of the shaded region. (use 77= 7)

D, C

£ 8. Calculatethe areaof the designed region in figure, common

S between the two quadrants of the circles of radius 10 cm each.
(useti=3.14)

A 10cm. B

OpTIONAL EXERCISE
[For extensive L ear ning]

1. Provethat the angle between thetwo tangentsdrawn from an externa pointtoacircleis
supplementary to the angle subtended by the line - segment joining the pointsof contact
at the centre.

2. PQ is achord of length 8cm of a circle of radius 5cm.
Thetangentsat Pand Qintersect at apoint T (Seefigure).
Find thelength of TP.

3. Provethat opposite Sdes of aquadrilatera circumscribing a | Q
circlesubtend supplementary anglesat thecentreof thecirdle. !

4. Draw aline segment AB of length 8cm. Taking A as
centre, draw acircle of radius4cm and taking B ascentre,
draw another circle of radius 3cm. Construct tangentsto
each circle from the centre of the other circle.
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5. LetABCbearighttriangleinwhichAB =6cm, BC=8cmand 0B =90°. BDisthe

perpendicular from B on AC. The circle through B, C, D isdrawn. Construct the
tangentsfrom A to thiscircle.

6. Findtheareaof the shaded regioninthefigure, given in which

two circleswith centresA and B touch each other at the pOI ntC. If i e e e e e |
AC=8cm andAB =3cm. - <

7. ABCD is a rectangel
withAB =14cm and BC
=7 cm. Taking DC, BC
and AD as diameters, three semicircles are
drawn as shown in the figure. Find the area of
the shaded region.

~ WHaT WE Have Discusseb

In this chapter, we have studied the following points.

. A tangent to acircleisaline which touches the circle at only one point.

. Thetangent at any point of acircleis perpendicular to the radius through the point of

contact.

. Thelengthsof thetwo tangentsfrom an externa pointtoacircleareequal.

. Welearnt

a) To congtruct atangent to acircleat agiven point when the centre of the circleisknown.

b) To construct thepair of tangentsfrom an externa pointtoacircle.

. A secantisalinewhichintersectsthecircleat two distinct points and the line segment

between the pointsisachord.

. Areaof segment of acircle=Areaof the corresponding sector - Areaof the corresponding

triangle.
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CHAPTER
O Mensuration

10.1 INTRODUCTION

Inclasses VIII and X, we have learnt about surface area and volume of regular solid
shapes. We used themin real life situations and i dentified what we needed and what wasto be
measured or estimated. For example, to find the quantity of paint required to whitewash aroom,
we need the surface areaand not the volume. To find the number of boxesthat would contain a
quantity of grain, we need the volume and not the area.

1. Consderthefollowing Situations. In eachfind out whether you need to find volume or
areaand why?

i.  Quantitiy of water insdeabottle. . Canvasneeded for making atent.
iii. Number of bagsinsidethelorry. V. Gasfilledinacylinder.
V. Number of match sticksthat can be put in the match box.

2. State5more such examplesand ask your friendsto choose what they need?

We see so many things of different shapes (combination of two or moreregular solids)
around us. Houses stand on pillars, torage water tanksare cylindrica and are placed on cuboidal
foundations, acricket bat hasacylindrical handle and aflat main body, etc. Think of different
objectsaround you. Some of these are shown below:

SR
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You havelearnt how to find the surface areaand volume of singleregular solidsonly. We
can however seethat other objects can be seen as combinations of the solid shapes. So, their
surface areaand volume we now haveto find. The table of the solid shapes, their areas and
volumesaregivenlater.

1. Breakthepicturesinthepreviousfigureinto solidsof known shapes.

2. Think of 5moreobjectsaround you that can be seen asacombination of shapes. Name
the shapesthat combined to makethem.

Let usrecdl the surface areasand volumesof different solid shapes.

S. | Name of Figure [Lateral/Curved| Total surface | Volume | Nomen-

No.| thesolid surface area area clature

1 Cuboid @h 2h(1+b) 2(Ib+bh+hl) Ibh I:length

[ b:breadth
h:height

2 Cube a 4a° 6a’ a’ a:side of

P the cube
3 Right Perimeter of base | Lateral surface | areaof base -
prism @ x height area+2(areaof x height
the end surface)

4. | Regular 2rrh 2rr(r+h) r’h r:radius of
circular h the base
Cylinder = h:height

. slant 1 . 1
5 Right height /\\heightf 5 (perimeterof | Lateral surfaces | 3 areaof -
pyramid base) x slant areat+area of the base
height the base x height
6. Right vl r(l+r) 1mw?h | rradiusof
; ; [
circular h the base
cone r h:height
I:slant height
~ 2 2 4 _3 i .
7. Sphere v 4r 4mv 3 r:radius
I
8. | Hemisphere 2m? 3m? Zmd riradius
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Now, let ussee someexamplestoillustrate the method of finding CSA, TSA of theshapes
giveninthetable.

Example-1. Theradiusof aconical tentis7 metersanditsheight is 10 meters. Calculatethe

22
length of canvas used in making thetent if width of canvasis2m. [USET[ :7}

Solution: Theradiusof conical tentisgiven(r) = 7 metres
Height(h) =10m.

[ So,theslant height of theconel>=r+h? [0 | = \[;2 42

= 449+100
= /149 =12.2m.
Now, Surface area of the tent = 1l
=2, 7 x12.2 m?
7
10
= 268.4 1M, m
Areaof canvasused = 268.4m?
Itisgiventhewidth of the canvas=2m 7m
Area  268.4
= = =134.2m
Length of canvasused width 5

Example-2. Anoil drumisintheshapeof acylinder having thefollowing dimensions. diameter
is2m. and heightis7 m. Thepainter charges 3 per m?to paint the drum. Find the total
chargesto be paid to the painter for 10 drums?

Solution: Itisgiventhat diameter of the (ail drum) cylinder=2m.
' . d 2

Radiusof cylinder=—-=—-=1m

2 2 !

Tota surfaceareaof acylinderical drum=2rwr(r + h) m

= 2x27_2x1(1+7)

:2)(7)(8 o -
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= 3—32 m?. = 50.28 m?
Thetotal surfaceareaof adrum =50.28 m?
Painting charge per 1n? = 33
Cost of painting of 10drums =50.28 x3x10
=31508.40

Example-3. A sphere, acylinder and aconeare of the sameradiusand same height. Find the
ratio of their curved surface areas.

Solution : Let r bethecommon radius of asphere, aconeand cylinder.
Height of sphere=itsdiameter = 2r.
Then, the height of the cone= height of cylinder = height of sphere.
=2r.

Let | betheslant height of cone= /2 4 p2

= Jr?+(2r)? =+f5r

S, = Curved surface area of sphere = amr?

S, = Curved surface area of cylinder, 2rrh = 2rr x2r = 41r?
S, = Curved surface areaof cone=1rl = 1r x \/5r= /57r?
-+ Ratioof curved surfaceareais
S,:S,:S; =4mw?: 4m? : 51w’
=4:4: 5
Example-4. A company wantsto manufacture 1000 hemispherical basinsfrom athin steel

sheet. If theradiusof eachbasinis21 cm., find theareaof steel sheet required to manufacturethe
abovehemispherica basins?

Solution : Radiusof the hemispherical basin (r) =21 cm
A

Surfaceareaof ahemispherica basin

= 2><§x21 x 21

= 2772 cm?.
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Hence, areaof the steel sheet required for onebasin = 2772 cm?

Tota areaof steel sheet required for 1000 basins = 2772 x 1000

= 2772000 cm?

=277.2m?

Example-5. Aright circular cylinder has baseradius 14cm and height 21cm.

Findits (i) Areaof base (or areaof each end) (i1) Curved surface area

(iii) Total surfaceareaand (iv) Volume.

Solution: Radiusof thecylinder (r) = 14cm

Height of thecylinder (h) =21cm

22
Now (i) Areaof base(areaof eachend) Tr?= = (14)
= 616 cm?

22
(i) Curvedsurfacearea=2rrh=2x 7 14x21

= 1848cm?.

e —

(i) Total surfacearea = 2xareaof thebase + curved surface area
= 2 x 616 + 1848 = 3080 cm”.

(iv) Volumeof cylinder = 1r?h = areaof thebasex hei ght

=616 x 21 = 12936 cm°.

Example-6. Findthevolumeand surface areaof asphere of radius2.1cm (1= —-

Solution : Radiusof sphere(r) =2.1cm
Surface areaof sphere = 4mr?

= 4)(%)((21) =4 gxé E‘
7 10 10

= —1386 =55.44 cm?

25

x% x(2.1)°

3 =

wlh

4
Volume of sphere = 5”
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- g"% x2.1x2.1x2.1 =38.808cm®.

Example-7. Find the volume and the total surface area of a hemisphere of radius 3.5 cm.
3
m=—
7

7
Solution : Radiusof sphere(r)is3.5cm= 5 om

2
Volume of hemisphere= 2 T ¥

= Exgxzxzxz :@ =89.83 cm®
3 7 2 2 2 6
Total surface area= 31
= 32l l _ 2B g o
7 272 TTp THemM

: Exercise - 10.1

cm. Find the areaof the sheet required to make 10 such caps.

2. A sportscompany wasordered to prepare 100 paper cylindersfor packing shuttle cocks.
Therequired dimensionsof the cylinder are 35 cm length /height and itsradiusis 7 cm.
Find thereguired areaof thick paper sheet needed to make 100 cylinders?

3. Findthevolumeof right circular conewith radius6 cm. and height 7cm.

4. Thelaterd surfaceareaof acylinder isequal to the curved surfaceareaof acone. If their
basesbethesame, find theratio of the height of the cylinder to the dant height of the cone.

o1

. Asdf help group wantsto manufacturejoker’scapsof 3cm. radiusand 4 cm. height. If the
available paper sheet is1000 cm?, then how many caps can be manufactured from that
paper sheet?

[o2]

. A cylinder and cone have bases of equal radii and are of equal heights. Show that their
volumesareintheratioof 3:1.

7. Theshapeof solidironrodisacylindericd. Itsheightis11 cm. and base diameter is7cm.
Thenfind thetotal volumeof 50 suchrods.

Free Distribution by T.S. Government 2018-19



Mensuration 255

8. A heapof riceisintheform of aconeof diameter 12 m. and height 8 m. Finditsvolume?
How much canvasclothisrequired to cover the heap ? (Use = 3.14)

9. Thecurved surfaceareaof aconeis4070 cm? and itsdiameter is70 cm. What isitssant
height?

10.2 Surrace AREA oF THE COMBINATION OF SoLips

We have seen solidswhich are made up of combination of solidsknown like
sphere cylinder and cone. We can observein our real lifea so likewooden things,
house items, medi cine capsules, bottles, oil-tankersetc., We eat ice-cream in our
daily life. Canyoutedl how many solid figuresarethereinit?1tisusua ly made up of
coneand hemisphere.

L etstake another example, an oil-tanker /
water-tanker. Isit asingle shaped object? You
may guessthat it ismade up of acylinder with
two hemisphereat it ends.

If, for some reason you want to find the
surface areas or volumes or capacities of such
objects, how would you doit?Wecannot classify
these shapesunder any of the solidsyou have already studied.

Aswe have seen, the oil-tanker was made up of acylinder with two hemispheresstuck at
either end. Itwill ook likethefollowing figure:

If we consder the surface of the newly formed
object, we would be able to see only the curved

surfacesof thetwo hemisphereand the curved surface
of thecylinder.

TSA of new solid=CSA of onehemisphere+ CSA of cylinder + CSA of other hemisphere

Here TSA and CSA stand for ‘ total surface areal and ‘ curved surface area’ respectively.
Now let uslook at another example.

Devarshawantsto makeatoy by putting together ahemisphereand acone. Let usseethe
stepsthat he should be going through.
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Firgt, heshould take aconeand hemisphereof equa radii and bring their flat facestogether.
Here, of course, he should takethe base radius of the cone equal to theradius of the hemisphere,
for thetoy isto have asmooth surface. So, the stepswould be as shown below:

Sep-1 Sep-2 @

Attheend, hegot aniceround-bottomed toy. Now, if hewantsto find how much paint he

isrequired to colour the surface of thetoy, for thishe needsto know thetotal surfaceareaof the
toy, which consists of the CSA of the hemisphere and the CSA of the cone.

TSA of thetoy = CSA of hemisphere+ CSA of cone

- Useknown solid shapes and make as many objects (by combining morethan two) as
possiblethat you comeacrossinyour daily life.

[Hint : Useclay, or balls, pipes, paper cones, boxeslike cube, cuboid etc]

« THINK AND Discuss

A sphereisinscribed inacylinder. Isthe surface of the sphere equa to
the curved surface of thecylinder? If yes, explain how?

Example-8. A right triangle, whose base and height are 15 cm. and 20 cm. respectively is
madeto revolve about itshypotenuse. Find thevolumeand surface areaof the double coneso
formed.

Solution : Let ABC betheright angled triangle such that
AB =15cmandAC=20cm
Using Pythagorastheoremin AABC wehave
BC?=AB%+AC?
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BC? = 157 + 20°

BC? = 225 + 400 = 625

BC= /625 =25cm.

Let OA=xand OB =Y.

IntrianglesABO and ABC, wehave 1 BOA= O BACand 0 ABO=[10ABC
So, by angle- angle- criterion of similarity, wehave ABOA ~ABAC

rererore, BO = OA _BA
rE0r& BA T AC T BC
y_x_1B
=~ 15 20 25
y_x_3
~ 15 20 5
l:E dl:g
=15 5395 5

3 3
=—x15 X==x%x20
=Y 5 and 5

= y=9 and x=12.
Thus, wehave
OA =12cmand OB =9cm
AlsoOC=BC-0OB=25-9=16cm

When the ABC is revolved about the hypotenuse. we get a double cone as shown in
figure

Volume of the double cone=volumeof thecone CAA’ + volumeof theconeBAA’

= %TI(OA)2 ><Oc:+:—13 TtOA)? OB | Note:
1 2
=192 a6 +L a2 5n(OA )(OC+OB)
3 3
1 22
1 _1.22 .
= 5n><144(16 +9) 37 x12° x(16 +9)
1 22
=1><3.14><144 ><250m3 = Zx—=x144 x25
3 3 7
= 3768 cm°.
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Surface areaof the doubled cone = (Curved surface areaof cone CAA’)

= 420 Tom?
= 420 % % cm?

= 1320 cm?.

+ (Curved surfaceareaof coneBAA')
= (mxOAxAC) + (Tx OAxAB)
= (Mx12x20) + (Tx12x15) cm?

Example-9. A woodentoy rocket isinthe shape of aconemounted onacylinder asshownin
theadjacent figure. The height of theentirerocket is26 cm, whilethe height of theconical partis
6cm. The base of the conical position hasadiameter of 5 cm, whilethe base diameter of the
cylindrical portionis3 cm. If theconical portion isto be painted orange and the cylindrical
portionisto be painted yellow, find the areaof the rocket painted with each of these color (Take

n=3.14)

Solution : Let ‘r’ betheradiusof the base of the coneanditsslant height be‘l’. Further, letr,

betheradiusof cylinder and h, beitsheight
Wehave,
r=25cm, h =6cm.
r,=15cm. h;=20cm.

Now, | =/r2+h?
= | =/(25) +62

| =6.25+36 =/42.25 =6.5
Now, areato bepainted orange

CSA of the cone + base area of the cone -
base areaof thecylinder

i + 12 - T[I‘12

= T{ (25 % 6.5) + (25)%- (1L5)% cm?
T(20.25) cm? = 3.14 x 20.25 cm?
63.585 cm?
Areato bepainted yellow

26

<m

—_—
- ~<

Base of cylinder

Base of cone

= Curved surfaceareaof thecylinder + Areaof the base of thecylinder

=21 h, + T2
= 1w, (2h, +1)

|

Scm

l
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=3.14 x 1.5 (2x20+1.5) cm?
=3.14 x 1.5 x 41.5 cm?
=471 x 41.5cm?
= 195.465 cm?.
Therefore, areato be painted yellow = 195.465 cm?

Exercise - 10.2

1. Atoyisintheform of aconemounted on ahemisphere. Thediameter of thebaseand the
height of the coneare 6 cmand 4 cm respectively. Determinethe surfaceareaof thetoy.
[use 1= 3.14]

2. A solidisintheformof aright circular cylinder with ahemisphereat oneend and aconeat
theother end. Theradiusof thecommon baseis8 cm. and the heights of thecylindrical
and conical portionsare 10 cm and 6 cm respectivly. Find thetotal surface areaof the
solid. [uset=3.14]

<

3. A medicinecapsuleisintheshapeof acylinder withtwo 14 mm
hemispheres stuck to each of itsends. Thelength of the
capsuleis 14 mm. and the thicknessis 5 mm. Find its
surfacearea.

h 4

=5 mm—

4. Two cubeseach of volume64 cm® arejoined end to end together. Findthesurfacearea
of theresulting cuboid.

5. A storagetank consistsof acircular cylinder with ahemisphere stuck on either end. If the
externd diameter of thecylinder be 1.4 m. anditslength be 8 m. find the cost of painting it
ontheoutside at rate of 320 per m?.

6. A sphere, acylinder and acone have the sameradiusand sameheight. Find theratio of
their volumes.

[Hint : Diameter of the sphereisequal to the heightsof the cylinder and the cone.]

7. A hemisphereiscut out from oneface of acubica wooden block suchthat
thediameter of the hemisphereisequal to the side of the cube. Determine

thetotal surfaceareaof theremaining solid. \—/

—————

8. A wooden articlewas made by scooping out ahemipherefrom each end of
asolid cylinder, asshowninthefigure. If theheght of thecylinderis10cm.
and itsradius of the baseis of 3.5 cm, find the total surface area of the
atcdde. T

e e e
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10.3 VorLume oF ComBINATION OF SoLips

Let us understand volume of a combined solid
throughanexample.

Suresh runsan industry in ashed whichisinthe
shapeof acuboid surmounted by ahdf cylinder. Thebase
of theshedisof dimensions7 m. x 15m. and the height of
thecuboida portionis8 m. Findthevolumeof air that the
shed can hold? Further supposethe machinery inthe shed
occupiesatotal spaceof 300 m?> and thereare 20workers,
each of whom occupies about 0.08 m3 space on an
average. Thenhow muchairisintheshed ?

Thevolumeof air insidethe shed (whenthereare
neither people nor machinery) isgiven by thevolume of
air inside the cuboid and inside the half cylinder taken
together. Thelength, breadth and height of the cuboid are

8 m.

——7-m——

15m., 7m. and 8 m. respectively. Alsothediameter of thehalf cylinderis7 m. anditsheightis

15m.

1
So therequired volume = volume of the cuboid + >

= 15x7x8+1x2 SLANLE x5 |m?
2 7 2 2

= 1128.75m°.

Next, thetoa space occupied by the machinery
=300m®

And thetotal space occupied by theworkers
=20%0.08m*
=1.6m°

volume of thecylinder.

Therefore, thevolumeof theair, insde the shed when there are machinery and workers
= 1128.75 - (300.00 + 1.60)
= 1128.75 - 301.60 = 827.15 m°

Note: Incalculating thesurface areaof combination of solids, we can not add the surface areas
of the two solids because some part of the surface areas disappearsin the process of joining
them. However, thiswill not bethe casewhenwe cal culatethevolume. Thevolumeof thesolid
formed by joining two basic solidswill acutally bethe sum of the volumesof the congtituentsas

seenintheexampleabove.
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1. If thediameter of the cross- section of awireisdecreased by 5%, by what percentage
should thelength beincreased so that the volume remainsthe same ?

2. Surfaceareasof asphereand cubeareequal. Thenfind theratio of their volumes.

L et us see some more exampl es.

Example-10. A solidtoy isintheform of aright circular cylinder with hemispherica shapeat
one end and acone at the other end. Their common diameter is4.2 cm and the height of the
cylindrical and conical portionsare 12cm and 7cm respectively. Find thevolumeof thesolid toy.

(Usenzgj
7

Solution : Let height of theconical portionh; =7cm
Theheight of cylindrical portion h,=12cm

, 4.2 21
Radius(r) = > =21=—cm

Volumeof thesolid toy
=Volume of the Cone + Volumeof the Cylinder + VVolume of the Hemisphere.

1_o 2 2 3
= TUr + 1T +— T
3 N k 3

TrrZBhl +h, +§r}

2
:gxgL x1x7+12+gxé‘ 7 j;
7 \10 3 3 10

22 441 [7 12 7 "
= — X——X
7 100 |3 1 5

_2 x441x_35+180+21
7 100 | 15

2.1'cm.
*

22 441 236 _ 27258
= X X =

== =218.064 cm®.
7 100 15 125
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Example-11. A cylindrical container isfilled with ice-cream whose diameter is 12 cm. and
heightis15cm. Thewholeice creamisdistributed to 10 childrenin equal conesfilled
making hemispherical tops. If theheight of theconica portionistwicethediameter of its
base, find the diameter of theice cream cone.

Solution : Let theradiusof the base of conical icecream=xcm
O diameter =2xcm
Then, theheight of the conical icecream
=2 (diameter) =2(2x) =4xcm
Volumeof icecream cone

= Volumeof conica portion +Volume of hemispherical portion
X cm.

1
3 3 dx cm.

Diameter of cylindrical container =12cm
Itsheight (h) =15cm
0 Volumeof cylindrical container = r?h
= 1(6)? 15
= 5401 em’

Number of childrentowhomicecreamisgiven=1

Volumeof cylindrical container

- 10
Volume of one icecreamcone

5401t
= one

21¢C x 10 = 5407

540
3

X° = =27

= 2x10

Free Distribution by T.S. Government 2018-19



Mensuration 263

= X3 = 27
= xX>=33
= X=3
O

Diameter of ice cream cone 2x = 2(3) = 6cm

Example-12. A solid consisting of a right circular cone standing on a hemisphere, is
placed upright in aright circular cylinder full of water and touches the bottom. Find
the volume of water |eft in the cylinder, given that the radius of the cylinder is 3 cm.
and itsheight is6cm. Theradius of the hemisphereis2 cm. and the height of the cone
is4cm.

(Take T :gj
7 |

Solution : Inthefiguredrawn here,
ABCD isacylinder, LMN hemisphere and OLM acone

We know that when a solid is immersed in the water, then

D o C
water displaced equal to the volume of the solid.
Volume of the cylinder = m’h=mx 32 x 6=54 1M’
2 2 16
Volume of the hemisphere= §T1T3 =3 X 7003 = TmS
4
1 1 16
Volume of the cone = §Tlr2h =3 xTIR% 4 = Tm> . y
2
. 16 16 A B
Volume of the solid figure =3 +—nm
32
- —T
3

Volume of water |eft in the cylinder

=Volume of Cylinder - Volume of solid figure immersed

_ oy 32T

= TT 3

_ 1e2m-32m_130m
3 3
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10,22 200 s

Example-13. A cylindrical pencil is sharpened to produce a perfect cone at one end with
no over al loss of itslength. The diameter of the pencil is 1cm and the length of the
conical portion is 2cm. Calculate the volume of the peels. Give your answer correct

355
to two placesif it isin decimal {use T :1—13} :

A
£
Solution : Diameter of the pencil = 1cm o)
So, radius of the pencil (r) =0.5cm
Length of the conical portion=h=2cm
Volume of peels=Volume of cylinder of length 2 cm and base radius 0.5 cm.
— volume of the cone formed by this cylinder
_ w?h -2 12h =2 wh
3 3
lcm.
_ 2430 x(0.5)>x2 cm® = 1.05 cm?®
3 113

Exercise-10.3

1. Anironpillar consistsof acylindrical portion of 2.8 m height and 20 cmin diameter
and a cone of 42 cm height surmounting it. Find the weight of the pillar if 1 cm® of
iron weighs7.5g.

2. A toy ismade in the form of hemisphere surmounted by aright cone whose circular
base isjoined with the plane surface of the hemisphere. Theradius of the base of the

3
coneis7 cm anditsvolumeis > of the hemisphere. Calculate the height of the cone

1
and the surface area of the toy correct to 2 places of decimal (Take m :3;j .

3. Find the volume of thelargest right circular cone that can be cut out of a cube whose
edgeis7cm.

Free Distribution by T.S. Government 2018-19



Mensuration 265

4. A cylinderical mug of radius 5cm and height 9.8 T 3OS
cmis full of water. A solid in the form of right
circular cone mounted on a hemisphere is 4c
immersed into the mug. The radius of the
hemisphereis 3.5 cm and height of conical part 5
4c¢

(C\ /

cm. Find the volume of water left in the tub
(Taken:gj /\
ok
5. Intheadjacent figure, theheight of asolid cylinder
| g g cy —

m

m.
is10 cm and diameter is7cm. Two equal conical o
holes of radius 3cm and height 4 cm are cut off as shown thefigure. Find thevolume
of theremaining solid.

10ecme—

6. Spherical marbles of diameter 1.4 cm are dropped into a cylindrical beaker of
diameter 7 cm, which contains somewater. Find the number of marblesthat should
be dropped in to the beaker, so that water level rises by 5.6 cm.

7. A pen stand ismade of wood in the shape of cuboid with three conical depressionsto
hold the pens. The dimensions of the cuboid are 15cm by 10 cm by 3.5 cm. The
radius of each of the depressionis0.5 cm and the rvolume of
wood in the entire stand.

10.4 CoNVERSION OF SoLiD FRom ONE SHAPE TO
ANOTHER

A women self help group (DWACRA) prepares candles by
melting down cuboid shape wax. In gun factories spherical
bullets are made by melting solid cube of lead, goldsmith
prepares various ornaments by melting cubiod gold biscuts. In
all these cases, the shapes of solids are converted into another
shapes. In this process, the volume aways remains the same.

How does this happen? If you want a candle of any special shape, you haveto heat the wax
in metal container till it is completely melted. Then you pour it into another container
which has the special shape that you wanted.
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For example, lets us take a candle in the shape of solid cylinder, melt it and pour
whole of the molton wax into another container shaped like a sphere. On cooling, you will
obtain acandlein the shape of the sphere. The volume of the new candle will be the same
as the volume of the earlier candle. Thisis what we have to remember when we come
across objects which are converted from one shape to another, or when a type of liquid
which originally filled a container of a particular shape is poured into another container of
adifferent shape or size as you observe in the following figures.

7 THINK AND Discuss

———
Which barrel shown inthe adjacent figure
can hold more water? Discuss with your friends.
4 E j
— ——
1 4

To understand what has been discussed, let us consider some examples.

Example-14. A cone of height 24cm and radius of base 6cm is made up of modelling clay.
A child mouldsit in the form of asphere. Find the radius of the sphere.

1
Solution : Volume of cone= 5><T[><6 x6 x24cm?

4
If ristheradius of the sphere, thenitsvolumeis §TIT3

Sincethevolumeof clay intheform of the coneand the sphereremainsthe same, we have

ﬂT|r3 = }n X 6 x 6 x 24

3 3
rP=3x3%x24=3x3x3x8
rP=33x 23
r=3%x2=6

Therefore the radius of the sphereis 6¢cm.
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A copper rod of diameter 1 cm. and length 8 cm. isdrawn into awire of length 18m
of uniform thickness. Find the thickness of the wire.

2. Pravali’shouse has awater tank in the shape of acylinder ontheroof. Thisisfilled
by pumping water from a sump (an under ground tank) which is in the shape of a
cuboid. Thesump hasdimensions1.57 m. x1.44m. x 1.5m. The water tank has
radius 60 cm. and height 95 cm. Find the height of thewater |eft in the sump after the
water tank has been completely filled with water from the sump which had been full
of water. Compare the capacity of the tank with that of the sump. (1= 3.14)

Example-15. Thediameter of theinternal and external surfaces of ahollow hemispherical
shell are 6 cm. and 10 cm. respectively. It is melted and recast into a solid cylinder of
diameter 14 cm. Find the height of the cylinder.

10
Solution : Outer radiusof hollow hemispherica shell R = —=5cm

Ll

i . . 6 10/cm. 6 cm.

Interna radiusof hollow hemispherical shell (r) = 5= 3cm. \\J
Volumeof hollow hemispherica shell

= Externa volume- Interna volume

3

“2nR® -2 gy
3 3
=§n(R3 -r3) ~— T T T
2 3 h
== -3
3 ( )
2 < v
= (125 -27)
3
= E1T><980m3 = @Tcm3 (1)
3 3

Since, this hollow hemispherical shell is melted and recast into a solid cylinder. So
their volumes must be equal

Diameter of cylinder = 14 cm. (Given)

So, radius of cylinder =7 cm.
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Let the height of cylinder =h
0 volumeof cylinder = r’h
=TIx 7 x 7% hcm® =49mh cm® (2
According to given condition
volume of hollow hemispherical shell = volume of solid cylinder

196

Tn =49 1h [From equatiion (1) and (2)]
ho 196 _4
= 3x49 3

Hence, height of the cylinder = 1.33 cm.

Example-16. A hemispherical bowl of internal radius 15 cm containsaliquid. Theliquid
isto befilled into cylindrical bottles of diameter 5cm and height 6 cm. How many bottles
are necessary to empty the bowl ?

2
Solution : Volume of hemisphere= §Ttr3

Internal radius of hemispherer =15 cm
O volume of liquid contained in hemispherical bowl

- %T[(15)3 cm?

2250 Trem”,
Thisliquidisto befilled in cylindrica bottles and the height of each bottle (h) =6 cm.

5
Andradius (R) = 5 cm

O Volumeof 1 cylindrical bottle = TR?h
2
{3
2

= nxé x6cm’ NE ncm®
4 2
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Volume of hemispherical bowl
Volume of 1 cylindrical bottle

Number of cylindrical bottles required=

2250 _ 2x2230

75 75
T

2

=60,

Example-17. Thediameter of ametallic sphereis6cm. It ismelted and drawn into along
wire having acircular cross section of diameter as 0.2 cm. Find the length of the wire.

Solution : We have, diameter of metallic sphere = 6cm
0 Radiusof metallic sphere = 3cm

Also, we have,

s [ 10.2.cm.

Diameter of cross - section of cylindrical wire=0.2 cm.

Radius of cross section of cylinder wire = 0.1 cm.

Let thelength of wirebel cm.

Since the metallic sphere is converted into a cylidrical shaped wire of length h cm.

0 Volume of the metal used inwire = Volume of the sphere

1tx(0.1)? xh :g x 08

2
T[X(ij xh _4 XTUR7
10 3

nxixh =361
100

3611 X100
h=———an
T
=3600cm =36m

Therefore, the length of thewireis 36 m.
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Example-18. How many spherical balls can be made out of a solid cube of lead whose
edge measures 44 cm and each ball being 4 cm. in diameter.

Solution : Side of lead cube = 44 cm.

4
Radiusof spherical ball = - com. =2cm. —_— @

4
Now volume of aspherical ball = g"f3

= 4228 o
3 7

422

=~ x=Z=x8cm®
3 7

Let the number of ballsbe ‘X’ .

4 22
Volumeof x spherical ball = 3% 7><8 xx cm®
Itisclear that volume of x spherical balls= Volume of lead cube

= A Pygxx = (44)°
3 7

= gx§x8xx:44x44x44

y = 44 x 44 x 44 X3 X7 K @5
4% 22%8 e o g
X =2541
Hence, total number of spherical balls=2541.

Example-19. A women self help group (DWACRA) issupplied arectangular solid (cuboid
shape) of wax block with dimensions 66 cm., 42 cm., 21 cm., to prepare cylindrical candles
each 4.2 cm. indiameter and 2.8 cm. of height. Find the number of candles.

Solution : Volume of wax intherectangular solid = Ibh
= (66 x42x21) cm®.

4.2
Radius of cylindrical candle = - cm. =2.1cm.

Height of cylindrical candle = 2.8 cm.
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Volume of candle = 1r?h

= §><(2.1)2 x2.8

Let x be the number of candles
22
Volumeof x cylindrical wax candles= 7><2.1>< 2.1x2.8xx

Volumeof x cylindrical candles=volumeof wax in rectangular shape

U %ZX 2% 2% 28 x 6& 4% 21

_ 66%42x21x7 N
22x2.1%x2.1x2.8

= 1500

Hence, the number of cylindrical wax candles can be prepared is 1500.

2 Exercise - 10.4

A metallic sphere of radius 4.2 cm is melted and recast into the shape of acylinder of
radius6cm. Find the height of thecylinder.

Threemetallic spheresof radii 6 cm, 8 cmand 10 cm respectively are melted together to
formasinglesolid sphere. Find theradiusof theresulting sphere.

A 20mdeep well of diameter 7 misdug and the earth got by diggingisevenly spread out
toformarectangular platformof base22m x 14 m. Find the height of the platform.

A well of diameter 14 misdug 15 m deep. The earth taken out of it has been spread
evenly toformcircular embankment dl around thewall of width 7m. Find theheight of the
embankment.

A container shaped aright circular cylinder having diameter 12 cmand height 15 cmisfull
of ice cream. The icecream is to be filled into cones of height 12 cm and diameter
6 cm, making ahemispherica shapeonthetop. Find the number of such coneswhich can
befilled withicecream.

How many silver coins, 1.75 cmin diameter and thickness 2 mm, need to be melted to
formacuboid of dimensions5.5cm x10cm x 3.5cm?

A vessd isintheform of aninverted cone. Itsheightis8 cm. andtheradiusof itstopis5
cm. Itisfilled with water up to therim. When lead shots, each of which isasphere of

1
radius 0.5cm are dropped into the vessel, n of thewater flowsout. Find the number of
lead shots dropped into the vessel.
A solid metallic sphere of diameter 28 cm is melted and recast into a number of

2
smaller cones, each of diameter 4§ cmand height 3cm. Find the number of conesso
formed.
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= OpTionAL EXERCISE
[For extensive L earning]

1.  Agolf bal hasdiameter equal to 4.1 cm. Itssurface has 150 dimpleseach of radius2 mm.
Cdculaetotd surfaceareawhichisexposed to the surroundings. (Assumethat thedimples

22
aredl hemispherical) {”: 7}

2. Acylinder of radius 12 cm. containswater to adepth of 20 cm. Whenaspherical iron ball
isdropped into the cylinder and thusthe level of water israised by 6.75 cm. Find the

22
radiusof theball. {”:7}
3. Asolidtoyisintheformof aright circular cylinder with ahemispherica shapeat oneend
and aconeat theother end. Their common diameter is4.2 cm. and height of thecylindrica
and concial portion are 12 cm. and 7 cm. respectively. Find the volume of the solid

=2
toy. 5

4.  Threemeta cubeswith edges15cm., 12 cm. and 9 cm. respectively are melted together
and formed into asingle cube. Findthe diagonal of thiscube.

5. Ahemispherica bowl of internd diameter 36 cm. containsaliquid. Thisliquidisto befilled
incylindrical bottlesof radius 3 cm. and height 6 cm. How many bottlesarerequired to
empty the bowl?

Suggested Projects

T.SA,L.SAand volume (packingtype)
e Havingequd vaueand different TSA for cuboid.

e Havingdifferent TSA and different volumefor cuboid
Inthe above situation when the cuboi d has maximum volumeand maximum TSA.

W&WHAT WE Have Discussep.

1.  Thevolume of the solid formed by joining two or more basic solidsis the sum of the
volumesof the congtituents.

2. Incaculating the surface areaof acombination of solids, we can not add thesurface area
of thetwo constituents, because some part of the surface areadisappearson joining them.
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CHAPTER
1 1 Trigonometry

11.1 INTRODUCTION

We havelearnt about trianglesand their propertiesin previous
classes. There, weobserved different daily lifestuationswheretriangles

areused.
Let'sagainlook at someof thedaily lifeexamples.

° Electric polesare present everywhere. They areusudly erected
by using ametal wire. The pole, wireand theground forma
triangle. But, if thelength of thewire decreases, what will be
the shape of thetriangleand what will betheangleof thewire
withtheground ?

° A personiswhitewashingawal with thehelp of aladder which
iskept asshown inthe adjacent figureon
|eft. If the person wantsto paint at ahigher position, what will the
person do? What will bethe changeinangleof theladder withthe

ground ?

@ Inthetempleat JainathinAdilabad district, whichwasbuiltin
13" century, thefirst raysof the Sunfall at thefeet of theldol of
SuryanarayanaSwami inthemonth of December. Thereisardation
between distance of Idol from the door, height of the hole on the
door from which Sunraysare entering and angle of sunraysinthat
month. Isthereany triangleforming inthiscontext?

° Inaplay ground, childrenlike
to slide on slider and dlider is A
on adefined anglefrom earth. >
What will happen tothedider if A
we change the angle? Will 20
children still beableto play on e T =
it?
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Theabove examplesaregeometricaly showing theapplication part of trianglesinour daily
lifeand we can measurethe heights, distances and slopesby using the propertiesof triangles.
Thesetypesof problemsarepart of ‘trigonometry’ which isabranch of mathematics.

Now look at the example of a person who is white washing the wall with the help of

aladder as shown in the previous figure. Let us observe the following conditions.

We denote the foot of the ladder by A and top of it by C and the point of joining
height of the wall and base of the ladder as B. Therefore, AABC isaright angled triangle
with right angle at B. The angle between ladder and base is said to be 6.

1. If the person wants to white
wash at a higher point on the
wall-

@ What happensto theangle
made by theladder withthe
ground?

® What will bethechangein
thedistanceAB?

2. If the person wants to white
wash at a lower point on the
wal-

@ What happensto the angle made by the ladder with the ground?
® What will bethechangeinthedistanceAB?

We have observed in the above exampl e of aperson who waswhite washing. When he
wantsto paint at higher or lower points, he should changethe position of ladder. So, when‘0' is
increased, the height al so increases and the base decreases. But, when 8 isdecreased, the height
also decreases and the base increases. Do you agree with this statement?

Here, we have seen aright angletriangle ABC now |et’ snamethe sides again because
trigonometric ratiosof anglesare based onsidesonly.
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11.1.1 Naming THE Sipes IN A RIGHT TRIANGLE

Let'stake aright triangle ABC as show in thefigure.

In triangle ABC, we can consider L1 CAB as A where angle A is an acute angle.
Since AC isthelongest side, it is called “hypotenuse”.

Hereyou observethe position
of sdeBCwithrespecttoangleA. Itis
oppositetoangleA andwecancal itas
“opposite side of angle A”. And the
remaining side AB can be called as
“Adjacent sdeof angleA”

AC =Hypotenuse
BC = Oppositesideof angleA

\
i
o8}

AB =Adjacent sideof angleA

e
Identify “ Hypotenuse”, “ Oppositeside’ and “ Adjacent side” for thegiven anglesin
thegiventriangles.

1. ForangleR 23 (i) ForangleX
j (i) ForangleY £
—l | | /\Y
‘d@, TRY THIs
C

Writelengths of “Hypotenuse”, “Oppositeside” and
“Adjacent sde’ for thegiven anglesinthegiventriangles.

1 For angleC
2. For angleA

BLI A

What do you observe? Isthereany relation between the opposite side of theangle A and
adjacent side of angle C?Likethis, supposeyou are erecting apole by giving support of strong
ropes. Isthere any rel ationship between thelength of the rope and thelength of the pole?Here,
we haveto understand the rel ationship between the s desand angleswewill study thisunder the
section caled trigonometricratios.
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11.2 TRrRiGONOMETRIC RATIOS

We have seen the exampl e problemsin the beginning of the chapter which arerelated

toour daily lifesituations. L et’sknow about thetrigonometric ratiosand how they are defined.

5.

Let the initial point be A and mark other points B, C, D and E at a
. . \'%
distance of 3cm, 6cm, 9cm, 12 cm respectively from A. -7
€sp y R/

Draw the perpendiculars BP, CQ, DR and ES of Q]
lengths 4cm, 8cm, 12cm, 16cm from the
points B, C, D and E respectively.

Then join AP, PQ, QR and
RS. & B C D FE X

Find lengthsof AP, AQ, AR and AS.

Name of |Name of |[Length of |Length of Length of Opposite side | Adjacent side

triangle |the triangle | hypotenuse |opposite side | adjacent side | Hypotenuse Hypotenuse

AABP

AACQ

AADR

AAES

Then find theratios o @ g % and =

AP’ AQ’ AR AS’
Did you get the sameratio as g?

AB AC AD A

Similarly try to find the ratios AP’ AQ' AR and AS? What do you observe?
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11.2.1 DerFiniINg TRIGONOMETRIC RATIOS

In the above activity, when we observe right angle triangles ABP, ACQ, ADR and

AES, OA iscommon, OB, OC, ODand OE areright anglesand O P, 0 Q, O R and
O Sareaso equal. Hence, we can say that trianglesABP, ACQ, ADR and AES are similar
triangles. When we observe the ratio of opposite side of angle A and hypotenusein aright
angle triangle and the ratio of similar sidesin another triangle, it isfound to be constant in

all theaboveright angletrianglesABP, ACQ, ADR and AES. And theratios SRmB DR

AP’ AQ AR
and ES can be named as “sine A” or simply “sin A” in those triangles. If the value of

angleAis“x’ when it was measured, then theratio would be “sinx”.

Hence, we can conclude that the ratio of opposite side of an angle (measure of the angle)
and length of the hypotenuse is constant in all similar right angle triangles. Thisratio will

be named as“ sine” of that angle.

AB AC AD AE

Similarly, when we observetheratios AP’ A_Qﬁ and AS’ itisasofoundto be

constant. And these aretheratios of the adjacent sidesof the angle A and hypotenusesin right

_ ~ AB AC AD AE
angletrianglesABP, ACQ,ADR and AES. So, theratios 7 5' ~~' x5 and —= will be

AP’ AQ AR AS
named as*“cosineA” or smply “cosA” inthosetriangles. If thevalueof theangleAis“x”, then
theratiowould be* cosx”

Hence, we can also conclude that the ratio of the adjacent side of an angle (measure of the

angle) and length of the hypotenuse is constant in all similar right triangles. Thisratio
will be named as “ cosine” of that angle.

Smilarly, theratio of opposite side and adjacent side of an angle is constant and it can be
named as “ tangent” of that angle.

Let’s DerFINE RATIOS IN A RIGHT ANGLE TRIANGLE

Consder aright angletriangleABC havingright angleat B asshowninthefollowingfigure.

Then, trigonometric ratios of theangleA inright angletriangle ABC are defined asfollows:
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Length of the sideoppositetoangleA _ BC C
Lengthof hypotenuse AC

sineof [JA =snA =

Length of the sideadjacent toangleA _AB
Length of hypotenuse AC

cosineof [JA =cosA=

A I_B

Length of the sideoppositetoangleA _BC
Lengthof the side adjacenttoangle A  AB

tangentof JA=tanA=

@A

:7, Do THis
. Find (i) sinC (ii) cosC and C
(iii) tan Cintheadjacent triangle. s
2. InatriangleXYZ, O isrightangle, 5 N

XZ=17mand¥YZ=15cm, thenfind o

(i) sin X (ii) cosZ (iii) tan X
3. Inatriangle PQR withrightangleat Q, thevalueof O Pisx,PQ=7cmandQR=
24 cm, thenfind sinxand cosx.

In a right angle triangle ABC, right angle is at C. BC+ CA =23cm and
BC-CA=7cm, thenfindsinA and tan B.

THINK AND Discuss

Discussamong your friends

4
M snx= 3 doesexist for somevalueof angle x?

(i) Thevalueof sinA and cosA isalwayslessthan 1. Why?
(i)  tanAisproduct of tanandA.

There are three more ratios defined in trigonometry which are considered as
multiplicative inverses of the above three ratios.
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Multiplicativeinverseof “sineA” is“cosecantA”. Simply written as“cosecA”
1
sin A

i.e, cosec A= sometimeswritten ascscA

Similarly, multiplicativeinverseof “cosA” issecantA” (Smply writtenas“secA”) and
that of “tanA” is “cotangent A (Smply written ascot A)

1 1
i.e,secA=—— and CcotA=——
cos A tan A

How canyou define‘cosec’ intermsof sides?

Opposite sideof theangleA
Hypotenuse

If sin A=

Hypotenuse
Opposite sideof theangleA

then cosec A =

RY THiIs

| ExpresssecA and cosA intermsof sidesof Triangle

THINK AND Discuss

° Is SN A equal totanA ? PY s COSA equal to cot A ?
COSA SinA
L et ussee someexamples

3
Example-1. If tanA= 7 then find the other trigonometric ratio of angleA.

_ : 3 C
Solution : Given tanA = 2
Y A= Oppositeside _ 3
enCelanA = Adjacent side ~ 4 3k
Therefore, oppositeside: adjacent sde= 3:4
For angleA, oppositeside=BC = 3k A 4k B

Adjacent side = AB = 4k (where k is any positive number)

Now, we havein triangle ABC (by Pythagoras theorem)

Free Distribution by T.S. Government 2018-19



280 Class-X Mathematics

AC?=AB? + BC?
= (3K)? + (4K)? = 25K

AC = /o5k?

=5k = Hypotenuse

Now, we can easily write the other ratios of trigonometry

3k_3 4k _4
SnA = a—g COsSA = a—g
1 _5 1 5 1 _4
Hence COSSCA:sin—A_é’ SeCA:cosA:Z' COtA:tan—A_g'

Example-2. If OAand O Pareacuteanglessuchthat SnA=snP thenprovethat DA=0P

Solution : Given SnA=sinP

BC

we have sinA = AC

R
and snp= 2R

PQ
BC _QR A B P R
AC  PQ

BC_QR _
le je m0 K (1)

By using Pythagorastheorem

2 (1 _
AB _JAC?-BC? _\JAC?-K?AC? \/ACM AC

PROJPI-oR? R KPY feoz 1] PR (From)

Then ==

Hence, AC _ AB _ BC {hen AABC ~ APQR
PO PR OR

Therefore, A= P

Example-3. Consider atriangle PQR, right angled at R, in which PQ = 29 units, QR =21
unitsand O PQR = 6, then find the values of
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(i) cos’®+ sin® and (i) cos’® —sin’d
Solution : In PQR, we have

Q
PR =/PQ? —~QR? =4/(29)” —(21)° S
P>
21
= /400 =20 units
PR _20
s§n = — == P R
PQ 29
cos@ = R _2
PQ 29
Now () 008 + ze_[§)2+(§j2_441+400_1
ow (i) co SN0 = { 59 29 a1l
20 (21 _-41
.. P 2 - = _| &= - =
(i) cos’0 - sin’0 (29) (29] aa1
e\'\;. '-'. ;
<=1/ Exercise - 11.1
1. Inright angletriangleABC, 8 cm, 15 cmand 17 cm arethelengthsof AB, BC and CA

respectively. Then, findout SnA, cosA andtanA.

2. The sides of aright angle triangle PQR are PQ = 7 cm, PR =25 cm and 0Q = 90°

respectively. Thenfind, tan P— tanR.

3. Inaright angletriangleABC withright angleat B, inwhich a=24 units, b=25unitsand
OBAC=8. Then, find cos8and tan 6.
12
4, If cosA= 13’ thenfind sinA and tanA.
5. If 3tanA =4, thenfind sinA and cosA.
6. INAABCand AXYZ, if OAand [ X areacute angles such that cosA = cos X then

showthat OOA=[0X.

7 . o .
7. Given cot®=—, thenevaluate (j) 19NV E=SN0) g A+ Snb)
8 (14 cosb) (1— cos0) cosf
8. Inaright angletriangleABC, right angleisat B, if tanA = /3 then find thevalue of
(i) snA cosC+ cosA sinC (i) cosA cosC-sinA snC
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11.3 TRIGONOMETRIC RATIOS OF SOME SPECIFIC ANGLES

We already know about isosceles right angle triangle and right angle triangle with
angles 30°, 60° and 90°.

Can we find sin 30° or tan 60° or cos 45° etc. with the help of these triangles?

Does sin 0° or cos 0° exist?

11.3.1 TricoNOMETRIC RATIOS OF 45°

Inisoscelesright angletriangle ABC right angled at B

A
OA=0C=45°(why ? and BC=AB (why ?)
Let'sassumethelengthof BC=AB=a w
Then, AC?> =AB?+ BC? (by Pythagoras theorem)
=a’+a’ = 2a’,
Therefore, AC = a2 c [ B

Using the definitions of trigonometric ratios,

in 450 = Length of theoppositesidetoangle4s® _BC _ a _ 1
3 B Length of hypotenuse AC a2 2
608 45° = Length of theadjacentsidetoangle45® _ AB a _ 1

Lengthof hypotenuse “AC a2 2

o Length of theoppositesidetoangle45° ~ BC _ a_ 1
~ Lengthof theadjacentsidetoangle 45° AC a

tan 45

Similarly thisyou can determine the values of cosec 45°, sec 45° and cot 45°.

11.3.2 TricoNnoMETRIC RATIOS OF 30° AND 60° N
L et usnow calcul ate the trigonometric ratios of 30°(30°

30° and 60°. To calculate them, we consider an . ”

equilateral triangle, draw a perpendicular which can

dividesthetriangle into two equal right angletriangles

H (o} (0} O :

having angles 30~, 60~ and 90" in each. _Aer - 6\

i a D a -
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Consider an equilateral triangle ABC. Since each angle is 60° in an equilateral
triangle, we have O A =0 B =0 C = 60° and let the sides of equilateral triangle be AB =
BC=CA =2aunits.

Draw the perpendicular line AD from vertex A to BC as shown in the adjacent figure.

Perpendicular AD acts as “ angle bisector of angle A” and “ bisector of theside BC”
in the equilateral triangle ABC.

Therefore, 0 BAD = [1 CAD =30°.

Sincepoint D dividesthesideBC intwo equal parts.

BD = EBC:@ = aunits.
2 2

Consder right angletriangleABD intheabovegivenfigure.

WehaveAB =2aandBD =a

Then AD?=AB? - BD? by (Pythagorastheorem)
= (2a)? - (a)%> = 33>

Therefore, AD=a+/3

From definitionsof trigonometric ratios,

S 600_£:a_\/§ :ﬁ
AB 2a 2

cos60°-E—i—1
AB 2a 2

tan 60°= /3 (how?)

Similarly, you can also determine the reciprocals, cosec 60°, sec 60° and cot 60° by
using theratio concepts.
,:";_.‘:,-:.

fieA Do THis

Find sin 30°, cos30°, tan 30°, cosec 30°, sec30° and cot 30° by using the ratio
concepts.

11.3.3 TricoNOMETRIC RATIOS OF 0° AND 90°

Till now, we have discussed trigonometric ratios of 30°, 45°and 60°. Now let us
determine the trigonometric ratios of angles 0° and 90°.
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Suppose a segment AC of length r is C
making an acute anglewithray AB. Height of
CfromB isBC. When AC leansmoreon AB r
so that theanglemade by it decreases, then what
happensto thelengthsof BC and AB ?

0

As the angle A decreases, the height A B

of C from AB ray decreases and foot B is shifted from B to B, and B,, and gradually when
the angle becomes zero, height (i.e. opposite side of the angle) will aso become zero (0)

and adjacent side would be equal to AC i.e. length equal torr.

S
cd

C

Step (i) Step (ii)
Let uslook at thetrigonometric ratios

AZBC L _AB
sin —ACan COS —AC

IfA=0°thenBC=0andAC=AB=r

0 r
then sinooz? =0 and cosOO:F =1

SinA
weknow that tanA =
COSA
sn0® 0
So, tan0° = =—=0
0s0° 1

j%l;‘ THINK AND Discuss

Discuss between your friend about the following conditions:

1
1.  What can you say about cosec 0° = sinOO? Isit defined? Why ?
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1
2. What can you say about cot 0° = " Isit defined? Why ?

anQ°’
3. sec0°=1 Why?

Now let us see what happens when angle
made by AC with ray AB increases. When angle
A isincreased, height of point C increases and
the foot of the perpendicular shifts from B to X
andthentoY and so on. Inother words, we can
say that theheight BCincreasesgradudlly, theangle
on C gets continuous increment and at one stage
theanglereaches90°. At thattime, point B reaches A
A and AC equal to BC.

¢
I
I
I
I
I
I
I
I
I
I
I
(
I
:
1

Y

1
1
1
1
1
1
1
1
1
1
l
1

X

Step (i)
So, when the angle becomes 90°, base (i.e.

adjacent side of the angle) would become zero (0), the height of C from AB ray increases

and it would be equal to AC and that isthe length equal to r.
C

C

-————————

Step (i) Step ((iii)
Now let usseetrigonometric ratios
a=BC L oens AB
SNA = AC and cosA = AC
If A=90°thenAB=0andAC=BC=r

o T o 0
then sin 90 :le and cos 90 :?:0

| Find the values for tan 90°, cosec 90°, sec 90° and cot 90°.
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Now, let us see the values of trigonometric ratios of all the above discussed angles
intheform of atable.

Table11.1
OA 0° 30° 45° 60° 90°
1 1
SnA 0 > 72 ? 1
V3 1 1
COsSA 1 > NG > 0
1
tanA 0 7 1 J3 | notdefined
1
CotA not defined J3 1 NG 0
2
SecA 1 NE J2 2 not defined
2
CosecA not defined 2 J2 N 1

l[j‘ THINK AND Discuss

i&

Observethe abovetable

What can you say about thevaluesof sinA and cosA, asthevalue of angleA increases
from 0° to 90°?

If A>B, then SnA> sinB.Isittrue?
If A>B, then cosA > cosB. Isit true ? Discuss.

Example-4. INAABC, right angleisat B, AB =5cmand 0ACB =30°. Determinethelengths
of thesidesBC andAC.

Solution : Given AB=5 cm and A
0ACB=30°. Tofindthelength of side BC,
wewill choosethetrignometricretioinvolving
BCandthegivensideAB. SinceBCisthe

side adjacent to angle C and AB isthe side g

oppositeto angleC. 0

Therefore, 300
AB e B C
BC
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H i_t 300_i
l.e Bc—an _\/é

which givesBC = 5./3 cm

sin 30 =
AC

1_5

2 AC

AC=10cm
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Example-5. A chord of acircleof radius 6cm is making an angle 60° at the centre. Find the

length of the chord.

Solution : Given theradius of thecircle OA = OB =6cm

0AOB =60°

OC is height from ‘O’ upon AB and itisa
angle bisector.

then, 0 COB =30°

Consider ACOB

: SOO_B_C
sn -~ 0B
1_8BC T
2 6
6_ A C B
BC= 5°

But, length of the chord AB =2BC
=2x3=6cm
[0 Therefore, length of the chord =6 cm
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The first use of
theideaof ‘sine
the way we use
it today was
giveninthebook
Aryabhatiyam
by Aryabhatta,
in 500 C.E.
Aryabhatta used
the word ardha-
jya for the half-
chord, which was shortened to jya or
jiva in due course. When the
Aryabhatiyam was translated into
Arabic, the word jiva was retained
asitis. The word jiva was trand ated
into sinus, which means curve, when
theArabic version wastranslated into
Latin. Soon theword sinus, aso used
as sine, became common in
mathematical texts throughout
Europe. An English Professor of
astronomy Edmund Gunter (1581—
1626), first used the abbreviated
notation ‘sin’.
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Example-6. In APQR, right angleisat Q, PQ =3 cmand PR =6 cm. Determine OQPR
and OPRQ.

P
Solution: GivenPQ=3cmand PR=6cm
E_ ; 3 cm 6 cm
Therefore, PR =snR
ro 3.1
or snR = ¢=5 ol 3
So, OPRQ =30°

and therefore, 0 QPR = 60° (why?)

THINK AND Discuss

If one of the sidesand any other part (either an acute angle or any side) of aright angle
triangleisknown, the remaining sides and angles of thetriangle can be determined. Do

you agree? Explain with anexample.

1

1
Example-7. If sn(A-B) = > cos(A+B) = 2

, 0°< A+B<90°A>B,findA andB.
1
Solution : Sincesin(A-B)= > therefore, A — B = 30° (why?)
1
Also, sincecos(A+B) = > therefore, A + B = 60° (why?)

Solving the above equations, we get : A = 45° and B = 15°. (How?)

\,\ Exercise - 11.2

1 Evauate the following.

cos45°

i sin 45° + cos 45° i
0 ) sec30° + cosec60°

: o4 0 _ )
gy, SN 30" +1an45" — cosec6O (V)  2tan?45°+cos?30° - sin60°
cot 45° + cos60° —sec30°

sec®60° - tan”60°
sin?30° + cos*30°
2. Choosetheright option and justify your choice-
. 2tan30°
0) it 2 Am0
1+tan“45
(@) sin60° (b) cos60° (c) tan30°  (d) sin30°

v)
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1-tan® 45°
1+ tan? 45°
(a) tan90° )1 (¢ sn4°@d) O

2tan30°

ii ki
(i 1-tan?30°

(a) cos60° (b) sin60° () tan60°(d)  sn30°
Evaluate sin 60° cos30° + sin 30°cos60°. What isthevalueof sin(60° + 30°). What
canyou conclude?

Isit right to say cos(60° + 30°) = cos 60° cos30° —sin 60° sin 30°.

In right angle triangle APQR, right angleisat Q and PQ = 6cms O RPQ = 60°,
Determinethelengthsof QR and PR.

In AXYZ,right angleisat Y, YZ = x, and XZ = 2x then determine 1Y XZ and
aYZzX.

Isitright to say that sin (A + B) =sinA + sin B? Justify your answer.

THINK AND Discuss

. .. cos6 coso _
For which value of acute angle (i) 1—sine+1+sin 5 =4 istrue?

For which value of 0° < 8 < 90°, above equation is not defined?

11.4 TriIGONOMETRIC RATIOS OF COMPLEMENTARY ANGLES

We already know that two angles are said to be complementary, if their sumisequal

to 90°. Consider a right angle triangle ABC with right angle at B. Are there any
complementary anglesin thistriangle?

opposite side and AB is adjacent side.

Since angle B is 90°, sum of other two angles must
be 90° (-- Sum of angles in a triangle 180°)

Therefore, DA + 0 C=90°% Hence DA and OC
are complementary angles.

C

Let usassumethat A =X, thenfor anglex, BCis
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o BC _AB e BC
smx—AC COS X = AC an X = AB

_AC _ AC R
COseC X = BC SeC X = AB COt X = BC

If OA+ OC=90°%thenwehave JC=90°- OA

And we have that O A =x, then 0 C=90°-x

Let uslook at what would be “Opposite side” and “Adjacent side” of the angle
(90° - x)inthetriangleABC.

-n 900_ _ﬁ 900_ _B_C t 900_ _ﬁ
sin( X) = AC cos( X) = AC an( X) = BC
C0$(:90°—X—A—C %CQOO—X_A—C cot90°—x—B—C

( )_AB ( )_BC ( )_AB

Now, if we compare the ratios of angles x and (90° — x) from the above values of
different triginometric ratios. There can bethree possibilitiesin abovefigure.

in(90° - _AB d 90° - _BC_ in
sin( x)—AC—cosx an cos( x)—AC—s X
tan(90° - X) = AB = cot X and  cot(90° - x) = BE =tan x
)=8C - ( )= 2B -
900_ —& — d 900_ —& —
cosec( X) = AB = SeC X an sec( x)—BC = COSEC X

,/[j‘ THINK AND Discuss

Check and discuss the above relations in the case of angles between 0° and
90°, whether they hold for these angles or not?

So,  sin(90°-A) =cosA cos (90° —A) =sinA
tan (90° - A) = cot A cot (90° - A) =tanA
sec (90° - A) =cosecA  and cosec (90° —A) = sec A

Now, let us consider some examples
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sec35°

Example-8. Evauate
cosec55°

Solution:  cosecA =sec (90° - A)
cosec 55° = cosec (90° - 35°)

cosec 55° = sec 35°

N sec35’ _ sec35’ L
W cosecB5’  sec3s®

Example-9. If cos7A=sin(A-6°), where 7A isan acuteangle, find thevalueof A.
Solution : Given cos7A =sin(A —6°) ..(2)
sin(90-7A) =sin(A -6°)
since(90—-7A) & (A - 6°) areboth acute angles,
therefore
90°-7A=A-¢°
8A = 96°
which gives A =12°,

Example-10. If sinA =cosB, then provethat A + B = 90°.
Solution : Giventhat sinA =cosB ..(1)
We know cos B =sin (90° — B), we can write (1) as
snA=sin(90°- B)
If A, B areacuteangles, then A=90°- B
— A+B =90

Example-11. Expresssin81°+ tan 81°interms of trigonometric ratios of angles between
0° and 45°

Solution : We canwrite sin 81° =sin(90° - 9°) = cos 9°
tan 81° = tan(90° - 9°) = cot 9°
Then, sin81° + tan 81° = cos 9° + cot 9°

B+C
2

Example-12. If A, B and Careanglesof triangleABC, thenshowthat ~ Sn

>
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Solution : Given A, B and C are angles of triangle ABC then
A +B+C=180°.

On dividing the above equation by 2 on both sides, we get

A.BC o
2" 2

B+C _ g0 A
2 2

On taking sin ratio on both sides

sin[B;Cj = sin[go0 —é]
2 2

. (B+C A
Sin 5 = COSE ; hence proved.

Exercise 11.3

aduate
(0]
tart‘gio (i) cosl®-sin78°  (iii)  cosec31° - sec 59°
CO
(iv)  sin15° sec 75° (vi) tan26° tan64°
2. Show that

(i)  tan48°tan 16°tan 42° tan 74°=1
(i)  cos36° cos54° - sin36° sin 54° = 0.

3. If tan 2A = cot(A — 18°), where 2A isan acute angle. Find the value of A.
4, If tanA = cot B where A and B are acute angles, provethat A + B = 90°.
5. If A, B and C areinterior angles of atriangle ABC, then show that
[A + Bj C
tan| —— |=cot—
2 2
6. Expresssin 75° + cos65° intermsof trigonometric ratios of anglesbetween 0° and 45°.
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11.5 TRIGONOMETRIC IDENTITIES

We know that an identity is that mathematical equation which is true for al the
values of the variablesin the equation.

For example (a+ b)2 =a’+b?+2abisan identity.

Inthe sameway, an identity equation having trigonometric ratios of an angleiscalled
trigonometricidenitity. Anditistruefor al thevauesof theanglesinvolvedinit.

Here, wewill deriveatrigonometricidentity and remaining would be based on that.
Congder aright angletriangleABC withright angleisat B
From Pythagorastheorem

We have AB? + BC? = AC? (1) A
Dividingeachterm byACZ, weget

AB? BC? _ AC?
= > T 2 2
AC* AC* AC

e, [%T {%T :[%T

i.e, (CosA)?+(sinA)?>=1

Here, we generaly write cos?A in the place of (cos A)2
i.e, (cosA)? iswritten as cos’A (Do not write cosA?)
[0 above equation is co A +sinA=1

We have given an equation having avariable parameter A (angle) and above equationis
truefor al the value of A. Hence the above equation is atrigonometric identity.

Therefore, we have trigonometric idenity

A

cos?A +sin’A =1
L et uslook at another trigonometricidenity

From equation (1) we have
AB? + BC?=AC?

B c

AB®> BC® _ AC?
+ = (Dividing each term by AB?)

= =
AB2 AB? AB?
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=) () -8

i.e,1+tan’A =sec’A
Similarly, ondividing (1) by BC?, we get COt?A + 1 = cosec?A.

By using aboveidentities, we can express each trigonometric ratio in terms of another
ratio. If we know the value of aratio, we can find al other ratios by using these identities.

| Wil

K THINK AND Discuss

Aretheseidentitiestruefor 0° <A < 90° 2 If not, for which valuesof A they aretrue?

‘ PY sec?A-tanA=1 PY 00sec?A — cot?A = 1

a\ Do THis

15 5
0] IfsinC:E. thenfind cosC. (i) Iftanx:E, then find sec x.

25
(i) If cosec 6= 7,thenfindcote.

TrY THis

Evauatethefollowing andjustify your answer.
sin®15° +sin? 75°
cos? 36° + cos® 54°

(i)  sin5°cos85° + cos5’ sin 85°

0]

(i)  sec16° cosec 74° — cot 74° tan 16°.

Example-13. Show that cot 6 +tan 6 =sec 6 cosec 0.

Solution : LHS=cot 6 +tan 6

_cosB sn6

= 4= -
sin® cosO (why?)

_ cos?B+sin® @
sin® cosB
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-1
"~ sin® cos@ (why ?)
=,i i = cosecH sec 6

sinB® coso

Example-14. Show that tan®0 + tan®*® = sec’d — sec?0
Solution: L.H.S. =tan’0 +tan0
=tan’0 (1 +tan’6)
=tan’f . sec’0 (Why ?)
=(sec®-1)sec?®  (Why?)

=@ -s2c®0=RH.S

1+cosO
1-cos6

Example-15. Provethat = cosec 6 + cot 6; 0< 0 < 90°.

1+cos6
1-cosO

_ \/1+ cos® 1+cosH
1-cosB® 1+cosO

_ |1+ cos6)?
1-cos’ 6
1 0)°
= (=2 g

1+cos6
sin®

Solution: LHS = (multiply numerator and denominator by +/(1+ cos8) )

1 cosO

sin6 sinB

= cosecO +cot 6 =R.H.S

Exercise 11.4

1 Evaluate the following :

) (1 +tan 6 + sec 6) (1 + cotB — cosec 0)

(i)  (sin®+cos )%+ (sin 6 - cos 6)?

(iii)  (sec?® - 1) (cosec?® -1)
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, 1-cosb
2. Show that (cosec 6 - cot 8)” =
1+cos6
h+9nA
3. Show that . = secA +tanA
1-sinA

1-tan’ A

4. Showthat —5—— =tan’A
cot

5. Show that i—cose =tan Gsin 6
cos0

6 Simplify secA (1 —sinA) (secA +tanA)

7 Prove that (SinA + cosec A)? + (cosA + secA)? = 7 + tan?A + Cot?A
8. Simplify (1 - cos 6) (1 +cosd) (1 + cot?6)

9 If secO + tan 6 = p, then what isthe value of secB — tan 0 ?

k?-1

k?+1

10. If cosec O + cot 6 = k then provethat cos8 =

i

<FZL | OpTioNAL EXERCISE

[For extensive L earning]

cot® —cosO _ cosecH -1

1. Provethat =
cot0+cos6 cosecH +1

Sin6 —cosO +1 _ 1

2. Provethat = =
sinB+cosB-1 secO-tan 6

[use the identity sec> 8 = 1 + tan” 6]

3.  Provethat (cosecA —sSinA) (seCA — cosA) =

tanA +CcotA
: 2
4. Provetha TTSXA _ SMA
SecA 1-cosA
(1+tan®A) _[1+tanA)2 A
5. Showthat | 1702 a | T\ cota

6. Provethat SEA—D _ (1-cosA)
(secA+1)  (1+cosA)
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Suggested Projects

Preparing
e Trigonometricratios- scale and preparing table showing the particulars of the values of
thetrigonometric ratiosfor different angles.

< WHAT WE Have Discussep

1. Inarightangletriangle ABC, right angleisat B,

_ Side oppositeto angle A . coSA = Side adjacent to angle A

SnA
Hypotenuse Hypotenuse
2. cosecA:_i;secA: ; anAzsmA; = 1
SinA COSA COSA cot A

3. If one of the trigonometric ratios of an acute angle is known, the remaining
trignometric  ratios of the angle can be determined.
4.  Thevauesof thetrigonometric ratios for angle 0°, 30°, 45°, 60° and 90°.

5.  Thevaueof sin A or cosA never exceeds 1, whereas the value of sec A or cosec A
is always greater than or equal to 1.

6. sin(90°-A)=cosA, cos(90°-A) =sinA
tan (90°- A) = cot A, cot (90°- A) =tanA
sec A (90°- A) = cosec A, cosec (90°- A) = sec A

7. sn’A+cosfA=1
sec? A - tanA = 1 for 0° <A <90°
cosec® A — cot?’ A= 1for (0°<A <909
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CHAPTER

1 2 Applications of
Trigonometry

12.1 INTRODUCTION

You have studied in social studiesthat the highest mountain peak intheworldisMount
Everest and itsheight is8848 meters.

Kuntalawaterfal inAdilabad digtrict isthehighest natural waterfal in Telangana. Itsheight
iS147 feet.

How werethese heights measured? Can you measure the height of your school building or
thetallest treein or around your school ?

Let us understand through some examples. Vijaya
wantsto find the height of apamtree. Shetriestolocatethe
top most point of thetree. Shea soimaginesalinejoiningthe
top most point and her eye.

Thislineiscalled“lineof sight”. Sheasoimaginesa
horizontd line, from her eyetothetree.

Here, “thelineof sght”, “ horizontd lineg” and“thetreg’
formarightangletriangle.

Tofind theheight of thetree, sheneedstofindaside
andanangleinthistriangle.

“Thelineof sightisabovethehorizontal lineand angle
betweenthelineof Sght and thehorizontd lineiscaled angle
of elevation”.
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distance of borewell from the
building on which you are
standing. For that, you haveto
observe the base of the
borewell.

your eyetothebase of borewell

Applications of Trigonometry 299

Supposeyou arestanding Horizontal line
the top of your school
Idingandyouwant tofindthe

Then, thelineof sghtfrom

isbelow thehorizonta linefromyour eye.

Here, “theanglebetweenthelineof sght and horizanta lineiscalled angleof depresson.”

Trigonometry hasbeen used by surveyorsfor centuries. They use Theodolitesto measure
anglesof eevation or depressionintheprocessof survey. In nineteenth century, twolarge
Theodoliteswerebuilt by British Indiafor thesurveying project “ greet trigonometric survey”.
During thesurvey in 1852, the highest mountain peak intheworld wasdiscoveredinthe
Himalayas. From the distance of 160 km, the peak was observed from six different
stationsand the height of the peak wascalculated. 1n 1856, this peak wasnamed after Sir
George Everest, who had commissioned and first used the giant Theodolites. Those
theodolitesare kept inthe museum of the Survey of Indiain Dehradunfor display.

12.2 DrRAWING FIGURES TO SoLvE PROBLEMS

When we want to solve the problems of heights and distances, we should consider the

fallowing:

0] All the objectssuch astowers, trees, buildings, ships, mountainsetc. shall beconsidered
aslinear for mathematical convenience.

(it) Theangleof eevation or angleof depressioniscong dered with referenceto thehorizontal
line

(D) Theheight of the observer isneglected, if itisnot giveninthe problem.

hel

Example-1. Thetop of aclock tower isobserved at angle of elevation of a° andthefoot of the

Whenwetry to find heightsand distances at an angle of elevation or depression, we need
tovisualise geometricaly. To find heightsand distances, we need to draw figuresand with the

p of thesefigureswe can solvethe problems. L et us see someexamples.

tower isat thedistance of d metersfrom the observer. Draw the diagram for thisdata.
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Solution : Thediagramsareasshown below :

d d

Example-2. Rinky observesaflower on the ground from the balcony of thefirst floor of a
building at an angle of depression °. The height of thefirst floor of the building isx meters.
Draw thediagram for thisdata.

Solution: T

Here IDAC =[JACB =3 (why?)

Example-3. Alargeballoon hasbeentied witharopeanditisfloatingintheair. A personhas
observed the balloon from thetop of abuilding at angleof elevation of 6, andfoot of theropeat
anangleof depressionof 6,. Theheight of thebuildingishfeet. Draw thediagramfor thisdata.

Solution : We can seethat
OBDA =[DAE. (Why?)
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Draw diagramfor thefollowing Situations:
0] A personisflying akiteat an angleof eevation a andthelength of thread from
hishandtokiteis*¢'.
(i) A person observes two banks of ariver at angles of depression 6, and 6,

(6,<6,) fromthetop of atreeof height hwhichisat asideof theriver. The
width of theriveris‘d’.

S\ THINK AND Discuss

You areobserving top of your school building at an angle of elevation o from apoint
whichisat d meter distancefrom foot of the building.

Whichtrigonometric ratio would youliketo consder tofind the height of the building?

A ladder of length x meter isleaning against awall making angle® with the ground.
Whichtrigonometric ratio would you liketo consider tofind the height of thepoint on
thewal| a whichtheladder istouching?

Till now, we havediscussed how to draw diagramsasper thesituationsgiven. Now, we

shall discusshow to find heightsand distances.

Example-4. A boy observedthetop of an éectric poleat an angleof elevation of 60°whenthe

observation point is8 metersaway from thefoot of the pole. Find the height of the pole.

Sol

ution : Fromthefigure, intriangle OAB f
OB =8 meters
OAOB =60°
Let, height of thepole=AB = hmeters h
60°
0] 3m B

(we know the adjacent side and we need to find the opposite side of [JAOB in thetriangle
AOAB. Henceweneed to consider thetrigonometric ratio “tan” to solvethe problem).

t 600_—AB

an 60°= o

_h
\f—g h = 8J/3m.
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Example-5. Rgender observesaperson standing on the ground from ahelicopter at an angle of
depression 45°. If the helicopter fliesat aheight of 500 meters from the ground, what isthe
distance of the person from Rajender?

o (@]
o
Solution : Fromthefigure, intriangle OAB -
OA =500 meters +
OPOB = [JOAB =45° (why ?) 500 m
OB = distance of the person from Rajender = x.
B il "A

(weknow theoppositesideof [JOBA andweneedto find hypotenuse OB inthetriangle OAB.
Hence, weneed to consider theratio“sin”.)

gnaso= 22
OB

X =5004/2 meters

1 A tower standsvertically ontheground. From apoint whichis 15 meter away fromthe
foot of thetower, theangle of € evation of thetop of thetower is45°. What isthe height
of thetower?

2. A treebreaks dueto storm and the broken part bends so that thetop of thetreetouches
theground by making 30° anglewiththeground. Thedistance between thefoot of the
treeand thetop of thetree onthegroundisém. Findthe height of thetreebeforefalling
down.

3. A contractor wantsto set up adidefor the childrento play inthe park. Hewantsto set
itupat theheight of 2 m and by making anangleof 30°with theground. What should be
thelength of thedide?

4, Length of the shadow of a 15 meter high pole is 15V3 metersat 7 O’ clock in the
morning. Then, what istheangleof eevation of the Sun rayswith theground at thetime?

5. You want to erect apole of height 10 m with the support of threeropes. Eachropehas
to make an angle 30°with the pole. What should bethelength of therope?
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6. Suppose you are shooting an arrow from the top of abuilding at an height of 6mtoa
target ontheground at an angle of depression of 60°. What isthe distance between you
and the object?

7. An éectrician wantsto repair an el ectric connection on apole of height 9 m. Heneeds
toreach 1.8 m below thetop of the poleto do repair work. What should be the length

of theladder which he should use, when he climbsit at an angle of 60°with theground?
What will bethe distance between foot of theladder and foot of the pole?

8. A boat hasto crossariver. It crossestheriver by making an angle of 60°with the bank
of theriver dueto the stream of theriver and travel s adistance of 600m to reach the
another side of theriver. What isthewidth of theriver?

0. An observer of height 1.8 misl13.2 maway fromapalmtree. Theangle of elevation of
thetop of thetreefrom hiseyesis45°. What isthe height of the palm tree?

10.  Intheadjacentfigure, B

AC=6cm,AB =5

cm and OBAC = «
30°. Find the area of
thetriangle.

30°

A C
6cm

12.3 SoLuTioN FOR Two TRIANGLES

We have discussed the
solution of aonetriangle problem.
What will bethe solutionif there
aretwotriangles?

Suppose you are standing
ononesideof atree. Youwant to
find the height of atree and you
want to observe the tree from
different pointsof observations.

How can you do this?
Supposeyou areobsarvingthetop
of the pam tree at an angle of
elevation 45°. The angle of
€elevation changesto 30°whenyou
move 11 maway fromthetree.

~ o e

S
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L et ussee how we can find height of thetree.
Fromfigure, wehave
AB=11m
ODAC =30°
ODBC = 45°
L et the height of the palm tree CD = h meters
and length of BC = x
AC=11+x

fromtriangleBDC 30° 450
C

A
11m B

o D
tan45——BC =
h
1=—=x=h
» (1)

fromtriangleADC

tan 300= 2C
N ="nC

Note : Total height of thepamtreeisCD + CE where CE=AF, whichistheheight of thegirl.
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Example-6. Twomenon either sideof atemple of 30 meter height observeitstop at theangles
of elevation 30° and 60° respectively. Find the distance between the two men.

Solution : Height of thetemple BD = 30 meter.
Angleof elevation of oneperson [IBAD = 30°
Angleof elevation of another person JBCD = 60°

L et the distance between the first person and the temple, AD = x and distance between the
second person and thetemple, CD =d

From ABAD FromABCD
tan 30° = % tan 60° = ﬁ
ansv= A nov=T

1 30 30
== 3=
V3 x V3 d

30

from (1) and (2) distance between the persons=BC + BA =x+d

_ 303+ 30 30x4 120

"BTE OB

= 40V3 meter

Example-7. A straight highway leadsto thefoot of atower. Ramaiah standing at thetop of the
tower observesacar at an angle of depression 30°. The car isapproaching thefoot of thetower
withauniform speed. Six seconds|ater, the angle of depression of the car isfound to be 60°.
Find thetimetaken by the car to reach thefoot of thetower fromthispoint.

Solution':
L et thedistancetravelled by thecar in 6 seconds=AB = x meters
Heightsof thetower CD = h meters
Theremaining distanceto betravelled by thecar BC = d meters
andAC=AB + BC = (x + d) meters
[JPDA = [JDAB = 30° (why?)
[JPDB = [IDBC = 60° (why?)
From ABCD
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tan 60° = cb
BC
_h
h d
h=+/3d (1)
From AACD
tan30° = <
AC
1__h
V3 (x+d)
(x+d)
h=
NE (2)
From (1) & (2), we have
x+d \/—
=+/3d
NE
Xx+d=3d
x=2d
X
2

Timetakentotrave ‘X meters= 6 seconds.

Timetakentotrave thedistanceof ‘d’ meters

X
ie, 5 meters is3 seconds.

, "ExercISE - 12.2

1 A TV tower stands vertically on the side of aroad. From a point on the other side
directly oppositeto thetower, the angle of elevation of thetop of tower is 60°. From
another point 10 m away from thispoint, onthelinejoining thispoint to thefoot of the
tower, theangle of elevation of thetop of thetower is30°. Find the height of the tower
and thewidth of theroad.
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A 1.5mtal boy islooking at thetop of atemplewhichis30 meter in height from apoint
at certain distance. Theangle of elevation from hiseyeto thetop of the crown of the
templeincreasesfrom 30° to 60° ashe walkstowardsthetemple. Find the distance he
walked towardsthetemple.

A statue stands on thetop of a2mtall pedestal. From apoint onthe ground, theangle
of elevation of thetop of the statueis 60°and from the same point, the angle of elevation
of thetop of the pedestal is45°. Find the height of the statue.

Fromthetop of abuilding, theangleof eevation of thetop of acell tower is60°andthe
angleof depressiontoitsfootis45°. If distance of the building from thetower is7m,
thenfind the height of thetower.

A wireof length 18 m had been tied with el ectric pole at an angle of elevation 30°with
theground. Becauseit wascoveringalong distance, it was cut and tied at an angle of
elevation 60°with theground. How much length of thewirewas cut?

Theangleof elevation of thetop of abuilding from thefoot of thetower is30°and the
angleof devation of thetop of thetower from thefoot of the buildingis60°. If thetower
is30m high, find theheight of thebuilding.

Two polesof equa heightsare standing oppositeto each other on either side of theroad,
whichis120feet wide. From apoint between them ontheroad, the anglesof elevation
of thetop of the polesare 60° and 30° respectively. Find the height of the polesand the
distances of the point from the poles.

Theangles of elevation of thetop of atower from two pointsat adistance of 4 mand
9m, find the height of thetower from the base of thetower andinthesame straight line
withit arecomplementary.

Theangleof eevation of ajet planefromapoint A ontheground is60°. After aflight of
15 seconds, theangle of eevation changesto 30°. If thejet planeisflying at aconstant

height of 1500/3 meter, find the speed of thejet plane. (+/3=1.732)

Theangle of elevation of thetop of atower from thefoot of the buildingis30°and the
angleof elevation of thetop of the building from thefoot of thetower is60°. What isthe

ratio of heightsof tower and building.

OpPTIONAL EXERCISE
[For extensive L earning]

A 1.2mtall girl spotsaballoon moving withthewindinahorizontal lineat aheight of
88.2mfromtheground. Theangleof eevation of theballoonfromtheeyesof thegirl a
any ingant is60°. After sometime, theangleof eevationreducesto 30°. Findthedistance
travelled by the balloon during theinterval.
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Theanglesof devation of thetop of alighthousefrom 3boatsA, B and Cinadtraightline
of samesdeof thelight housearea, 2a, 3arespectivey. If thedistance between theboats
A and B and theboats B and C arex and y respectively find the height of thelight house?

Inner part of acupboardisinthecuboidical shapewithitslength, breadth and heightin
theratiol: /2 : 1. What istheangle made by thelongest stick which can beinserted
cupboard withitsbaseinside.

Anironsperica ball of volume 232848 cm? has been melted and converted into acone
with thevertical angleof 120°. What areits height and base?

Show that the area of an Issosceles triangle isA = a Sin 6 Cos 6
whereaisthelength of one of thetwo equal sidesand 8isthemeasure
of oneof two equal angles

Arightcircular cylindrical tower, height‘h’ andradius‘r’, standsontheground. Let‘p’

beapoint inthe horizontal planeground and ABC bethe semi-circular edge of thetop
of thetower suchthat B isthepointinit nearest to p. Theanglesof eevation of the points
h _/3(@1++/3)

A and B are 45° and 60° respectively. Show that — >
r

Suggested Projects

Find theheightsand distances
e Usingclonometer - find the height of thetower / tree/buiiding - finding distances a so.

4%z WHAT WE Have Discussep

Inthischapter, we have studied thefollowing points:

()  Thelineof sghtisthelinedrawnfrom theeyeof an observer to apoint onthe object
being viewed by the observer.

(i)  Theangleof eevation of the object viewed, istheangleformed by thelineof sight
with thehorizontal whenitisabovethehorizontd leve, i.e.,, thecasewhenweraise
our head to look at the object.

@)  Theangleof depression of anobject viewed, istheangleformed by thelineof sight
withthehorizontd whenitisbelow thehorizonta levd, i.e., the casewhenwelower
our head to look at the object.

2. Theheight or length of an object or the distance between two distant objects can be
determined with the hel p of trigonometricratios.
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CHAPTER
1 3 Probability

13.1 INTRODUCTION

Kumar and Sudhawerewalking together to play acarroms match:
Kumar : Doyouthink wewill win?
Sudha : Thereare50 percent chancesof that. We may win.
Kumar : How do you say 50 percent?

Doyouthink Sudhaisright in her statement?

Isher chance of wining 50%7?

Inthischapter, we study about such questions. We a so discusswordsthelike* probably’,
‘likely’, ‘possibly’, etc. and how to quantify these. In class| X we studied about eventsthat are
extremdly likely andinfact, areamost certain and those that are extremely unlikely and hence
almost impossible. We also talked about chance, luck and the fact that an event occurs once
doesnot mean that it would happen each time. In thischapter, wetry tolearn how thelikelihood
of an event can be quantified.

Thisquantification into anumerical measureisreferred to asfinding 'Probability’.

13.1.1 WHAT 1s PROBABILITY
Consider anexperiment: A normal coinwastossed 1000 times. Head turned up 455 times
andtail turned up 545 times. If wetry tofind thelikelihood of getting headswemay say itis455

t of 1000 i 0.455
out 0 Or To00 O 0495

(el

This estimation of probability is based on the results of an actua
experiment of tossngacoin 1000times. Theseestimatesarecaled experimenta
or empirical probabilities. Infact, al experimental probabilitiesarebased on
theresultsof actual experimentsand an adequate recording of what happens
ineach of theevents. Theseprobabilitiesare only ‘estimations. If we perform
the same experiment for another 1000 times, we may get dlightly different
data, giving different probability estimate.

=
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Many personsfrom different parts of the world have donethiskind of experiment and
recorded the number of headsthat turned up.

For exampl e, the eighteenth century French naturalist Comte de Buffon, tossed acoin
4040 timesand got 2048 heads. The experimental probability of getting ahead, inthiscase, was

2048

M i.e, 0.507.

JE. Kerrich, from Britain, recorded 5067 headsin 10000 tosses of acoin. Theexperimenta

5067
probability of getting ahead, inthiscase, was 10000 = 0.5067. Statistician Karl Pearson spent

somemoretime, making 24000 tossesof acoin. Hegot 12012 heads, and thus, the experimental
probability of ahead obtained by him was 0.5005.

Now, supposeweask, "What will bethe experimental probability of getting ahead, if the
experimentiscarried on upto, say, onemilliontimes? Or 10 milliontimes?You would intuitively
fed that asthe number of tossesincreases, the experimental probability of ahead (or atail) may

1
settledown closer and closer tothenumber 0.5, 1.e, > Thismatchesthetheoretica probability

of getting ahead (or getting atail), wewill learn how to find thetheoretical probability.

Thischapter isan introduction to the theoretical (also called classical) probability of an
event, Now we discuss simple problems based on this concept.

13.2 ProBABILITY - A THEORETICAL APPROACH

L et usconsder thefollowing Situation: Supposea‘fair’ coinistossed at random.

Whenwe speak of acoin, weassumeittobe'far, thatis, itissymmetrical sothat thereis
no reason for it to come down more often on one sidethan the other. We cal thisproperty of the
coinasbeing 'unbiased'. By the phrase 'random toss, we mean that the coinisallowed to fall
freely without any biasor interference. Thesetypes of experiments are random experiments
(Herewedismissthepossibility of its'landing’ onitsedge, which may be possible, for example,
if it fallson sand). Werefer to thisby saying that the outcomes, head and tail, areequally likely.

For bas c understanding of probatiility, inthischapter, wewill assumethat dl theexperiments
haveequaly likely outcomes.

Now, we know that the experimental or empirical probability P(E) of anevent Eis

Number of trials in which the event happened
Total number of trials

P(E) =
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% Do THis

Outcomesof which of thefollowing experimentsareequaly likely?
1. Gettingadigitl, 2, 3,4,50r 6whenadieisrolled.

2. Selecting adifferent colour ball from abag of 5red balls, 4 blueballsand 1 black
ball.

3. Winninginagameof carrom.
4. Unitsplaceof atwo digit number selected may be0, 1, 2, 3,4,5,6, 7, 8or 9.

5. Selecting adifferent colour ball from abag of 10 red balls, 10 blue ballsand 10
black balls.

6. Raningonaparticular day of July.
Arethe outcomesof every experiment equaly likely?

Giveexamplesof 5 experimentsthat haveequdly likely outcomesand fivemoreexamples
that do not have equally likely outcomes.

LSO AcTiviTy
(i) Takeany cain,tossit, 50 times, 100 times, 150 timesand count the number of timesa
head and atall come up seperately. Record your observationsin thefollowing table:-

S. Number of Number of | Probabilityof | Number of | Probability of
No. | experiments heads head tails tails

1 50

2. 100

St 150

What do you observe? Obvioudy, asthe number of experimentsincreases, probability

1
of head or tail reaches50% or 5 Thisempirical interpretation of probability can be applied

to every event associated with an experiment that can be repeated alarge number of times.

Probability and M oddlling

The requirement of repeating an experiment has some limitations, asit may bevery
expensiveor unfeasiblein many situations. Of course, it worked well in the experiments of
tossing the coin or throwing adice. But how about repeating the experiment of launching a
satellitein order to compute the empirical probability of itsfailureduring launching, or the
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repetition of the phenomenon of an earthquake to compute the empirical probability of a
multi-storeyed buil ding getting destroyed in an earthquake? For finding these probabilitieswe
caculate model sof behaviour and usethem to estimate behaviour and likely outcomes. Such
modelsare complex and are validated by predictionsand outcomes. Forecast of weather,
result of an election, population demography, earthquakes, crop production etc. areall based
onsuchmodelsand their predictions.

“Theassumption of equally likely outcomes’ (whichisvaidinmany experiments, asintwo
of the examples seen, of acoin and of adice) is one of the assumption that leads us to the
following definition of probability of anevent.

Thetheoretica probability (aso called classica probability) of anevent T, writtenasP(T),
isdefined as

Number of outcomes favourableto T
Number of al possible outcomes of the experiment

M(T) =

whereweassumethat the outcomes of theexperiment areequaly likdy. Weusudly smply
refer to theoretical probability as Probability.

The definition of probability was given by Pierre Smon Laplace
in 1795.

Probability theory haditsoriginin the16 century whenanItalian
physician and mathematician J. Cardan wrotethefirst book onthesubject,
TheBook on Games of Chance. JamesBernoulli (1654 -1705),A. De
Moivre (1667-1754), and Pierre Simon L aplace are among those who
made significant contributionsto thisfield. In recent years, probability
has been used extensively in many areas such asbiology, economics,
genetics, physics, sociology etc.

Pierre Simon Laplace
(1749 — 1827)

13.3 MuTtuAaLLy ExcrLusive EVENTS

If acoinistossed, we get ahead or atail, but not both. Similarly, if we select astudent of
ahigh school that student may belong to oneof either 6, 7, 8, 9 or 10 classes, but not to any two
or more classes. In both these examples, occurrence of an event prevents the occurrence of
other events. Such eventsare called mutually exclusiveevents.

Two or moreeventsof an experiment, where occurence of an event prevents occurences
of al other events, are called M utually Exclusive Events. Wewill discussthisin moredetail
later inthe chapter.
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13.4.1 FinpiNnG PRrROBABILITY

How dowefind the probability of eventsthat areequally likely?We consider thetossing
of acoin asan event associated with experimentswherethe equally likely assumption holds. In
order to proceed, werecdl that there aretwo possible outcomes each time. Thisset of outcomes
is called the sample space. We can say that the sample space of onetossis{H, T}. For the
experiment of drawing out aball from abag containing red, blue, yellow and white ball, the
samplespaceis{R, B, Y, W}. What isthe sample spacewhen adiesisthrown?

Do THis

wa o
\/\ zs

Think of 5 situationswith equally likely eventsand find the sample space.

Let usnow try tofind the probability of equaly likely eventsthat aremutually exclusive.

Example-1. Findthe probability of getting ahead when acoinistossed once. Also find the
probability of getting atail.

Solution : Inthe experiment of tossing acoinonce, the number of possible outcomesistwo -
Head (H) and Tail (T). Let E bethe event 'getting ahead'. The number of outcomesfavourable
toE, (i.e., of getting ahead) is1. Therefore,
Number of outcomesfavourabletoE 1

Number of al possible outcomes  ~ 2

P(E) = P (head) =

Similarly, if Fistheevent 'getting atail’, then
1

P(F) = P(tail) = > (Guesswhy?)

Example-2. A bagcontainsaredball, ablueball and anyellow bal, al theballsbeing of the
samesize. Manasatakes out aball from the bag without looking intoit. What isthe probability
that shetakesay(i) yellow ball?(ii) red ball ? (iii) blueball?

Solution: Manasatakesout aball from thebagwithout looking intoit. So, itisequally likely
that shetakesout any one of them.

LetY betheevent theball takenoutisyellow’, B bethe event ‘theball taken out isblue,
and R betheevent 'theball taken outisred'.

Now, the number of possible outcomes= 3.

(i) Thenumber of outcomesfavourabletotheeventY =1.

1 1 1
So,P(Y) = 5. Similarly, P(R) = 5 andP(B) = 5
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Remarks

1. Anevent having only oneoutcomein an experiment iscalled an elementary event. In
Example 1, boththeeventsE and F areelementary events. Smilarly, in Example2, al
thethreeevents, Y, B and R are elementary events.

2. InExample 1, wenotethat: P(E) + P(F) =1
In Example 2, wenotethat : P(Y) + P(R) + P(B) = 1.

If wefind the probability of all theelementary eventsand add them, wewould get the
total as 1.

3. Ineventslikeathrowing adice, probability of getting lessthan 3 and of getting a3 or
morethan three are not elementary events of the possible outcomes. Intossing two
coins{HH},{HT},{TH} and{ TT} areelementary events.

Example-3. Suppose wethrow adie once. (i) What isthe probability of getting anumber
greater than 47 (i) What isthe probability of getting anumber lessthan or equal to 4?

Solution: (i) Inrolling an unbaised dice

Sample space S ={1,273/4,5,6} =4
v 0 0

No. of outcomes noS =6 0o 0
Favourable outcomesfor E ={56}
number greater than4
No. of favourable outcomes nE =2
Probabili _2. 1

Ilty P(E) - 6 - 3
(i) Let F bethe event 'getting anumber lessthan or equal to 4'.
Sample space S ={1,273/4,5,6}
No. of outcomes noS =6
Favourable outcomesfor F ={1,234}
number lessor equal to 4
No. of favourable outcomes nF =4
Probabili _4_2

Ilty P(F) - 6 - 3
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Note: AretheeventsE and Finthe above example elementary events?

No, they are not elementary events. The event E has 2 outcomes and the event F has 4
outcomes.
13.4.2 ComPLEMENTARY EVENTS AND PROBABILITY

Inthe previous section weread about e ementary events. Theninexample-3, wecdculated
probability of eventswhich arenot elementary. We saw,

1 2
P(E) + P(F) =§+§:1

HereFisthesameas'not E' becausethere are only two events.

We denotethe event 'not E' by E. Thisiscalled the complement event of event E.
So, P(E) + P(notE) =1

i.e., P(E) + P(E) =1, whichgivesusP(E) = 1- P(E).

In general, it istruethat for an event E, P(E) = 1-P(E)

_"‘\ =
(i) I's getting a head complementary to getting a tail? Give reasons.

(i)  Incaseof adieisgetting al complementary to eventsgetting 2, 3, 4, 5, 6? Give reasons
for your answer.

(iii)  Write of any five pair of events that are complementary.

13.4.3 ImprossiBLE AND CERTAIN EVENTS

Consider the following about the throws of a dice with sides marked as 1, 2, 3, 4, 5, 6.
@) What is the probability of getting a number 7 in asingle throw of a dice?

We know that there are only six possible outcomes in a single throw of this die. These
outcomes are 1, 2, 3, 4, 5 and 6. Since no face of the die is marked 7, there is no outcome
favourable to 7, i.e., the number of such outcomes is zero. In other words, getting 7 in a single
throw of adie, isimpossible.

0
So P(getting 7) = 5 =0

That is, the probability of an event which is impossible to occur is 0. Such an event is
called an impossible event.

() What is the probability of getting 6 or a number less than 6 in a single throw of a dice?
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Since every face of a die is marked with 6 or a number less than 6, it is sure that we will
always get one of these when the dice is thrown once. So, the number of favourable outcomesis
the same as the number of all possible outcomes, which is 6.

6
6

So, the probability of an event which is sure (or certain) to occur is 1. Such an event is
caled a sure event or a certain event.

Note : From the definition of probability P(E), we see that the numerator (number of outcomes
favourable to the event E) is always less than or equal to the denominator (the number of al
possible outcomes). Therefore, 0 < P(E) < 1.

Therefore, P(E) = P(getting 6 or a number lessthan 6) = = =1

1. A child has adie whose six faces show the letters A, B, C, D, E and F. The die is thrown
once. What is the probability of getting (i) A? (ii) D?

2. Which of the following cannot be the probability of an event?
(a) 23 (b) -1.5 (©) 15% (D) 07

ﬁ-,/[j‘ THINK AND Discuss

1. Wwhy istossing acoin considered to be afair way of deciding which team should get the
ball at the beginning of any game?

7
2. Can 5 be the probability of an event? Explain.

3. Which of the following arguments are correct and which are not correct? Give reasons.
i) If two coins are tossed simultaneously there are three possible outcomes - two heads,

1
two tails or one of each. Therefore, for each of these outcomes, the probability is 5 .

i) If adie isthrown, there are two possible outcomes - an odd number or an even number.

1
Therefore, the probability of getting an odd number is 5

13.5 Deck oF CARDS AND PROBABILITY
Have you seen a deck of playing cards?

A deck of playing cards consists of 52 cards which are divided into 4 suits of 13 cards
each. They areblack spades(# ), red hearts (¥ ), red diamonds (¢ ) and black clubs (¥).
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The cardsin each suit are Ace, King, Queen, Jack, 10, 9, 8, 7, 6, 5, 4, 3and 2. Kings,

Queensand Jacksare called face cards. Many games are played with thisdeck of cards, some

gamesareplayedwithpart B [ & 3 & [ie s 3o & [f0 & 1o & [fa s [Is &

of thedeck and somewith | * * b B RSk

IR R A KL R EEH KR KL
two deckseven. Thestudy QQ 2o 2o [faaieosias Zo.o 20.0
1H » » Ob|an s
of.probabllltyhasalottodo d et e tleetvetvug ey oy
withcardanddicegamesas e [ v |twe r,—,'g.. T v vy
ithelpsplayerstoestimate | ¢ v v|vvvv|vy
ppay . H o5 o 8 oalf aall aafaanl a“o.g
posshilitiesandpredicthow  m——"F % s » —‘V. To e [Toge Jioue
the cards could be | ¢ ’ AR
VIR IR KX KX KX KRN KX

distributed among players.

Example-4. Onecardisdrawnfromawell-shuffled deck of 52 cards. Cal cul atethe probability
that thecard will (i) beanace, (ii) not bean ace.

Solution : Well-shuffling ensuresequaly likely outcomes.

0]

(i)

AlternateMethod : Notethat Fisnothing but E.

B

Thereare4 acesin adeck.
Let E betheevent 'thecardisan ace'.
The number of outcomesfavourableto E=4

The number of possible outcomes=52 (Why ?)
1

4
Therefore, P(E) = ) = 3

Let F betheevent 'card drawnisnot an ace'.
Thenumber of outcomesfavourableto theevent F=52 - 4 =48 (Why?)

The number of possible outcomes=52

48 12
Therefore, P(F) = 5 = 13

Therefore, we can a so calculate P(F) asfollows:

£ 1 _12
P(A=P(E)=1-PE)=1- 2= 3

You haveasingledeck of well shuffled cards. Then,
What isthe probability that the card drawn will beaqueen?
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2.  What istheprobability that it isaface card?

3.  Whatistheprobability itisaspade?

4. Whatisthe probability that istheface card of spades?
5.  Whatistheprobability itisnot aface card?

13.6 Use oF PrRoBABILITY

L et uslook at some more occasionswhere probability may be useful. We know that in
sports some countries are strong and others are not so strong. We also know that when two
playersareplayingitisnot that they win equal times. The probability of winning of theplayer or
team that wins more often is more than the probability of the other player or team. We also
discussand keep track of birthdays. Sometimesit happensthat peoplewe know have the same
birthdays. Canwefind out whether thisisacommon event or would it only happen occasiondly.
Classical probability helpsusdothis.

Example-5. Sangeetaand Reshma, play atennis match. It isknown that the probability of
Sangeetawinning thematchis0.62. What isthe probability of Reshmawinning the match?

Solution : Let Sand R denote the eventsthat Sangeetawinsthe match and Reshmawinsthe
match, respectively.
Theprobability of Sangeeta'swinning chances=P(S) =0.62 (given)
The probability of Reshmaswinning chances =P(R) =1- P(S)
=1-0.62=0.38[R and S are complementary]

Example-6. Saradaand Hamidaarefriends. What isthe probability that both will have (i)
different birthdays?(ii) the samebirthday? (ignoring alesp year).

Solution : Out of thetwo friends, onegirl, say, Sarada's birthday can be any day of the year.
Now, Hamida'sbirthday can also be any day of 365 daysintheyear. We assumethat these 365
outcomesareequaly likely.

(i) If Hamidasbirthday isdifferent from Sarada's, the number of favourable outcomesfor her
birthday is365- 1 = 364

364
So, P (Hamidasbirthday isdifferent from Saradasbirthday) = 365

(i) P(Saradaand Hamidahave the samebirthday) = 1 - P (both have different birthdays)

I TN |
- -365[ Sngl:)(E)_ -P()]_365

Free Distribution by T.S. Government 2018-19



Probability 319

Example-7. Thereare 40 studentsin Class X of aschool of whom 25 are girlsand 15 are
boys. Theclassteacher hasto select one student asaclassrepresentative. Shewritesthe name
of each student on separate cards, the cards being identical. Then she putscardsin abox and
stirsthem thoroughly. Shethen draws one card from the box. What isthe probability that the
namewritten onthecardisthenameof (i) agirl?(ii) aboy?

Solution : Thereare 40 students, and only one name card hasto be chosen.
Thenumber of all possible outcomesis40

()  Thenumber of outcomesfavourablefor acard with the name of agirl =25 (Why?)

25 5
0 P(card with nameof agirl) = P(Girl) = 20 = 3

(i)  Thenumber of outcomesfavourablefor acard with the name of aboy =15 (Why?)

15 _ 3
Therefore, P(card with name of aboy) = P(Boy) = 20 8

8
S
8

olw

or P(Boy) = 1- P(not Boy) =1- P(Girl) =1-

Exercise - 13.1

1. Completethefollowing statements:
(1) Probability of an event E + Probability of theevent 'not E' =

(i) The probability of an event that cannot happenis
Suchaneventiscalled

(iii) The probability of an event that iscertainto happenis
Suchaneventiscalled

(iv) Thesum of the probabilitiesof all theelementary eventsof anexperimentis

(V) The probability of an eventisgreater than or equal to and lessthan or
equal to

2. Whichof thefollowing experimentshaveequally likely outcomes? Explain.
(i) A driver attemptsto start acar. The car startsor doesnot start.
(i) A player attemptsto shoot abasketball. She/he shoots or missesthe shot.
(i) A trial ismadeto answer atrue-false question. Theanswer isright or wrong.

(iv) A baby isborn. Itisaboy or agirl.
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3. If P(E) =0.05, what isthe probability of 'not E'?

4.  Abagcontainslemonflavoured candiesonly. Malini takes out one candy without looking
into the bag. What isthe probability that shetakes out

() an orangeflavoured candy?(ii) alemon flavoured candy?
5.  Rahimremovesall the heartsfromthe cards. What isthe probability of
I.  Getting an acefrom theremaining pack.
ii. Gettingadiamonds.
lii. Getting acard that isnot aheart.
iv. GettingtheAceof hearts.

6. Itisgiventhatinagroup of 3 students, the probability of 2 students not having the same
birthday is0.992. What isthe probability that the 2 students have the same birthday?

7. Adieisrolled once. Find the probability of getting
(i) aprimenumber (ii) anumber lying between2and 6 (iii) an odd number.
8.  Whatistheprobability of selecting out ared king from adeck of cards?

9.  Make5moreproblem of thiskind using dice, cardsor birthdaysand discusswith friends
and teacher about their solutions.

13.7 MoORE APPLICATIONS OF PROBABILITY

We have seen some example of use of probability. Think about the contents and ways
probability hasbeen used inthese. We have seen again that probability of complementary events
addto 1. Can you identify in the examples and exercises given above, and those that follow,
complementary events and elementary events? Discusswith teachersand friends. L et us see
more uses.

Example-8. A box contains 3 blue, 2 white, and 4 red marbles. If amarbleis selected at
random from the box, what isthe probability that it will be
(i) white? (i) blue? (iii) red?

Solution : Saying that amarbleisdrawn at randommeansall themarblesareequaly likely tobe
drawn.

[0 The number of possible outcomes=3+2 +4=9(Why?)

Let W denotethe event 'the marbleiswhite, B denotetheevent 'themarbleisblue and R
denotetheevent 'marbleisred'.

(1) Thenumber of outcomesfavourabletotheevent W =2
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2
So, P(W) = 5

I R
= 3an (|||)P(R)—9

3
9

Note that P(W) + P(B) + P(R) = 1.

Similarly, (i) P(B) =

Example-9. Harpreet tossestwo different coinssmultaneously (say, oneisof ¥1 and other of
¥2). What isthe probability that she getsat |east one head?

Solution : WewriteH for 'head' and T for 'tail’. When two coins aretossed s multaneoudly, the
possibleoutcomesare (H, H), (H, T), (T, H), (T, T), which areall equally likely. Here (H, H)
means heads on thefirst coin (say on 1) and a so heads on the second coin (2). Similarly (H,
T) meansheadsup onthefirst coin and tail up on the second coinand so on.

Theoutcomesfavourableto theevent E, 'at least one head' are (H, H), (H, T) and (T, H).

So, the number of outcomesfavourableto Eis3.

3
OP(E) = 1 [Sincethetotal possible outcomes=4]

3
i.e., the probability that Harpreet getsat least oneheadis 1

Check This

Didyou observethat indl the examplesdiscussed so far, the number of possible outcomes
ineach experiment wasfinite?1f not, check it now.

Therearemany experimentsinwhich the outcomeisnumber between two given numbers,
or inwhichtheoutcomeisevery point withinacircleor rectangle, etc. Can you count the number
of dl possible outcomesin such cases? Asyou know, thisisnot possiblesincethereareinfinitely
many numbers between two given numbers, or thereareinfinitely many pointswithinacircle. So,
the definition of theoretical probability which you havelearnt so far cannot be applied inthe
present form.

What istheway out? To answer this, let usconsider thefollowing example:

Example-10. Inamusical chair game, the person playing the music has been advised to stop
playingthemusic at any timewithin 2 minutesafter shestartsplaying. What isthe probability that
themusicwill gopwithinthefirst haf-minuteafter sarting?
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Solution : Herethe possible outcomesare al the numbersbetween 0 and 2. Thisistheportion
of thenumber linefrom0to 2

®

0

ot

L et E betheevent that ‘themusicisstopped within thefirst half-minute'.

1
The outcomesfavourableto E are pointson the number linefrom0to >

1 1
Thedistancefrom0to 2is2, whilethedistancefrom 0to > iSE

Sinceadll the outcomesareequaly likely, we can arguethat, of thetota distanceis2and

1
thedistancefavourabletotheevent Eis —

2
1
So. P(E) = Distance favourable to the event E 2.1
P(E) = Total distance in which outcomescanlie ~ 2~ 4

Wenow try to extend thisideafor finding the probability astheratio of thefavourablearea
tothetotal area.

\ 4

Example-11. A missing helicopter is < 6 km.

reported to have crashed somewhereinthe < ‘. & j"_;__‘“_:':'_
rectangular region asshown inthefigure. ~; — ~Eake-—
What istheprobability that it crashedinside o T S
thelake showninthefigure? - = VL & ,T
<t — - : .

Solution : Thehelicopter isequally likely s - Nl £
to crash anywhere in the region. Area of l = P : I
the entire region wherethe helicopter can . . S— o =
crash = (4.5 x 9) km? = 40.5 km? ) ' -

Areaof thelake = (2.5 x 3) km? = 7.5 km?

Therefore, P (helicopter crashedinthelake) = g5 -5 =0.185

405 27

Example-12. A carton consistsof 100 shirtsof which 88 aregood, 8 have minor defectsand 4
have major defects. Jhony, atrader, will only accept the shirtswhich are good, but Sujatha,
another trader, will only reject the shirts which have major defects. One shirt is selected at

random from the carton. What isthe probability that
(i) itisacceptableto Jnony? (i) itisacceptableto Sujatha?
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Solution : Oneshirt isselected at random from the carton of 100 shirts. Therefore, thereare
100 equally likely outcomes.

() Thenumber of outcomesfavourable(i.e., acceptable) to Jnony =88 (Why?)

88
Therefore, P (shirt isacceptableto Jhony) = 100 - 0.88

(i1) The number of outcomesfavourableto Sujatha= 88+ 8 =96 (Why?)

96
So, P (shirt isacceptableto Sujatha) = 100 = 0.96

Example-13. Twodice, onered and oneyellow, arethrown at the sametime. Writedown all
thepossible outcomes. What isthe probability that the sum of thetwo numbers appearing onthe
top of thediceis (i) 8 (ii) 13 (iii) lessthan or equal to 12?

Solution : Whenthered diceshows'1', theyellow dice could show any one of the numbers1,
2, 3, 4,5, 6. The same is true when the red dice shows ‘2, '3, '4, '5' or '6'. The possible
outcomes of the experiment are showninthefigure; thefirst number in each ordered pair isthe
number appearing on the red dice and the

second number isthat on thewhitedice. ST

Note that the pair (1, 4) isdifferent 1 2 3 4 5 6
from (4, 1). (Why?) 1,111,2(13[14]|15|16
2,1122(23]|24]|25]|26
31132[33]|34|35]|36
4,114,2(43|44]|45]|46
51|52|53]|54]|55]|5,6
6,116,2|63|6,4|6,5]|6,6

So, the number of possible outcomes
n(S) = 6 x 6 = 36.

ol |lw|IN]|F

()  Theoutcomesfavourabletotheevent

'the sum of the two numbersis 8’ denoted
byE,are:  (2,6),(3,5), (4, 4), (5 3), (6,2) (Seefigure)
i.e., the number of outcomesfavourableto Eisn(E) =5.

ng) 5
H B)= —— =—
ence, PE)= 119 = 36
()  Asthereisnooutcomefavourableto theevent F, ‘the sum of two numbersis13,
0
So, P(F) = 36 - 0

(iii) Asall the outcomes are favourableto the event G, 'sum of two numbersis 12,

36
SO,P(G):£=1
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7 Exercise - 18.2

A bag contains 3 red ballsand 5 black balls. A ball is selected at random from the bag.
What isthe probability that the ball selectedis (i) red ?(ii) not red?

A box contains 5 red marbles, 8 white marblesand 4 green marbles. One marbleistaken
out of thebox at random. What isthe probability that the marbletaken out will be (i) red?
(it) white?(iii) not green?

A Kiddy bank contains hundred 50p coins, fifty 1 coins, twenty 2 coins and ten 35
coins. If itisequally likely that one of the coinswill fall out when thebank isturned upside
down, what isthe probability that thecoin (i) will bea50 p coin?(ii) will not beaZ5 coin?

Gopi buysafish from ashop for hisaquarium. The shopkeeper
takesout onefish a random from atank containing 5 maefishand
8femaefish (Seefigure). What isthe probability that thefishtaken
outisamalefish?

A gameof chance consistsof spinning an arrow which comesto
rest pointing at one of the numbers 1, 2, 3, 4, 5, 6, 7, 8 (See
figure), and these are equally likely outcomes. What is the
probability that it will point at

i)8? (i) an odd number?

(iii) anumber greater than 2?7 (iv) anumber lessthan 9?

Onecardissdected fromawell-shuffled deck of 52 cards. Find the probability of getting
(i) aking of red colour (i) afacecard (iii) aredfacecard

(iv) thejack of hearts (v) aspade (vi) thequeen of diamonds
Five cards-theten, jack, queen, king and ace of diamonds, are well-shuffled with their
face downwards. One card is sel ected at random.

(1) What isthe probability that the card isthe queen?

(i) If thequeenis selected and put asi de (without replacement), what isthe probability that
the second card selected is(a) an ace? (b) aqueen?

12 defective pensare accidentally mixed with 132 good ones. Itisnot possibletojust look
at apen andtell whether or not it isdefective. One penistaken out at random fromthislot.
Determinethe probability that the pen taken out isagood one.

A lot of 20 bulbs contain 4 defective ones. One bulb is selected at random from thelot.
What isthe probability that thisbulb isdefective? Supposethe bulb selected in previous
caseisnot defective and isnot replaced. Now one bulb is selected at random from the
rest. What isthe probability that thisbulb isnot defective?
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A box contains 90 discs which are numbered from 1 to 90. If one disc is selected at
random fromthe box, find the probability that it bears (i) atwo-digit number (ii ) aperfect
sguare number (iii) anumber divisibleby 5.

Suppose you drop adie at random on the rectangul ar 3m.
region showninfigure. What isthe probability that it will
land insidethecirclewith diameter 1Im?

A lot consistsof 144 ball pensof which 20 are defective
and the others are good. The shopkeeper draws one
penat randomand givesitto Sudha What isthe probability
that (i) Shewill buy it?(ii) Shewill not buy it ?

Two dice arerolled simultaneously and counts are added (i) complete the table given
below:

Event:'Sumon2dice 21314 516 |7 8 9] 10| 11| 12

£
N

— T 5 T
obenility 36 36 36

(i) A student arguesthat 'there are 11 possible outcomes 2, 3,4, 5,6, 7, 8,9, 10, 11 and
1

12. Therefore, each of them hasaprobability 1 Doyou agreewith thisargument? Justify

your answe.

A game consists of tossing aone rupee coin 3 timesand noting its outcome each time.
Deskhithawinsif al thetossesgivethesameresulti.e., threeheadsor threetails, and loses
otherwise. Calculatethe probability that shewill losethe game.

A diceisthrowntwice. What isthe probability that (i) Swill not comeup either time?(ii) 5
will come up at least once? [Hint : Throwing a die twice and throwing two dice
simultaneoudy aretreated asthe same experiment].

OpPTIONAL EXERCISE

</ . .
[For extensive L ear ning]

Two customers Shyam and Ektaarevisiting aparticular shopinthe sameweek (Tuesday
to Saturday). Eachisequdly likely to visit the shop on any day ason another day. What is
the probability that both will visit the shop on (i) thesameday? (i) consecutive days? (iii)
different days?

A bag contains 5 red ballsand someblueballs. If the probability of drawing abluebal is
doublethat of ared ball, determinethe number of blueballsin the bag.

A box contains 12 ballsout of which x areblack. If oneball isdrawn at random from the
box, what isthe probability that it will beablack ball ?1f 6 moreblack ballsare putinthe
box, the probability of drawing ablack ball isnow double of what it was before. Find x.
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4. A jar contains 24 marbles, some are green and othersare blue. If amarbleisdrawn at
random fromthejar, the probability that itisgreenis % . Find the number of bluemarbles
inthejar.

Suggested Projects

Comparing classical probability with experimental probability.
e Findingprobability for variousstuationslikewhenadiceisrolled 100 timesthe probability
of getting (i) even, (i) odd, (iii) primeetc.

§& WHAT We Have Discussep

Inthischapter, you have studied thefollowing points.
1.  Wehavedealt with experimental probability and theoretical probability.

2. Thetheoretica (classical) probability of anevent E, written asP(E), isdefined as
Number of outcomes favourable to E
Total number of all possible outcomes of the experiment
wherewe assumethat the outcomes of theexperiment areequally likely.
Theprobability of asureevent (or certainevent) is 1.
Theprobability of animpossibleevent isO.
The probability of an event Eisanumber P(E) suchthat 0<P(E) <1

Anevent having only oneoutcomeiscaled an e ementary event. Thesum of theprobabilities
of adl theelementary eventsof anexperimentis1.

7.  ForanyeventE,P(E)+P( E )=1, where g standsfor not E'. Eand g arecalled
complementary events.

8.  Somemoretermsused inthe chapter are given below:

P(E)=

ISLN LI

Random experiment . For random experiments, the results are known well in advance,
but the result of the specific performance cannot be predicted.
Equally likely events : Two or more events are said to be equally likely if each one of

them has an equal chance of occurrance.

Mutually Exclusive events : Two or more events are mutualy exclusive if the occurrence of
each event prevents the every other event.

Complementary events  : Consider an event hasfew outcomes. Event of all other outcomes

in the sample survey which are not in the favourable event is
called Complementary event.

Exhaustive events . All the events are exhaustive events if their union is the sample
space.
Sure events . Thesample space of arandom experiment iscalled sureor certain

event as any one of its elements will surely occur in any trail of
the experiment.

Impossible event : An event which cannot occur on any account is called an
impossible event.
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CHAPTER

1 4 Statistics

14.1 INTRODUCTION

Ganeshrecorded the marks of 26 children in his class in the mathematics Summetive

Assessment - | intheregister asfollows:

Arjun 76 | Narayana 12
Kamini 82 | Suresh 24
Shefik 64 | Durga 39
Keshav 53 | Shiva 41
Lata 90 [ Raheem 69
Raender 27 | Radha 73
Ramu 34 | Kartik 4
Sudha 74 | Joseph 89
Krishna 76 | lkram 64
Somu 65 | Laxmi 46
Gouri 47 | Sta 19
Upendra 54 | Rehana 53
Ramaiah 36 | Anitha 69

Whether the recorded data, organised properly or not?why?

Histeacher asked him to report on how hisclassstudentshad performedin mathematics
intheir SummativeAssessment - | .
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Ganesh prepared thefollowing tableto understand the performance of hisclass:

Marks Number of children
0-33 4
34-50 6
51-75 10
76 - 100 6

Isthe datagivenin the abovetablegrouped or ungrouped?

He showed thistableto histeacher and the teacher appreciated him for organising the
datato beunderstood easily. We can seethat most children have got marks between 51-75. Do
you think Ganesh should have used smaller range? \Why or why not?

Inthepreviousclass, you had learnt about the difference between grouped and ungrouped
dataaswell ashow to present thisdatain theform of tables. You had dsolearnt to calculatethe
mean valuefor ungrouped data. L et usrecall thislearning and then learn to cal culate the mean,
median and modefor grouped data.

14.2 MeaN oF UN Grouprep Data

Asweknow themean (or average) of observationsistheratio of sum of thevauesof all
the observationsdivided by thetotal number of observations. Let X, X,,. . ., X beobservations
with respective frequenciesf, f,, . . ., f . Thismeansthat observation x, occurs f, times, x,
occurs f, times, and so on.

Now, the sum of the values of all the observations=1fx +fx, +...+fx , andthe
number of observations=f +f, +...+f .

So, themean y of thedataisgiven by

X=
Recall that we can writethisin short, using the Greek letter Y~ (read assigma) which

meanssummationi.e., yx — > fix%
> f

Example-1. Themarksobtained in mathematicsby 30 studentsof Class X of acertain school
aregivenintablethe below. Find the mean of the marks obtained by the students.

Marks obtained (x; ) 10 (20 | 36 | 40 | 50 | 56 | 60 | 70 | 72 80| 88| 92| 95

Number of student () [ 1 1 3 4 3 2 4 4 1 1 2 3 1
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Solution : Let usre-organizethisdataand find the sum of al observations.

Marks Number of f,%

obtained () students( fi)
10 1 10
20 1 20
36 3 108
40 4 160
50 3 150
56 2 112
60 4 240
70 4 280
72 1 72
80 1 80
88 2 176
92 3 276
95 1 95
Total > fi =30 > fx =1779

So, x=2=fX_1779_g94
> 30

Therefore, themean marksare59.3.

Inmost of our red lifesituations, dataisusualy solargethat to makeameaningful study,
it needsto be condensed asgrouped data. So, we need to convert ungrouped datainto grouped
dataand derive some method to find itsmean.

L et usconvert the ungrouped data of Example 1 into grouped databy forming class-
intervalsof width, say 15. Remember that while all ocating frequenciesto each class-interval,
studentswhose scoreisequal toinany upper class-boundary would be consideredinthe next
class, e.g., 4 studentswho have obtained 40 markswould be considered in the class-interval
40-55 and not in 25-40. With this convention in our mind, let usform agrouped frequency
digtributiontable.

Classinterval 10-25 25-40 40-55 55-70 70-85 85-100

Number of students 2 3 7 6 6 6
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Now, for each class-interva, werequire apoint which would serve asthe representative
of the whole class. It is assumed that the frequency of each class-interval is centred
around its mid-point. So, the mid-point of each class can be chosen to represent the
observationsfalinginthat classandiscaled theclassmark. Recall that wefind the classmark by
finding theaverage of the upper and lower limit of theclass.

Upper class limit + Lower class limit
2

Class mark =

10+
For theclass10-25, theclassmark is >

marksof theremaining classintervals. We put them in thetable. These classmarks serve asour
X"s. We can now proceed to compute the mean in the same manner asinthe previousexample.

=17.5. Similarly, we canfind the class

Class Number of Class fx
interval students( f) Marks (x )

10-25 2 175 35.0
25-40 3 32.5 97.5
40-55 7 47.5 332.5
55-70 6 62.5 375.0
70-85 6 7715 465.0
85-100 6 92.5 555.0
Total > =30 " f,% =1860.0

Thesumof thevaluesinthelast columngivesus >_ f;% . So, themean x of thegiven

dataisgivenby
X = 2 fix _ 1860 _ 62
> 30

Thisnew method of finding themeanisknown asthe Direct M ethod.

We observethat inthe above caseswe are using the same dataand employing the same
formulafor cal culating the mean but the results obtained are different. Inexample (1), 59.3isthe
exact mean and 62 isthe approximate mean. Can you think why thisisso?
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@

ﬁ/ THINK AND DISCUSS

1. Themean value can be calculated from both ungrouped and grouped data. Which one
doyou think ismore accurate? Why?

2. Whenitismoreconvenient to usegrouped datafor anaysis?

Sometimeswhenthe numerical valuesof x, andf, arelarge, finding the product of x, and
f, becomes tedious and time consuming. So, for such situations, let us think of amethod of
reducing thesecdculations.

We can do nothing with thef's, but we can change each x; to asmaller number so that our
cal culations become easy. How do we do this? What isabout subtracting afixed number from
each of thesex's? L et ustry thismethod for thedatain example 1.

Thefirst stepisto choose oneamong the x,'s asthe assumed mean, and denoteit by 'a’.
Also, tofurther reducefurther our calculation work, wemay take'a’ to bethat x, whichliesinthe
centre of x, X,, ..., X,. S0, we can choose a = 47.5 or a = 62.5. Let us choose a = 47.5.

The second step isto find the deviation of ‘a’ from each of the x's, which we denote

asd,

ie, d=x-a=x-475

Thethird stepistofind the product of d with the corresponding f,, and takethesumof all
the f, d’s. These cal culations are shownin table given bel ow-

Class Number of Class d =x—475 f.d,
interva students(f) [ Marks (x;) d=x—a

10-25 2 17.5 -30 -60
25-40 3 325 -15 -45
40-55 7 475 (a) 0 0
55-70 6 62.5 15 90
70-85 6 775 30 180
85-100 6 925 45 270
Tota > f,=30 > f.d, =435
So, from the abovetable, themean of thedeviations, d = %

Now, let usfind therelation between d and x.
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Since, in obtaining d wesubtracted ‘a’ fromeach x so, inorder to get themean x we

needtoadd‘a’ to ¢ . Thiscan beexplained mathematically as.

Mean of deviations, d=="i"

So, d=

X =a+=12%
Therefore + > 1
Substitutingthevaluesof a, - f,d, and >_ f; fromthetable, weget

X= 47.5+% —475+145=62

Therefore, the mean of the marks obtained by the studentsis62.
Themethod discussed aboveiscalled the Assumed M ean M ethod.

AcTivity
Consider thedatagivenin example 1 and cal cul ate the arithmetic mean by deviation

method by taking successivevaluesof x i.e., 17.5, 32.5, ... asassumed means. Now discuss
thefollowing:
1. Arethevaluesof arithmetic meaninal theabove casesequal ?

2. If wetaketheactua mean asthe assumed mean, how muchwill 3_ f.d; be?

3. Reason about taking any mid-value (classmark) asassumed mean?

Observethat inthetable given below thevauesin Column4 areal multiplesof 15. If
wedivide all the values of Column 4 by 15, we would get smaller numbers which we then
multiply withf,. (Here, 15istheclasssizeof each classinterval.)

. —a
So, let U :XIT whereaistheassumed mean and histheclasssize.
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Now, we calculate u, in this way and continue as before (i. e, find f, u, and then
> fiu). Teking h= 15, [Generally size of the classistaken ash but it need not be size of the
classaways].

_ > fu

LetU= Z—f.
Class Number of Class d=x—al U= A ;a fu
interval students(f,) | Marks (x)
10-25 2 17.5 -30 -2 -4
25-40 3 325 -15 A -3
40-55 7 47.5 0 0
55-70 6 62.5 15 1
70-85 6 775 30 2 12
85-100 6 92.5 45 3 18
Total > f,=30 > fu =29

Here, againlet usfind therelation between T and x.

Wehave u = alta
h
_ 2ty
So U= > f
s (53
So g—___h
> f;
12X fix X fa
~h| X f. >
:%(Y—a)
hi=X—a
X=a+ hu
fu
Therefore, X=a-+h Zz'fﬂ
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2 fiu fiui]xh
>

Substitutingthevaluesof a, >_ f,u hand >_ f, fromthetable, we get

X = 47.5+§><15
30

=475+ 145=62
So, the mean marks obtained by astudent are 62.
Themethod discussed aboveiscalled the Sep-deviation method.
Wenotethat:

° The step-deviation method will be convenient to apply if all thed’shaveacommon
factor.

° The mean obtained by all thethree methods same.

° The assumed mean method and step-deviation method arejust smplified formsof the

direct method.
e  Theformulax=a-+ hu still holdsif aand hare not asgiven above, but are any non-
X —a
zeronumberssuchthat U, = N

Let usapply these methodsin other examples.

Example-2. Thetablebeow givesthe percentage distribution of femal eteachersinthe primary
schools of rural areas of various states and union territories (U.T.) of India. Find the mean
percentage of femaeteachersusing al thethree methods.

Percentage of femaleteachers | 15-25 | 25-35 35-45 45-55 [ 55-65 | 65-75| 75-85
Number of States/U.T. 6 11 7 4 4 2 1

Source : Seventh All India School Education Survey conducted by NCERT

Solution : Let usfindtheclassmarksx of each class, and put theminatable
Herewetake a = 50, h =10,

X —50
thend, =x —50and u, = 10
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Now find d, and u;, and put theminthetable
Percentage | Number of X d = U = fx | fid | fu
X —50
of female States/U.T. X —50 10
teachersC.I f;
15-25 6 20 30 -3 120 -180 -18
25-35 1 0 -2 2 330 -220 -2
35-45 7 40 -10 -1 280 -70 -7
45-55 4 50 0 0 200 0 0
55-65 4 60 10 1 240 40 4
65-75 2 70 0] 2 140 40 4
75-85 1 80 0 3 80 0 3
Total ) 1390 | -360 -36

Fromtheabovetableweobtain > f, =35, > fix =1390, > f,d. =—360, >_ fu, =—36.

Usingthedirect method x = 2% — 1390 _ 5979
>f 35
Using the assumed mean method X = a+% — 50+% =50-10.29=139.71
- f.u —36
Using the step-deviation method X=a+ %J xh= 50+¥><10= 39.71
i

Therefore, the mean percentage of femaleteachersinthe primary schoolsof rural areesis39.71.

THINK AND Discuss

1. Istheresult obtained by all thethree methods same?
2. If x, andf; aresufficiently small, then which method isan appropriate choice?
3. If x andf arenumerically large numbers, then which methods are appropriate to use?

Evenif theclasssizesareunequal, and x. arelarge numerically, we can still apply the
step-deviation method by taking hto beasuitabledivisor of al thed.'s.

Example-3. Thebelow distribution showsthe number of wicketstaken by bowlersin one-day
cricket matches. Find the mean number of wickets by choosing asuitable method. What does
themeansgnify?

Number of wickets

20 - 60

60 - 100

100 - 150

150 - 250

250 - 350

350 — 450

Number of bowlers

7

5

16

12

2

3
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Solution : Here, theclasssizevaries, andthex'sarelarge. Let usstill apply the step deviation
method with a= 200 and h=20. Then, we obtain the dataasgiveninthetable.

Numberof | Numberof | x| d= | u=""" | fu

wickets bowlers (f;) X —a (h=20)
20 — 60 7 40 -160 -8 -56
60— 100 5 80 -120 -6 -30
100 — 150 16 125 -75 -3.75 -60
150 — 250 12 200 (a) 0 0 0
250 — 350 2 300 100 5 10
350 — 450 3 400 200 10 30
Total 45 -106

So x=a-+ Z—f'fl”' xh =200+ _126 x 20= 200—47.11=152.89

Thus, the average number of wicketstaken by these 45 bowlersin one-day cricket is 152.89.
Classroom Project :

1 Collect themarksobtained by al the studentsof your classin Mathematicsintherecent
examination conducted in your school. Form agrouped frequency distribution of the
data obtained. Do the same regarding other subjects and compare. Find the mean in
each case usingamethod you find appropriate.

2. Collect thedaily maximum temperaturesrecorded for aperiod of 30 daysinyour city.
Present this data as a grouped frequency table. Find the mean of the data using an
appropriate method.

3. Measure the heights of all the students of your class and form a grouped frequency

distribution table of thisdata. Find the mean of the data using an appropriate method.

Exercise - 14.1

1 A survey was conducted by agroup of studentsasapart of their environment awareness
programme, inwhichthey collected thefollowing dataregarding the number of plantsin

20 housesinalocdity. Find the mean number of plantsper house.

Number of plants 0-2(2-4| 4-6| 6-8 | 8-10(10-12 | 12-14
Number of houses 1 2 1 5 6 2 3
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2. Consder thefollowing distribution of daily wagesof 50 workersof afactory.

Daily wagesin Rupees| 200 - 250 250 - 300 | 300 - 350|350 - 400 | 400-450

Number of workers 12 14 8 6 10

Find themean daily wages of theworkersof thefactory by using an appropriate method.

3. Thefollowing distribution showsthedaily pocket alowanceof children of alocdity. The
mean pocket allowanceis< 18. Find the missing frequency f.

Daily pocket 11-13| 13-15|15-17 |17-19(19-21| 21-23 | 23-25
allowance(in Rupees)
Number of children 7 6 9 13 f 5 4

4, Thirty women were examined in ahospital by adoctor and their heart beats per minute
were recorded and summarised as shown. Find the mean heart beats per minute for
thesewomen, choosing asuitable method.

Number of heart beatsminute [65-68 | 68-71| 71-74| 74-77 | 77-80 | 80-83 | 83-86

Number of women 2 4 3 8 7 4 2

5. Inaretail market, fruit vendors were selling oranges kept in packing baskets. These
baskets contained varying number of oranges. Thefollowing wasthe distribution of
oranges.

Number of oranges | 10-14 1519 20-24 25-29 30-34

Number of baskets 15 110 135 115 25

Find the mean number of oranges kept in each basket. Which method of finding the
mean did you choose?

6. Thetable below showsthedaily expenditure onfood of 25 householdsinalocality.
Daily expenditure (in Rupees)| 100-150 | 150-200| 200-250 [ 250-300 | 300-350
Number of house holds 4 5 12 2 2

Find the mean daily expenditure on food by asuitable method.

7. Tofind out the concentration of SO, intheair (in partsper million, i.e., ppm), thedata
was collected for 30 localitiesinacertain city andispresented bel ow:

Concentration of SO, inppm [ 0.00-0.04 [ 0.04-0.08 | 0.08-0.12 | 0.12-0.16 | 0.16-0.20( 0.20-0.24

Frequency 4 9 9 2 4 2
Find the mean concentration of SO2 intheair.
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8. A classteacher hasthe following attendance record of 40 students of aclassfor the
wholeterm. Find the mean number of daysa student was present out of 56 daysinthe
term.
Number of days 35-38 | 38-41 | 41-44 | 44-47 | 47-50 | 50-53 | 53-56
Number of students 1 3 4 4 7 10 11

9. Thefollowingtablegivestheliteracy rate (in percentage) of 35 cities. Find the mean

literacy rate.
Literacy ratein % 45-55 55-65 65-75 75-85 85-95
Number of cities 3 10 11 8 3
14.3 MooEe

A modeisthat val ue among the observationswhich occurs most frequently.

Beforelearning, cal culating themode of grouped datalet usfirst recall how wefound the
modefor ungrouped datathrough thefollowing example.

Example-4. Thewicketstaken by abowler in 10 cricket matchesareasfollows: 2, 6, 4, 5, 0,
2,1, 3, 2, 3. Find the mode of the data.

Solution : Let usarrangethe observationsinorderi.e, 0,1,2,2,2,3,3,4,5,6

Clearly, 2 isthe number of wicketstaken by the bowler in the maximum number of matches
(i.e., 3times). So, themode of thisdatais 2.

Do THis

1. Findthemode of thefollowing data.
a) 56,9, 10,6,12, 3,6, 11, 10, 4, 6, 7.
b) 20,3,7,13,3,4,6,7,19, 15, 7, 18, 3.
C) 2,2,2,3,3,3,4,4,4,5,5,5,6, 6, 6.
2. Isthemodeawaysat the centre of the data?

Does the mode change. If another observation is added to the data in Example?
Comment.

If the maximum value of an observation in the datain Example4 ischangedto 8,
would the mode of the data be affected? Comment.
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Inagrouped frequency distribution, itisnot possibleto determine the mode by looking
at thefrequencies. Here, we can only locate a class with the maximum frequency, called the
modal class. Themodeisavaueinsidethemodal class, andisgiven by theformula.

Bl xh
2f,— f,— f,
where, | = lower boundary of the modal class,

Mode =1+

h = sizeof themodal classinterval,
f, = frequency of themodal class,
f, = frequency of the class preceding themodal class,
f, = frequency of the class succeeding the modal class.
Let usconsider thefollowing examplestoillustratetheuse of thisformula

Example-5. A survey conducted on 20 householdsin alocality by agroup of studentsresulted
inthefollowing frequency tablefor the number of family membersin ahousehold.

Familysize 1-3 |1 35 | 57 | 7-9 | 9-11
Number of families 7 8 2 2 1
Find the mode of thisdata.

Solution : Herethemaximum classfrequency is8, and the class corresponding to thisfrequency
is3-5. So, themodal classis3-5.

Now,
modal class=3-5, boundary limit (I) of modal class=3, classsize (h) =2
frequency of themodal class(f,) =8,
frequency of class preceding themodal class(f,) =7,
frequency of classsucceeding themodal class(f,) = 2.
Now, let ussubgtitutethese val uesin theformula

Mode =Il+|—————
2f,— fy— 1,

8—7 2
—34|—97" o332 3286
+[2><8—7—2]X 7

Therefore, the mode of the dataaboveis 3.286.

Example-6. Themarksdistribution of 30 studentsin amathematicsexamination aregiveninthe
adjacent table. Find the mode of thisdata. Also compare and interpret the mode and the mean.
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Classinterva Number of ClassMarks (x; ) f.x;
students ()
10-25 2 175 35.0
25-40 3 325 97.5
40-55 7 475 3325
55-70 6 62.5 375.0
70-85 6 775 465.0
85-100 6 92.5 555.0
Total > £ =30 >_ fix =1860.0

Solution : Sincethe maximum number of students(i.e., 7) havegot marksintheinterval, 40-65
themodal classis40 - 55.

Thelower boundary (1) of themodal class=40,
Theclasssize( h) =15,

Thefrequency of modal class(f;) =7,

thefrequency of the class preceding themodal class(f,) =3,
thefrequency of the class succeeding themodal class(f,) = 6.
Now, using theformula

Mode =1+

_hf x h
2f,—1,—,

7-3
—404+|—L"°  |x15=40+12=52
[2x7—6—3]

Inter pretation : Themode marksis52. Now, from Example 1, weknow that the mean marks
iS62. So, the maximum number of students obtained 52 marks, while on an average astudent
obtained 62 marks.

THINK AND Discuss

1.  Itdependsuponthedemand of thesituation whether weareinterested infinding the
average marksobtained by the studentsor the marks obtained by most of the sudents.

a. What dowefindinthefirst situation?
b. What do wefind in the second situation?

2. Canmodebecalculated for grouped datawith unequal classsizes?
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Exercise - 14.2

1 Thefollowing table showsthe ages of the patientsadmitted in ahospital during ayear:

Age (in years) 515 | 1525 | 25-35 |35-45 |45-55 |55-65

Number of patients 6 11 21 23 14 5

Find the mode and the mean of the datagiven above. Compare and interpret the two
measures of central tendency.

2. Thefollowing datagivestheinformation on the observed lifetimes (in hours) of 225
€lectrica components:

Lifetimes(inhours)| 0-20| 20-40| 40-60 | 60-80 | 80- 100 | 100 - 120

Frequency 10 35 52 61 38 29

Determinethe moddl lifetimes of the components.

3. Thefollowing datagivesthedistribution of total monthly household expenditure of 200
familiesof Gummadidaavillage. Find the moda monthly expenditure of thefamilies.
Also, find the mean monthly expenditure:

Expenditure 1000- | 1500- [ 2000-| 2500- | 3000- | 3500- | 4000- | 4500-
(inrupees) 1500 | 2000 [2500 [ 3000 |3500 |4000 [4500 |5000

Number of families | 24 40 33 28 30 22 16 7

4, Thefollowing distribution givesthe state-wise, teacher-student ratio in higher secondary
schoolsof India. Find the mode and mean of thisdata. I nterpret the two measures.

Number of students | 15-20| 20-25| 25-30 [ 30-35| 35-40 | 40-45| 45-50 | 50-55
Number of States 3 8 9 10 3 0 0 2

5. The given distribution showsthe number of runs scored by sometop batsmen of the
worldinone-day international cricket matches.
Runs 3000- | 4000- | 5000- | 6000- | 7000- | 8000- | 9000- {10000-
4000 | 5000 6000 [7000 (8000 (9000 |10000|11000
Number of batsmen | 4 18 9 7 6 3 1 1
Find the mode of the data.
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6. A student noted the number of cars passing through aspot on aroad for 100 periods,
each of 3 minutes, and summarised thisin thetablegiven below.

Number of cars| 0-10|10-20| 20-30( 30-40( 40-50|50-60|60-70|70-80
Frequency 7 14 13 12 20 11 15 8

Find the mode of the data.
14.4 MepiaNn oF GrRourPeD DaTa

Median isameasure of central tendency which gives the value of the middle-most
observationinthedata. Recall that for finding the median of ungrouped data, wefirst arrangethe
datavaluesor the observationsin ascending order.

n+1

Then, if nisodd, themedianisthe >

th
] observation and

th qo
and [§+1] observations.

if niseven, thenthe median will bethe average of the [2

Suppose, we have tofindthemedian of thefollowing data, which isabout the marks, out of
50 obtained by 100 studentsin atest :

Marksobtained 20 29 28 33 42 38 43 25
Number of students | 6 28 24 15 2 4 1 20

First, wearrangethe marksin ascending order and prepare afrequency table 14.9 asfollows:

Marks obtained Number of students (frequency)

20 6
25 20
28 24
29 28
33 15
38

42

43 1
Totd 100
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Here n = 100, whichiseven. The median will be the average of the

th th
E] d the E+1
2] & 2

observations, i.e., the 50th and 51Slt observations. Tofind the position of thesemiddleval ues, we

congiruct cumul ativefrequency.
Marks obtained Number of sudents | Cumulativefreguency
20 6 6
upto 25 6+20= 26 26
upto 28 26+24= 50 50
upto 29 50+28= 78 78
upto 33 78+ 15= 93 93
upto 38 93+4= 97 97
upto 42 97+2= 99 99
upto 43 99 +1= 100 100

Now weadd another column depicting thisinformation to thefrequency table above and nameit
as cumulative frequency column.

From thetable above, we seethat :
50th observationis 28 (Why?)

51St observationis29

28+ 29 Marks Number of students

Median= =285
0-10

ol

Remark : Column 1and column3intheabovetable | 10-20 3
are known as Cumulative Frequency Table. The | 20-30 4
median marks 28.5 conveystheinformationthat about | 30-40 3
50% students obtained marks less than 28.5 and | 40-50 3
another 50% studentsobtained marksmorethan 285, | 20-60 4

Consder agrouped frequency distribution of 38 ;8 ;
marksobtained, out of 100, by 53 students, inacertain 80-90 .
examination, asshownin adjacent table. 90-100 8
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Fromthetable, try to answer thefollowing questions:

How many students have scored marks

lessthan 10? Theanswer isclearly 5. Marks obtained Number of students
How many students have scored lessthan (Cumulativefrequency)
?)

20 marks? Observe that the number of Lessthan 10 5
students who have scored less than 20
includethe number of studentswhohave | L€ssthan20 S+3=8
scored marks from 0-10 aswell asthe | Lessthan30 8+4=12
number of students who have scored | | ossthan40 12 +3=15
marksfrom 10-20. So, thetotal number B
of studentswith markslessthan20is5 + Lessthan 50 15+3=18
3, i.e, 8. We say that the cumulative | Lessthan60 18+4=22
frequency of the class 10-20is 8. (As | | essthan 70 22 +7=29
shownintable14.11

! ) L essthan 80 29+9=138
S|m|IarIy,. wecan computethewrr_mletwe L essthan 90 38+ 745
frequencies of the other classes, i.e., the
number of studentswith markslessthan | L€ssthan100 45+8=53

30, lessthan 40, ..., lessthan 100.

Thisdistributioniscalled the cumulativefrequency distribution of thelessthantype. Here 10, 20,
30, ..., 100, arethe upper boundaries of the respectiveclassintervals.

Wecansmilarly mekethetablefor
the number of studentswith scores

more than or equal to O (this Marksobtained Number of students
number issame as sum of all the (Cumulativefrequency)
frequencies), morethanabovesum | Morethan or equal to 0 53

”l]i nu; the 1;|requencyhof the fir: Morethan or equal to 10 53-5=48
classinterval), morethan or equ

to 20 (this nu)mber issame :sqthe Morethan or equal to 20 48-3=45
sumof all frequenciesminusthe | Morethanor equal to 30 45-4=41
sum of thefrequenciesof thefirst | Morethan or equal to 40 41-3=38
two class intervals), and so on. | Morethan or equal to 50 38-3=35
We observe that all 53 students | Morethan or equal to 60 35-4=31
have scored mgrks morethan or | 1 e than or equal to 70 31-7=24
equal to 0. S.I nee there.are > Morethan or equal to 80 24-9=15
students scoring marks in the

interval 0-10, thismeansthat there [ Morethan or equal t0 90 15-7=8
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are53-5 =48 students getting more than or equa to 10 marks. Continuing in the same manne,
weget the number of students scoring 20 or above as48-3 =45, 30 or aboveas45-4 =41, and
soon, asshowninthetable aside.

Thistableaboveiscalled acumulativefrequency distribution of themorethantype. Here0, 10,
20, ..., 90 givethelower boundaries of the respectiveclassintervals.

Now, tofind the median of grouped data, we can make use of any of these cumulativefrequency
digributions.

Now in agrouped data, we may not be able to find the middle observation by looking at the
cumulative frequenciesasthe middle observation will besomevalueinaclassinterval. Itis,
therefore, necessary to find thevalueinside aclassthat dividesthewholedistribution into two
halves. But which classshould thisbe?

n
Tofindthisclass, wefind the cumulative frequenciesof al theclassesand PY Wenow |locatethe

classwhose cumulativefrequency exceeds 2 for thefirst time. Thisiscalled themedian class.

Marks Number of students(f) Cumulativefrequency (cf)
0-10 5 5

10-20 3 8

20-30 4 12

30-40 3 15

40-50 3 18

50-60 4 22

60-70 7 29

70-80 9 38

80-90 7 45

90-100 8 53

n
In the distribution above, n = 53. So 5 = 26.5. Now 60-70 is the class whose cumulative

n
frequency 29 isgreater than (and nearest to) o I.e., 26.5.

Therefore, 60-70 isthemedian class.
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After finding themedian class, we usethefollowing formulafor cal culating the median.

LA
Median =1 +|2 —|xh

where | =lower boundary of median clas,
n=number of observations,
cf = cumulativefrequency of class preceding themedian class,
f =frequency of median class,
h=classsize (sze of themedian class).
Substituting thevalues g =26.5, | =60, cf =22, f=7, h=10

intheformulaabove, weget

[26.5—22]
—| X

Median =60+ 10

45
=60+ —
=

=66.4

So, about half the students have scored marks|ess than 66.4, and the other half have scored
marks morethan 66.4.

Example-7. A survey regardingtheheights | H&ight (in cm) Number of girls

(incm) of 51 girlsof ClassX of aschool was | Lessthan 140 4

conducted and datawasobtained asshownin | Lessthan 145 1

table. Find their median. L essthan 150 29
Lessthan 155 40
Lessthan 160 46
Lessthan 165 51
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Solution : Tocaculatethe median

height, we need to find the class Classintervals Frequency Cumulative
intervals and their corresponding frequency
frequencies. Thegivendistribution | Below 140 4 4
being of the less than type, 140, | 140-145 7 1
145, 150, . . ., 165 give the upper 145-150 18 29
limits of the corresponding class 150-155 1 40
intervals. So, the classes should be

155-160 6 46
below 140, 140 - 145, 145 - 150, .
.. 160 - 165. 160-165 5 51

Observethat from the given distribution, wefind that thereare 4 girlswith height lessthan 140,
i.e., thefrequency of classinterval below 140is4 . Now, thereare 11 girlswith heightslessthan
145and4 girlswith height lessthan 140. Therefore, thenumber of girlswithheightintheinterva
140- 145is11—-4=7. Similarly, thefreguencies can be calculated asshownintable.

Number of observations, n=51

n 51
555 F 255" observation, which liesin the class 145 - 150.

O 145- 150 ismedian class

Then, | (thelower boundary) = 145,

cf (the cumulativefrequency of the classpreceding 145 - 150) = 11,
f (thefrequency of the median class 145 - 150) = 18,

h (theclasssize) =5.

n
_CfJ
Using theformula, Median :|+[2 xh
f
255-11
=145 (255 )><5
18

72.5
=145+— = )
18 149.03
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So, themedian height of the girlsis 149.03 cm. Thismeansthat the height of about 50% of the
girlsislessthan thisheight, and that of other 50% isgreater than thisheight.

Example-8. Themedian of thefollowing datais525. Find thevaluesof x andy, if thetotal
frequency is100. Here, Cl standsfor classinterval and Fr for frequency.

Cl | 0-100| 100- | 200- | 300- | 400- | 500- | 600- [ 700- | 800- [ 900-
200 | 300 | 400 | 500 [ 600 | 700 | 800 [ 900 |1000

Fro| 2 5 X 12 | 17 | 20 y 9 7 | 4

Classintervals Frequency Cumulativefrequency
0-100 2 2
100-200 5 7
200-300 X 7+X
300-400 12 19+x
400-500 17 36+x
500-600 20 56+Xx
600-700 y 56+x+y
700-800 9 65+x+y
800-900 7 T24+x+y
900-1000 4 76+x+y

Solution:

Itisgiventhat n=100
So, 76 + x+y =100, i.e, x+y=24 (1)
Themedianis525, whichliesin the class500—-600

So, | =500, f =20, cf =36 + x, h =100
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Usingtheformula
5]
Median =1 +15——xh
525 =500+%x100

i.e, 525—500=(14—X) x5

i.e, 25 =70-5x
ie, Ex=70-25=45
S0, XxX=9

Therefore, from (1), weget 9+y=24
i.e,y=15
Note :

Themedian of grouped datawith unequal classsizescan aso becalculated.

14.5 WHicH vALUE oF CENTRAL TENDENCY
Which measurewould bebest suited for aparticular requirement.

Themean isthemost frequently used measure of central tendency becauseit takesinto account
all the observations, and liesbetween theextremes, i.e., thelargest and the smallest observations
of the entire data. It also enables us to compare two or more distributions. For example, by
comparing theaverage (mean) results of studentsof different schoolsof aparticular examination,
we can conclude which school hasabetter performance.

However, extremevaluesin the dataaffect the mean. For example, the mean of classeshaving
frequencies more or less the sameis agood representative of the data. But, if one class has
frequency, say 2, and the five others have frequency 20, 25, 20, 21, 18, then the mean will
certainly not reflect the way the data behaves. So, in such cases, the mean is not a good
representative of thedata.

In problemswhereindividua observationsare not important, especialy extremevalues, and we
wishtofindouta‘typica’ observation, themedianismoreappropriate, e.g., finding thetypical
productivity rate of workers, averagewagein acountry, etc. TheseareStuationswhereextreme
valuesmay exist. So, rather than the mean, we take the median as a better measure of central
tendency.
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I nsituationswhich require establishing themost frequent value or most popular item, themodeis
thebest choice, e.g., to find themost popular T.V. programme being watched, the consumer item
ingreatest demand, the col our of the vehicle used by most of the people, etc.

Exercise - 14.3

1 Thefollowing frequency distribution givesthe monthly consumption of e ectricity of 68
consumersof alocality. Find the median, mean and mode of the dataand comparethem.

Monthly consumption | 65-85 | 85-105 |[105-125 | 125-145 |145-165 | 165-185 |[185-205

Number of consumers| 4 5 13 20 14 8 4

2. If the median of 60 observations, given below is28.5, find thevauesof xandy.

Classinterva | 0-10 10-20 20-30 30-40 40-50 50-60

Frequency 5 X 20 15 y 5

3. A lifeinsurance agent found thefollowing dataabout distribution of agesof 100 policy
holders. Calculate the median age. [Policiesare given only to personshaving age 18
yearsonwardsbut lessthan 60 years.]

Age Below |Below |Below |Below | Below |Below |Below | Below | Below
(in years) 20 25 30 35 40 45 50 55 60

Number of 2 6 24 45 78 89 P2 98 100
policy holders

4. Thelengths of 40 leaves of aplant are measured correct to the nearest millimetre, and
thedataobtained isrepresented in thefollowing table:

Length (in mm) 118-126 | 127-135 | 136-144 | 145-153 | 154-162 | 163-171 | 172-180

Number of |eaves 3 5 9 12 5 4 2

Find the median length of the leaves. (Hint : The data needsto be converted to continuous
classesfor finding the median, sincethe formulaassumes continuous classes. The classesthen
changeto 117.5- 126.5, 126.5 - 135.5, . . ., 171.5- 180.5)
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5. Thefollowing table givesthedistribution of thelife-timeof 400 neonlamps

Lifetime 1500- | 2000- ([ 2500- | 3000- | 3500- | 4000- | 4500-
(inhours) 2000 | 2500 |3000 |3500 |4000 |4500 [5000

Numberof | 14 56 60 86 74 62 48
lamps

Find themedianlifetimeof alamp.

6. 100 surnameswererandomly picked upfromaloca telephonedirectory and thefrequency
distribution of thenumber of | ettersin the English al phabet in the surnameswas obtained

asfollows
Number of letters 1-4 4-7 7-10 10-13 | 13-16( 16-19
Number of surnames 6 30 40 16 4 4

Determinethe median number of |ettersin the surnames. Find the mean number of lettersinthe
surnames?Also, find themodal size of the surnames.

7. The distribution below gives the weights of 30 students of a class. Find the median
weight of the students.

Weight (inkg) 40-45 | 45-50 | 50-55 | 55-60 | 60-65 | 65-70 | 70-75

Number of studenty 2 3 8 6 6 3 2

14.6 GrRAPHICAL REPRESENTATION OF CuMuLATIVE FREQUENCY DISTRIBUTION

As we al know, pictures speak better than words. A graphical representation helps usin
understanding given dataat aglance. In Class | X, we have represented the datathrough bar
graphs, histograms and frequency polygons. Let us now represent a cumulative frequency
digributiongraphicaly.

For example, let usconsider the cumulative frequency distribution givenin example.

For drawing ogives, it should beensured that the classinterva sare continuous, becausecumuletive
frequenciesarelinked with boundaries, but not with limits.
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Recall that the values 10, 20, 60 -
30, ..., 100 are the upper § 501

. B 40 . o
boundaries of the respective 5 *° Less than' ogive
classintervas. Torepresent theg 307
. 5 20 1
data graphically, we mark thelé N
upper boundaries of the class & o

intervalsonthehorizontal axis 0O 10 20 30 40 50 60 70 80 90 100

Uoper fimif
(X-axis) and their pper limits

corresponding cumulative frequencieson thevertica axis(Y-axis), choosingaconvenient scale.
Now pl ot the points corresponding to the ordered pairsgiven by (upper boundary, corresponding
cumulative frequency), i.e., (10, 5), (20, 8), (30,, 12), (40, 15), (50, 18), (60, 22), (70, 29),
(80, 38), (90, 45), (100, 53) on agraph paper and join them by afree hand smooth curve. The
curveweget iscalled acumulativefrequency curve, or an ogive (of thelessthantype).

Theterm 'ogiveispronounced as'ojeev' and isderived from thewor d ogee. An ogeeis
a shape consisting of a concave ar c flowing into a convex ar ¢, so forming an S-shaped
curvewith vertical ends. In architectur e, the ogee shapeisoneof thecharacteristics of
the 14th and 15th century Gothic styles.

Againwe consder the cumulative frequency distribution and draw itsogive (of the morethan
type).

Recall that, here 0, 10, 20, ....,90 g0 -
are the lower boundaries of the
respectiveclassintervals0-10, 10-
20, ....., 90-100. To represent 'the
morethan type graphically, weplot
thelower boundariesonthe X-axis
and the corresponding cumul ative
frequenciesontheY-axis. Thenwe
plot the points (lower boundaries,
corresponding  cumulative
frequency), i.e,, (0, 53), (10, 48), 0O 10 20 30 40 50 60 70 80 90
(20, (45), (30, 41), (40, 38), (50, Lower limits

35), (60, 31), (70, 24), (80, 15), (90, 8), on agraph paper, and join them by afree hand smooth
curve. Thecurveweget isacumulativefrequency curve, or an ogive (of themorethan type).

50 -

'Morethan' ogive

Cumulative frequency

= N w B
o o O o O
1 1 1 1
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14.6.1 OBTAINING MEDIAN FROM GIVE CURVE:

Isit possibleto obtain the median from these two cumul ative frequency curves. Let ussee.

n

One obviousway isto locate on 5" 5

paralel to the X-axis cutting the 60

curve at a point. From this point,
draw aperpendicular tothe X-axis.
Foot of this perpendicular
determinesthe median of thedata.

Another way of obtaining the
median :

Draw both ogives(i.e., of theless
than typeand of themorethantype)

N
o

Cumulative frequency
o

a1
o
1

2N W
o O O
1 1 1

53 . . . .
= — = 26.5 onthey-axis. From this point, draw aline

Median (66.4)

0 10 20 30 40 50 60 70 80 90 100

Upper limits

onthesameaxis. Thetwo ogiveswill intersect each other at apoint. Fromthispoint, if wedraw
aperpendicular onthex-axis, thepoint at whichit cutsthex-axisgivesusthe median.

60

50 1

40 A

30 4

20 4

Cumulative frequency

10 A

0 10 20 30

40 50 60 70 80 90 100

Limits Mediam (66.4)

Example-9. Theannua profits earned by 30 shopsin Sangareddy locality giveriseto the

followingdistribution:

Profit (in lakhs) Number of shops(frequency)
Morethan or equal to 5 30
Morethan or equal to 10 28
Morethan or equal to 15 16
Morethan or equal to 20 14
Morethan or equal to 25 10
Morethan or equal to 30 7
Morethan or equal to 35 3

Draw both ogivesfor the dataabove. Hence obtain the median profit.
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Solution : Wefirst draw the coordinate axes, with lower limitsof the profit along the horizontal
axis, and the cumulative frequency along thevertical axes. Then, we plot the points (5, 30), (10,
28), (15, 16), (20, 14), (25, 10), (30, 7) and (35, 3). Wejoin these pointswith asmooth curve
to get themore than ovive, asshown in thefigure bel ow-

35
30 A
25 1
20 A
15~

10 ~

More than Cumulative frequency

O T T T T T T 1
0 5 10 15 20 25 30 35
Lower limits of profit (in lakhs Rs.)

Now, |et usobtain the classes, their frequencies and the cumulative frequency from thetable
above.

Classes 5-10 |10-15|15-20] 20-25| 25-30|30-35| 35-40

Number of shops 2 12 2 4 3 4 3

Cumuleivefrequency | 2 14 16 | 20 23 27 30

Using these values, we plot the points (10, 2), (15, 14), (20, 16), (25, 20), (30, 23), (35, 27),
(40, 30) onthesame axesasinlast figureto get thelessthan ogive, as showninfigure below.

Theabcissaof their point of intersectionisnearly 17.5, whichisthe median. Thiscan also be
verified by using theformula. Hence, themedian profit (inlakhs) is™ 17.5.
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w w
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Cumulative frequency
= N}
o o

0 5 10 15 20 25 30 35 40
Limits Median (17.5)
Profit (in lakhs Rs.)

Exercise - 14.4

1 Thefollowing distribution givesthedaily income of 50 workersof afactory.

Daily income(in Rupees) [ 250-300 [ 300-350 [ 350-400 | 400-450 | 450-500
Number of workers 12 14 8 6 10

Convert thedistribution aboveto alessthan type cumulative frequency distribution, and draw its
ogive.
2. During themedical check-up of 35 students of aclass, their weightswererecorded as

follows:

Weight (inkg) Number of students
Lessthan 38 0
Lessthan 40 3
Lessthan 42 5
Lessthan44 9
Lessthan 46 14
Lessthan48 28
Lessthan 50 32
Lessthan 52 35

Draw alessthan type ogivefor the given data. Hence obtain the median weight from the graph
and verify theresult by usngtheformula

3. Thefollowing tablegives production yield per hectare of wheat of 100 farmsof avillage.

Productionyield 50-55 [ 55-60 | 60-65 | 65-70 | 70-75| 75-80
(Qui/Hec)
Number of farmers 2 8 12 24 38 16

Changethe distribution to amore than typedistribution, and draw itsogive.
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Suggested Projects

Finding mean - median - mode.

Applicationsof daily lifestuation.
Coallectinginformation from available sources.
Drawing graphsfor mean, median and modefor above collected data.

WHAT WE HAVE DiscusseD

Inthischapter, you have studied thefollowing points:
Themeanfor groupediscalculated by :

()  Thedirectmethod: X — =%
i
(i) Theassumed meanmethod: X = a+ szifdi
(i)  Thestepdeviationmethod: X = a+ szifui ]Xh
i

Themodefor grouped datacan befound by usingtheformula:

Mode =1 + it xh
2f, —f,— 1,

where, symbolshavetheir usua meaning.
Themedian for grouped dataisformed by using theformula:

L

Median =| + 2 . x h Wheresymbolshavether usua meanings.

Inorder tofind median, classinterval s should be continuous.

Representing acumul ative frequency distribution graphicaly asacumulative frequency
curve, or an ogive of thelessthan type and of themorethantype.

Whiledrawing ogivesboundariesare taken on X-axisand cumulativefrequenciesare
takenon Y-axis.

Scale on both the axes may not be equal.

Themedian of grouped datacan be obtained graphically asthe x-coordinate of the point
of intersection of thetwo ogivesfor thisdata
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APPENDIX

Mathematical Modelling

A.l.1 INTRODUCTION

On 25" February 2013, the ISRO launcher PSLV C20, put the satellite SARAL into
orbit. Thesatelliteweighs407 kg. Itisat an altitudeof 781 kmanditsorbitisinclined at anangle
of 98.5°.

Onreading the aboveinformation, we may wonder:

() How did the scientistscal cul atethe dtitude as 781km. Did they go to spaceand measure
it?

(i) How did they concludethat theangleof orbitis 98.5°without actually measuring?

Somemoreexamplesaretherein our daily lifewherewewonder how the scientistsand
mathematicians could possibly have estimated these results. Observethese examples:

(0] Thetemperature at the surface of the sun isabout 6,000°C.
(it) The human heart pumps5to 6 litersof blood in the body every minute.
(i) We know that the distance between the sun and the earth is 1,49,000 km.

Inthe above examples, weknow that no one went to the sunto measure thetemperature
or thedistance from earth. Nor can we take the heart out of the body and measurethe blood it
pumps. Theway weanswer theseand other ssimilar questionsisthrough mathematical modelling.

Mathematical modelling isused not only by scientistsbut also by us. For example, we
might want to know how much money wewill get after oneyear if weinvest¥100at 10% smple
interest. Or we might want to know how many litresof paint is needed to whitewash aroom.
Eventhese problemsare solved by mathematical modelling.

THINK AND Discuss

Discusswith your friendssomemore examplesinreal lifewherewecannot directly
measure and must use mathematical modelling .
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A.l.2 MaTHEmMATICAL MODELS

Do you remember theformulato calculatethe areaof atriangle?

1
Areaof Triangle= 5% base x height.

PTR
Similarly, Smpleinterest caculaionusestheformula | = 100 - Thisformulaor equation

isarelation between thelnterest (1); Principle (P); Time(T); and Rate of Interest (R). These
formulae are examples of mathematical models.

Somemoreexamplesfor mathematical models.

. Distance (d)
0 Speed (S) ~ time (t)

(i) In compound interest sum (A) = P [1+ 1(r)_0]

Where P=Principle

r =rate of interest

n=no. of timesto becaculatedinterest.

So, Mathematical model is nothing but a mathematical description or relation that
describes some real life situation.

Write some more mathematical model swhich you havelearnt in previous classes.

A.l.3 MaTHEmATICAL MODELLING

We often face problemsin our day to day life. To solvethem, wetry towriteit asan
equivaent mathematica problem and find itssolution. Next weinterpret the solution and check
towhat extent thesolutionisvaid. Thisprocessof constructing amathematical modd and using
it tofind theanswer isknown as mathematica modelling.
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Now we haveto observe some more examplesrelated to mathematical model ling.
Example-1. Vani wantsto buy aTV that costs ¥19,000 but she has only %15,000. So she
decidestoinvest her money at 8% simpleinterest per year. After how many yearswill shebe
abletobuy theTV?

Step 1: (Under standingtheproblem): Inthisstage, wedefinethereal problem. Here, weare
giventheprincipal, therateof smpleinterest and wewant to find out the number of yearsafter
which theamount will become Rs. 19000.

Sep 2: (Mathematical description and for mulation) Inthisstep, wedescribe, inmathematica
terms, thedifferent aspectsof the problem. We definevariables, write equations or inequaities
and gather dataif required.

Here, weusetheformulafor smpleinterest whichis

|—E Modd
~ 100 (Mode)
where P=Principle, T =number of years, R=rateof interest, | =Interest
L 1001
Weneedtofindtime = T=$

Step 3: (Solving the mathematical problem) In this step, we solve the problem using the
formulawhichwehave developedin step 2.

Weknow that Vani aready has%15,000 whichistheprincipal, P

Thefina amount is¥19000 so she needs an extra (19000-15000) =4000. Thiswill
comefromtheinterest, | .

 100x4000 408

= =80 = ; T= o
P=115,000, Rate = 8%, then | =4000; T =—1-20 2= =

T= Bi = 3l years
12 3
or Step4: (Interpretingthesolution): Thesolution obtained inthe previousstepisinterpreted

here.

1
HereT=3 3 Thismeansthreeand onethird of ayear or threeyearsand 4 months.

So, Vani can buy awashing machine after 3 year 4 months
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Sep5: (Validatingthemodel): We can't dways accept amodel that givesusan answer that
doesnot match thereality. The process of checking and modifying the mathematical moddl, if
necessary, isvalidation.

Inthegiven example, weareassuming that therate of interest will not change. If therate

PTR
changesthen our model 100 will not work. Weare al so assuming that the price of thewashing

machinewill remain Rs. 19,000.

L et ustake another example.

Example-2. InLokeshwaram High school, 50 childrenin the 10th classand their Mathsteacher
want to go on tour from L okeshwaram to Hyderabad by vehicles. Each vehiclecanhold six
personsnot including driver. How many vehiclesthey needto hire?

Sep 1: Wewant to find the number of vehiclesneeded to carry 51 persons, given that each
jeep can seat 6 persons besidesthedriver.
Step 2. Number of vehicles= (Number of persons) / (Personsthat can be seated in one jeep)

Step 3: Number of vehicles=51/6 =8.5
Step 4: Interpretation
Weknow that itisnot possibleto have 8.5 vehicles. So, the number of vehiclesneeded
hasto bethe nearest whole number whichis9.
[0 Number of vehiclesneedis9.
Sep 5: Validation

Whilemodelling, we have assumed that |ean and fat children occupy same space.

1. Takeany word problem from your textbook, make a mathematical model for the
chosen problemand solveit.

2.  Makeamathematical model for the problem given below and solveit.

Suppose a car starts from a place A and travels at a speed of 40 Km/h towards
another place B. At the sametimeanother car startsfrom B and travel stowardsA at
aspeed of 30 Kmv/h. If thedistance between A and B is 100 km; after how muchtime
will that carsmeet?
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Sofar, we have made mathematical modelsfor smpleword problems. L et ustakeareal
lifeexampleand modd it.

Example-3. Intheyear 2000, 191 member countriesof the U.N.signed adeclarationto promote
gender equaity. Oneindicator for deciding whether thisgoa hasbeen achievedistheratio of
girlstoboysin primary, secondary education. Indiaa so signed the declaration. Thedatafor the
percentageof girlsinIndiawho areenrolled in primary schoolsisgivenin TableA.l . 1.

TableA.l.1
Year Enrolment (in %)
1991 - 92 419
1992 — 93 42.6
1993 -94 42.7
1994 — 95 42.9
1995 - 96 43.1
1996 — 97 43.2
1997 -98 43.5
1998 — 99 43.5
1999 — 2000 43.6
2000 — 01 43.7
2001 - 02 44.1

Using thisdata, mathematically describetherateat which the proportion of girlsenrolled
inprimary schoolsgrew. Also, estimatethe year by which the enrolment of girlswill reach 50%.

Solution':
Sep 1: Formulation Let usfirst convert the problem into amathematical problem.

TableA.l.1 givestheenrolment for theyears 1991 —92, 1992- 93 etc. Sincethe students
joinat the begining of an academic year, we cantaketheyearsas 1991, 1992 etc. L et usassume
that the percentage of girlswhojoin primary schoolswill continueto grow at thesamerate asthe
ratein TableA.l.1. So, thenumber of yearsisimportant, not the specificyears. (Togiveasimilar
stuation, when wefindthesimpleinterest for say, I 15000 at therate 8% for threeyears, it does
not matter whether thethree—year period isfrom 1999 to 2002 or from 2001 to 2004. What is
important istheinterest ratein the yearsbeing considered)
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Herealso, wewill see how the enrolment growsafter 1991 by comparing the number of
yearsthat has passed after 1991 and the enrolment. L et ustake 1991 asthe 0" year, and write
1for 1992 since 1 year has passed in 1992 after 1991. Similarly wewill write2 for 1993, 3for
1994 etc. So, TableA.1.1 will now look likeas TableA.l.2

TableA.l.2

Enrolment (in%)
41.9
42.6
42.7
42.9
431
43.2
435
435
43.6
43.7
44.1

-<
@OO\ICDU'IACOI\)I—‘O&

[y
o

TheincreaseinenrolmentisgiveninthefollowingtableA.l.3.

TableA.l1.3

Year Enrolment (in%) Increase
0 419 0

1 42.6 0.7
2 427 0.1
3 429 0.2
4 43.1 0.2
5 43.2 0.1
6 435 0.3
7 435 0

8 43.6 0.1
9 43.7 0.1
10 44.1 0.4
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Attheend of thefirst year period from 1991 to 1992, the enrolment hasincreased by
0.7% from 41.9% to 42.6%. At the end of the second year, this hasincreased by 0.1% from
42.6% to 42.7%. From the table above, we cannot find a definite relationship between the
number of yearsand percentage. But theincreaseisfairly steady. Only inthefirst year andinthe
10" year thereisajump. Themean of thesevaluesis

0.7+0.1+0.2+0.2+0.14+0.34+0+0.1+0.1+0.4
10

=022 ..(1)

L et usassumethat the enrolment steadily increasesat therate of 0.22 percent.

Step 2: (Mathematical Description)
We have assumed that the enrolment increases steadily at therate of 0.22% per year.
So, the Enrolment Percentage (EP) inthefirst year =41.9+0.22
EPinthesecondyear =41.9+0.22+0.22=41.9+ 2 x 0.22
EPinthethirdyear =41.9+0.22+0.22+0.22=41.9+ 3 x 0.22
So, the enrolment percentageinthen"year =41.9+0.22n,forn >1. ...(2)

Now, we also haveto find the number of years by which the enrolment will reach 50%.
So, we haveto find thevaueof nfromthisequation

50=419+0.22n
Step 3: Solution : Solving (2) for n, weget

50-419 81
N="022 ~022

=36.8
Step 4: (Interpretation) : Sincethenumber of yearsisanintegra value, wewill takethe next
higher integer, 37. So, the enrolment percentage will reach 50%in 1991 + 37 = 2028.

Sep 5: (Validation) Sincewe aredealing with areal life situation, we have to seeto what
extent thisvaluematchesthered situation.

Let uscheck Formula(2) isin agreement with thereality. Let usfind thevauesfor the
yearswe aready know, using Formula(2), and compareit with the known values by finding the
difference. ThevauesaregiveninTableA.l 4.
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TableA.l 4
Year Enroment | Valuesgiven by (2) Difference
(in%) (in %) (in%)

0 419 41.90 0

1 42.6 42.12 0.48
2 42.7 42.34 0.36
3 429 42.56 0.34
4 431 42.78 0.32
5 432 43.00 0.20
6 435 43.22 0.28
7 435 43.44 0.06
8 43.6 43.66 -0.06
9 43.7 43.88 -0.18
10 441 44.10 0.00

Asyou can see, some of thevaluesgiven by Formula(2) arelessthan the actua values
by about 0.3% or even by 0.5%. Thiscan giveriseto adifference of about 3to 5 yearssincethe
increase per year isactualy 1%to 2%. Wemay decidethat thismuch of adifferenceisacceptable
and stop here. Inthiscase, (2) isour mathematical model.

Suppose we decide that thiserror isquite large, and we have to improve thismodel.
Then, we haveto go back to Step 2, and change the equation. L et usdo so.

Sep 1: Reformulation: Westill assumethat the valuesincrease steadily by 0.22%, but we
will now introduceacorrection factor to reducetheerror, For this, wefind themean of al the
errors. Thisis

0+0.48+40.36+0.34+0.32+ 0.2+ 0.28+ 0.06 - 0.06 - 0.18+0
10

=0.18

Wetakethe mean of theerrors, and correct our formulaby thisvalue.

Revised Mathematical Description : Let usnow add the mean of the errorsto our formula
for enrolment percentagegivenin (2). So, our corrected formulais:
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Enrolment percentageinthenth year
=419+0.22n+0.18=42.08+0.22n,forn >1 .. (3)
Wewill a'so modify Equation (2) appropriately. The new equationfor nis:
50 = 42.08 + 0.22n .. (4)

Altered Solution : Solving Equation (4) for n, weget

 50-4208 7.92_
N="02 " o022

36

Interpretation : Sincen= 36, theenrolment of girlsin primary schoolswill reach 50%inthe
year 1991 + 36 = 2027.

Validation: Onceagain, let us comparethe valuesgot by using Formula(4) with the actual
vaues. TableA 1.5 givesthe comparison.

TableA.l.5
Year | Enroment | Values given Difference | Values Difference
(in %) by (2) between given between
Values by (4) values
0 41.9 41.90 0 41.9 0
1 42.6 4212 0.48 42.3 0.3
2 42.7 42.34 0.36 42.52 0.18
3 42.9 42.56 0.34 42.74 0.16
4 43.1 42.78 0.32 42.96 0.14
5 43.2 43.00 0.20 43.18 0.02
6 435 43.22 0.28 43.4 0.1
7 43.5 43.44 0.06 43.62 -0.12
8 43.6 43.66 -0.06 43.84 -0.24
9 43.7 43.88 -0.18 44.06 -0.36
10 44.1 44.10 0.00 44.28 -0.18

Asyou can see, many of thevaluesthat (4) givesare closer to the actual valuethanthe
valuesthat (2) gives. Themean of theerrorsisOinthiscase.
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A.l.4 AbpvANTAGES OF MATHEMATICS MODELLING

1

Theam of mathematica modellingisto get some useful information about ared world
problem by converting it into mathematical problem. Thisisespecially useful whenitis
not possibleor very expensveto get information by other meanssuch asdirect observation
or by conducting experiments.

For example, suppose we want to study the corrosive effect of the discharge of the
Mathurarefinery onthe Tg) Mahal. Wewould not liketo carry out experimentson the
T Maha directly becausethat would damage aval uable monument. Here mathematical
modelling can be of great use.

Forecastingisvery important in many typesof organizations, sincepredictionsof future
events haveto beincorporated into the decision —making process.

For example

() In marketing departments, reliableforecasts of demand help in planning of the
saledrategies

@i A school board needsto ableto forecast the increasein the number of school
going childrenin variousdistricts so asto decide where and when to start new

schools.
Oftenweneed to etimatelarge valuesliketreesin aforest; fishesin alake; estimation of

votespolled etc.
Some more exampleswherewe use mathematical modelling are:

0] Estimating future popul ation for certain number of years
(i) Predictingthearriva of Monsoon

(ii) Edtimating theliteracy ratein comingyears

(iv) Estimating number of leavesinatree

v) Finding the depth of oceans

A.l1.5 LimitaTiIoNs oF MATHEMATICAL MODELLING

Ismathematical modelling theanswer to all our problems?
Certainly not; it hasit’slimitations. Thus, we should keep in mind that amodel isonly a

samplification of areal world problem, andthetwo arenot same. Itissomething likethedifference
between amap that givesthe physical features of acountry, and the country itself. Wecanfind
the height of aplace abovethe sealevel from thismap, but we cannot find the characteristics of
the people from it. So, we should use amodel only for the purpose it is supposed to serve,
remembering al thefactorswe have neglected while constructingit. We should apply the model
only withinthelimitswhereitisapplicable.
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A.1.6 To WHAT ExTenT WE SHouLb TrRY To Improve OurR MoDEL?

Toimproveamodel we need to takeinto account several additional factors. Whenwe
dothisweadd morevariablesto our mathematica equations. The equationsbecomescomplicated
andthemodd isdifficult to use. A model must bes mpleenoughto useyet accurate; i.ethe closer
itistoredity thebetter themode is.

N

A problem dating back to the early 13" century, posed by L eonardo Fibonacci, asks
how many rabbitsyouwould havein oneyear if you started with just two and | et all of them
reproduce. Assumethat apair of rabbits producesapair of offspring each month and that
each pair of rabbitsproducestheir first offspring at theage of 2 months. Month by month, the
number of pairsof rabbitsisgiven by the sum of the rabbitsin thetwo preceding months,
except for the 0" and the 1% months. The table below shows how the rabbit population
keepsincreasing every month.

Month Pairsof Rabbits
0 1
1 1
2 2
3 .
4 5
5 8
6 13
7 21
8 34
9 55
10 89
1n 144
12 233
13 377
14 610
15 987
16 1597

After oneyear, we have 233 rabbits. After just 16 months, we have nearly 1600 pairs
of rabbits.

Clearly gatethe problem and the different stages of mathematica modeling inthisstuation.

Free Distribution by T.S. Government 2018-19



368 Class-X Mathematics

Wewill finish thischapter by looking at someinteresting examples.

Example-4. (Rollingof apair of dice) : Deekshithaand Ashish areplaying with dice. Then
Ashishsaid that, if she correctly guessthe sum of numbersthat show up on thedice, hewould
giveaprizefor every answer to her. What numberswould be the best guessfor Deekshitha

Solution :

Sep 1 (Under standing theproblem) : You need to know afew numberswhich have higher
chancesof showing up.

Step 2 (M athematical description) : Inmathematical terms, the problem trand atesto finding
out the probabilities of the various possible sumsof numbersthat the dice could show.

We can model the situation very ssimply by representing aroll of thediceasarandom
choiceof oneof thefollowing thirty six pairsof numbers.

1,1 1,2 1,3 1,4 (1,5) (1,6)
(2,1 2,2 2,3 (2,4) (2,9) (2,6)
(3,2 (3,2 (3,3) (3,4) (3,5) (3,6)
4,1) 4,2 (4,3) (4,4) (4,5) (4, 6)
5,1 (5,2 (5,3 (5,4 (5,5) (5, 6)
6,1) (6,2) (6,3) (6,4) (6,5) (6, 6)

Thefirst number in each pair representsthe number showing onthefirst die, and the
second number isthe number showing onthe second die.

Step 3 (Solving themathematical problem) : Summing the numbersin each pair above, we
find that possiblesumsare 2, 3, 4,5, 6, 7, 8, 9, 10, 11 and 12. We haveto find the probability
for each of them, assuming al 36 pairsareequaly likely.

Wedothisinthefollowingtable.

Sum 2 |3 |4 |5 |6 7 |s |9 |10 |11 |12
probeiliv | | 2 (|32 (2|28 |5 [4]321
ooability | 351 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36

1
Observe that the chance of getting asum of asevenis 5 whichislarger than the

chancesof getting other numbersassums.
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Sep 4 (Inter pretingthesolution) : Sincethe probability of getting thesum 7 isthehighest, you
should repeatedly guessthe number seven.

Sep 5 (Validating the model) : Toss a pair of dice alarge number of times and prepare a
relativefrequency table. Comparetherel ativefrequencieswith the corresponding probabilities.
If theseare not close, then possibly the dice are biased. Then, we could obtain datato evaluate
the number towardswhichthebiasis.

Beforegoing tothenext try thisexercise, we need some background information.

Not having the money you want when you need it, isacommon experience for many
people. Whether it ishaving enough money for buying essentialsfor daily living, or for buying
comforts, we alwaysrequire money. To enable the customerswith limited fundsto purchase
goodslikescooters, refrigerators, televisons, cars, etc., aschemeknown asaninstal ment scheme
(or plan) isintroduced by traders.

Sometimesatrader introduces an instalment scheme asamarketing strategy to allow
customersto purchasethese articles. Under theinstalment scheme, the customer isnot required
to makefull payment of thearticleat thetimeof buyingit. Shefheisalowed to pay apart of it at
thetimeof purchaseand therest can be paidin instalments, which could be monthly, quarterly,
half-yearly, or even yearly. Of course, the buyer will haveto pay moreintheinstalment plan,
becausethesdller isgoing to charge someinterest on account of the payment madeat alater date
(called deferred payment).

Thereare somefrequently used termsrel ated to thisconcept. You may befamiliar with
them. For example, the cash price of an articleisthe amount which acustomer hasto pay asfull
payment of the articleat thetimeit is purchased. Cash down payment isthe amount which a
customer hasto pay as part payment of the price of an articleat thetime of purchase.

Now, try to solvethe problem given below by using mathematical modelling.

Ravi wantsto buy abicycle. Hegoesto the market and findsthat the bicycleof his
choice costs<2,400. He hasonly ¥1,400 with him. To help, the shopkeepr offersto help
him. He says that He can make a down payment of ¥1400 and pay the rest in monthly
instalments of ¥550 each. Ravi can either take the shopkeepersoffer or go to abank and
takealoan a 12% per annum simpleinterest. From thesetwo opportunitieswhichisthe best
onetoRavi. Help him.
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Exercise - 1.1
1. @) 9 (i) 196 (iii) 127

Exercise - 1.2

1. () 2x5x7 (i) 2x3x13 (i) 3x Bx17
V) 5x7x11x13 (V) 17 x 19 x 23

2. ()  420,3 (ii) 1139, 1 (iii) 1800, 1
V) 216,36 (v) 22338, 9

6. 6

Exercise - 1.3

1 (0] 0.375, Terminating (i) 0.5725, Terminating (i) 4.2, Terminating

(iv) 018, Non-terminating, repeating (v) 0.064, Terminating
2. 0] Terminating (i) Non-terminating, repeating

(D) Non-terminating, repeating (iv) Terminating

V) Non-terminating (vi) Terminating

(vii)  Non-terminating (viii) Terminating

(iX)  Terminating (X) Non-terminating, repesting

0] 0.52 (ii) 0.9375 (iii) 0.115 (iv) 32.08 (v) 1.3

4, 0] Rational, Primefactorsof q will beeither 2 or 5 or both only
(i) Not rational
(i) Rational, Primefactorsof qwill asohaveafactor other than 2 or 5.

Exercise - 1.5
. 1 o1 . 1 .
1 M) 5 (i) 2 (@ii) -4 (iv) O (V) 5 (vi) 9

(Vii) -2 (viii) 3 (ix) 12
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2. (i) log10,1  (ii) log,8,3 (iii) log,, 64,1 (iv) log g]
(v) log45
3. (i) x+y (i) x+y -1 @il) x+y+2 (iv) 3x+3y+1
4, (i) 4log10  (ii) 7log2—-4log5 (iii) 2logx+3logy+4logz
(iv) 2logp+3logq-4logr (v) g logx—- logy
3
1 Iog[z]
6 7 7. = 8. <&
3 log6
Exercise - 2.1
1. 0] Set (i) Not set (iii) Not set
(iv), St (V) Set
2. () S @m ¢ @ ¢ (v ¢
V) € M) e
3. 0] X A (i) deB (iii) l1eN (iv) 8¢P
4. 0] Fase (i) Fase @iy  True (iv) Fase

5. @) B={1,2 34,5
i) C={17, 26, 35, 44, 53, 62, 71, 80}
i) D={53
(ivv E={B,E TR}
6. (0] A ={x:xismultipleof 3& lessthan13}
(i) B={x:x=23% ac N,a<6}
(iir) C={x:x=5% a€ N,a<b5}
(iv)  D={x:xissguare number and x < 10, x € N}
7. (@) A={51,5253 cceeemrrrrrrs, 98, 99}
(ii) B={+2, -2}
@) D={L,0O,Y,A}

8& O -(©
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@ -@
(if) (d)
) (b)

Exercise - 2.2

1. Yes,AnB & BB aresame

2. Ano=ad
AnA=A

3. A -B={24,810
B —A={309 12 15}
4. AUB=B
5. A n B ={evennatural number}

A N C={odd natural numbers}
A ND={46780910 12, ... 100}
BNC=¢

B N D ={even natural number}
CND={35711, coeu..... }

6. () A —B={3609 15,18, 21}
i) A —C={309 15 18 21}
(i) A —D={36,09 12 18,21}
(v) B — A={4,8, 16,20}

V) C—A={2 4,8 10, 14, 16}
(i) D — A={5, 10, 20}
(vii) B — C={20}
(vii) B — D ={4, 8, 12, 16}
(iX) C— B={2,6,10,14)
xX) D — B={5,10, 15}

7. () Fase becausethey havecommoneement'3
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(i) False, becausethetwo setshaveacommon element 'a’
(i) True, because no common elementsfor the sets.

(iv) True, because no common elementsfor the sets.

Exercise - 2.3

1. Yes equa sets
2. (i) Equd (=) (i) Notequal (#) (i) Equd (=) (iv) Notequad (#)
(v) Notequal (#)  (vi) Notequa (#)  (vii) Notequa (#)

3. (i)A=B (i)A#B (ili) A=B (V) A#B

4. 0] {1,2,3,...10} # {2,3,4,....9}
(i) X=2x+ 1meansxisodd
(i) xismultipleof 15. So5doesnot exist

(iv)  xisprimenumber but 9isnot aprimenumber
5 0O {pt.{d.{p.a}. {0}
M vz {xvh{y.2.{zx.{xv.2, ¢

(i)  {a}, {b},{c}, {d}, {a b}, {b c}, {c d}, {ac} {ad {bd} {abc},
{b,c,d},{a b,d}, {acd,{abcd}, ¢

V) ¢, {1}, {4, {9} {16}, {1, 4}, {1 9}, {1, 16}, {4, 9}, {4, 16}, {9, 16},
{1,4,9,{1,9,16},{4,9,16},{1 4, 16},{1 4,9, 16}

V) o,{10}, {100}, {1000}, {10, 100}, { 100, 1000}, { 10, 1000},
{10, 100, 1000}

ExerciSe - 2.4

1 () Notempty (i)  Empty (i)  Empty
(v)  Empty (v)  Notempty
2. @  Fnite @)  Fnite (i)  Fnite
3. () Finite ()  Infinite (i) Infinite (iv) Infinite
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Exercise - 3.1

@
0]

(i)
(i)
)
v)

@) -6 (i) 7 (iii) -6

Fase( /2 iscoefficient of x2not adegree)

False (Coefficient of xX2is — 4)

True (For any constant term, degreeiszero)

Fase(Itisnot apolynomia at all)

Fase(Degreeof apolynomid isnot related with number of terms)

p(l)=0, p(_l): _2’ p(O): _1! p(2)27, p(—2): _9

Yes, — 2and — 2 are zeroes of the polynomial x*-16

Yes, 3and — 2 are zeroes of the polynomial x> — x— 6

Exercise - 3.2

1 (0] No zeroes (i) 1 (i) 3
(iv), 2 (V) 4 v) 3
2. 0] 0 (i) -2, -3 (iii) -2, -3 (iv) —2,2, +/-4
3. () 4, -3 (D) 3,3 (i) No zeroes
(iv) 4,1 (V) -11
1
4. p[z]:Oandp(—l):O
Exercise - 3.3
. y 11 ) 3 -1
1 () 4 -2 (i) > 2 (iii) 5" 3
(iv) 0, -2 v) V15,15 V) -1 g
2. () 40— x—4 (i) 32— 2x+1 (i) x%+5
(V) x®2—x+1 V) 4% +x+1 M) x2—4x+1
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3 () ¥—x=2 (i) x*2-3 (i) 4x*+3x—1
(V) 4x*>—-8x+3

4, —1,+1and 3arezerosof thegiven polynomial .

Exercise - 3.4
1 ® Quotient =x —3and remainder =7x —9
(i) Quotient = x? +x — 3 and remainder = 8

@iy  Quotient= —x® —2andremainder = —5x+ 10

2. @) Yes (i) Yes (i) No
3. -1, -1

4, gx) =x> —x+1

5.

0] p(X) =2 —-2x+14,g(X) =2, qX) =x> —=x+7,r(x) =0
(i) PX) =x¥+x+Xx+1,g(X) =x—1,9(X) =x+1,r(X) =2x+ 2
(i) p(X) =x3+ 2% —x+2,g(X) =x—1,qX) =x+2,r(X) =4

Exercise - 4.1
1 @ Intersect at apoint

(b)  Coincident
(© Padld

2. @ Consigtent (b) Inconsstent (© Consigtent
(d) Congstent (e Consigtent ® Incons stent
) Inconsigtent () Conggtent 0) Inconsistent

3. Number of pants=1, Number of shirts=0

4, Number of Girls=7, Number of boys=3

5. Cost of pencil =% 3; Cost of pen=% 5

6. Length=20m,; Width=16m

7. @) 6x — 5y —10=0

@i 4x+6y —10=0
(iii) 6x+9y —24=0
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8. Length =40 units, Breadth = 30 units
9. Number of students= 16; Number of benches=5

ExerciISeE - 4.2

1 Income of |% person =3 18000; Income of 1™ person =3 14000
2 42 and 24
3. Anglesare81°and 99°
4 (i) Fixed charge=3% 40; Chargeper km=% 18 (i) 490
5.+

9
6. 60 knvh; 40 km/h.

7. 31°and 59°

8. 659 and 723

9. 40 ml and 60 ml

10. %7200 and X 4800

Exercise - 4.3

. . -11 iy
1 (0] (4,5) (ii) [7 Z] (iii) 4,9
) . 11
v) @2 M B2 (i) [5’ g]
Vi) (3,2 (vii) (1, 1)
2. (0] Speed of boat = 8 km/h; Speed of streem =3 km/h
(ii) Speed of train =60 km/h; Speed of car =80 km/h
(iii) Number of daysby man = 18; Number of days by woman = 36
Exercise - 5.1
1 @i) Yes (ii) Yes (iii) No
(iv)  Yes v) Yes (W) No
(i)  No (viii)  Yes
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2. 0] 2% + x — 528 = 0 (x = Breadth)

(i) X2+ X — 306 =0 (x = Smaller integer)

(iii) X2+ 32x — 273 =0 (x = Rohan'sAge)

(iv) x> — 8x — 1280 =0 (x = Speed of thetrain)
Exercise - 5.2

. . 3 .
1 0] —-2,5 (i) -2 > (iii)

- 1.1 1 1 _

™ 77 M 1010 W)

. 2 .

(i) 1, 3 (i) —1; 3 (iX)
2. 13, 14
3. 17,18; —17, — 18
4, 5cm, 12cm
5. Number of articles=6; Cost of each article= 15
6. 4m; 10m
7. Base=12cm; Altitude=8cm
8. 15 km, 20 km
9. 20 or 40
10.  9kmph
Exercise - 5.3

. _1+433  —1-33 . 3 -3
1. 0) : (ii) —— T

4 4 2

i) 2, %3 v -1 -5

. ~1+433 -1-33 . —J3 -3
2. 0] : (ii) —_ —

4 4 2

iy 2 =3 ) -1, -5

5 ) 3—13 | 3+413 W 12
2 2

4, 7years
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5. Maths=12, English=18 (or)  Maths=13,
6. 120m; 90m

7. 18,12; 18, —12

8. 40kmph

9.

15 hours, 25hours

10.  Speed of the passenger train = 33 kmph
Speed of the expresstrain =44 kmph

11. 18m; 12m

12.  4seconds

13.  13sides, No

Exercise - 5.4

1 (0] Real rootsdo not exist

English=17

| 2 2
(i) Equal roots; NG
(i)  Distinctroots 3443 3-43
2 2
2. () k=426 () k=6
3. Yes, 40m; 20m
4, No
S. Yes, 20m; 20m
ExerciIse - 6.1
1. (@ AP @)  Not AP i) AP (V)
2. ()  10,20,30, 40 @i -2 -2 -2 -2
i) 4,1, -2 -5 i L-2, 02
(iii) 1, -2, — (iv) -1-5.05
) —125 —15 —175 —2
3. () a=3 d=-2 () a=-5 d=4
; 1 4 .
iy a==; d=— (v) a =06 d=11

3’ 3

Not AP
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4. ()  NotAP

(i) AP, next threeterms=4, % ,5

(i) AP nextthreeterms= —9.2, —11.2, —13.2

(iv) AP nextthreeterms=6, 10, 14

(v)  APRnextthreeteems=3+4 /2,3+5 /2,3+6 /2
(W) Not AP

(i) AP nextthreeterms= — 16, — 20, — 24

(viii) AP nextthreeterms= _—1, _—l, -t
2 2
X) NotAP
(%) AP, next threeterm =5a, 6a, 7a
i)  NotAP
(i) AP nextthreeterms= ./50, /72, /98
(i) NotAP
ExeRcISE - 6.2
1L @) a=28 @i d=2 i) a=46
(iv) n=10 (V) a =35
2. O 77 @i 22
3. () a=14
(ii) a, =18; a,=8
, 13
(i) —a=7 a,=8
vy, a=-2 a,=0; a, =2 a =4
v) a, =53 a, =23 a,=8 a=—7
4. 16" term
5 0o 34 @i 27
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6. No 7. 178
10. 100 1. 128
14. AP=4,10,16, ...
16. -13, -8, -3
Exercise - 6.3
1 0] 245 (i)
2093 1
' —— =1046=
2. (0] 5 5
3. @) n=16, 440
(i) a=4,S,=246
(V) n=5 a=34
Vi) a=4
4. n=38; S, =6973
5. 5610
6. n?
7. 0] 525 (i)
8. S=3 S =4
a=5-2n
9. 4920 10.
1. 234 12.

—180

Exercise - 6.4

1. () No (i)
2. () 41236..
i) 81, —27,9, ...

)
()

— 465
a,=1

143

Class-X Mathematics

8. 5 0. 1
12. 60 13. 13
15. 158
17. 1
i 5505 ' B_ B
(i) ™) 20720
i) 286 (i)  —8930
_ 7

(i) d:§, S, =273
d=-1, a,=8
n=7, a=—8

a,= -1 a,=—15

160, 140, 120, 100, 80, 60, 40

13. 16 14. 370
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- , : -1 1 -1
3. 0] Yes, 32, 64,128 (it) Yes, 54" 78’ 96
(iii) No (iv) Yes, -54,-162, -148 (v) No
' Yes, —81, 243, — 729 i Y'iii
(Vi) es, —81, y — (wii) es, 23 A
(vii)  Yes, —16, 324/2, —128 (iX)  Yes; 0.0004, 0.00004, 0.000004
4. —4
Exercise - 6.5
1 1 n-1
_ =. =3|=
L0 r=3; [2]
(i) r=-3; a =2(—3)™
(iii) r=3; a=(-nEm
2 2"
W) r=% %:%ﬂ
2 a, =59 a=>5
1 —4
3 0) 3 @ o
4. 0] 5 (i) 12 (iii) 7
5 3 x 210=3072 6 g,E,l 7 5
: : 1 :
Exercise - 7.1
L0 22 M 42 (i) 52 (V) 2/a+b?
2. 39
3. Pointsarenot collinear 4. AB =BC=/37; AC=2
5. AB=BC=CD=DA=3/2 AC =BD =6 (vertices of asquare)
6. AB =BC=CA =2a(verticesof equilaterd triangle)
7. AB=CD=./313,BC=AD=+/104, AC # BD (verticesof parallogram)
8. AB=BC=CD=DA=+90, AC # BD (verticesof athombus), 72 Sqg. units
0. M Square (i) Trepezium (i) Pardldogram
10. (-7,0) 1. 70or —5
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12 3or -9 13.

Class-X Mathematics

4/5 units

14. AB=5BC=10,AC=15, AB+BC=AC=15(cannot form thetriangle)

15. x+ 13y—-17=0
Exercise - 7.2

1. 1,3) 2.
3. 2:7 4.
5. (3, —10) 6.

et

8 [l 1—;],[—1 g] (05)9

Exercise - 7.3

, 21 .
1 0] — 9. units
2
2. (0] K=4
3. 1sq.unit; 4:1 4.

Exercise - 7.4

1. @) 6 (i)
v) -5 (Vi)

ExercISE - 8.2

1. (i) DE=28cm

2. 8cm

-5 —7
[2'?] and ["'?]
X=6; y=3
2.2

77

5a—b 5a+b

5 5

10 -5 ) -25
23w (29

(i) 32sg. units (i) 3 9. units
. . 7
(i) K=3 (iii) K= 3
28 5. units 5. 6 9. units
b
N W W =P
N 1
0 vi) < (vii) -1
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13
3. Xx=5cmandy = ZE cm or 2.8125¢cm

4, 1.6m 8. 16m

Exercise - 8.3

1. 1: 4 2. _— 4, 96 cm? 6. 35cm

Exercise - 8.4

8. 6J7 M Q. 13m 12. 1.2

Exercise - 9.1

1 0] One (i) Secant of acircle (i) Infinite
(v)  Pointof contact ) Infinite i) Two
2. PQ=12cm 4. 12cm

EXERcCISE - 9.2

1. @ d @ a @) b @& a & c
2. 8cm 4. AB=15cm,AC=9cm

5. 8cmeach 6. 2./5om Q. Two

Exercise - 9.3

1. (i) 28.5 cnv? (i) 285.5 cm?

2. 88.368 cm? 3. 1254.96 cm? 4. 57 cm?
5. 10.5 cm? 6. 6.125 cm? 7. 102.67 cm?
8. 57 cm?

Exercise - 10.1

1. 5500 cm? 2. 184800 cm? 3. 264 c.c.
4, 1:2 5 21
7. 21,175 cm?® 8. 188.57 m? 9. 37cm
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Exercise - 10.2

1. 103.62cm?> 2. 1156.57 cm? 3. 298.57 mm?
4. 96 cm? 5. < 827.20 6. 2:3:1

2| T .
7. X [Z+ GJ Q. units 8. 374 cm?

Exercise - 10.3

1. 693kg 2. Sant Height of cone(l) = 22.14 cm; Surface area of toy = 795.08 cm?

3. 89.83cm? 4. 616 cm?® 5. 309.57 cm?

6. 150 7. 523.9 cm?

Exercise - 10.4

1 2.74cm 2. 12cm 3. 25m
4. 5m 5. 10 6. 400
1. 100 8. 672

Exercise - 11.1

1 ' A—E' A—E' t A—E
. Sn —17, COS —17, anA = 3
5 527 3 _ 1. ¢ _ 24
168 €0S6= o5 ang=-
4 ' A—E' tanA = —
SNA=T3: Nt=1s
5 'A—ﬂ' A—§
SNA= 5, COSA = 5
. 49 _ 84113
70 = i) =
64 7
8 () 1 @ 0
Exercise - 11.2
J3
IR B W 5 i) 1
(iv) 2 (V) 1
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2. @) ¢ @ d i) ¢

3. 1 4, Yes

5. QR= g /3Cm; PR=12cm

6. /7 YXZ =605 s/ YXZ=30° 7. Not true

Exercise - 11.3

1. @) 1 @ 0 i) O
v, 1 v) 1

3. A =36° 6. cos 15°+ sin 25°

Exercise - 11.4

1. @) 2 @M 2 @)y 1

6. 1 8. 1 9. y .

Exercise - 12.1

1. 15m 2. 6.3 m 3. 4m
4, 30° 5. 34.64m 6. 4,/3m
7. 4.1568 m 8. 300,/3m 9. 15m 10. 7.5cm?

ExerciseE - 12.2

1 Height of thetower =5,/3m; Width of theroad=5m

2 32.908 m 3. 1.464m 4. 19.124 m

5. 7.608 m 6. 10m 7. 51.96feets; 30feets 8. 6m
9 200 m/sec. 10. 13

Exercise - 13.1

1 () 1 (D) 0, Impossibleevent (i) 1, Sureevent
v) 1 v 01

2. () Yes (i) Ye (i) Yes (v) VYes

3. 095 4. @ O @M 1
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5. 11
13 3
6. 0.008
EXERCISE -
1. @)
2. ()
3. )
4 El
' 13
6. ()
(iv)
7. ()
s U
' 12
10. (i)
L u
' 84
13 1
) () 36
14 §
' 4

Class-X Mathematics

, 10
, 1
7 0] >
13.2
3 .5
g O 3
5 4

7 W 7 ()

5 .
o W g
1
5.0 5 0
1 3

5 0z (i)

1 1
5 O 7 W

N S
OG-S
i 1

9.() ¢

) B
S (i) (3 7
12. ()

. 25
15, (i) 36

(i)

13
17

(i) 36

e |
; W7 8 %
v 3 ,

(i) n (v, 1
.. 15

(i) 9

1

(b)

)

(i) 36

2 1

"36’° 36 36 36 36 3636 36 36 36
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16.
Sumon2dice 2131415 6|7 89| 10| 11| 12
Probetil Aj1(1jyys5f1)5(141|1 |1
obenility 36|18(12| 9| 36| 6| 36| 9| 12| 18 | 36

_ 1 _ 1
17. () > @i >

Exercise - 14.1

1 8.1 plants. We have used direct method because numerical valuesof x andf aresmall.
2. 3 313 3. f=20 4, 75.9

5. 2231 6. T211 7. 0,099 ppm

8. 49 days 0. 69.43%

Exercise - 14.2

1 Mode=36.8 years, Mean = 35.37 years, Maximum number of patientsadmitted inthe
hospital are of the age 36.8 years (approx.), while on an average the age of a patient
admitted to the hospital is35.37 years.

2. 65.625 hours
3. Modal monthly expenditure = ¥ 1847.83, Mean monthly expenditure =3 2662.5.

4. Mode: 30.6, Mean = 29.2. Most states/U.T. have a student teacher ratio of 30.6 and

onan average, thisratiois29.2.
5. Mode = 4608.7 runs.

6. Mode = 44.7 cars
Exercise - 14.3

1. Median = 137 units, Mean = 137.05 units, Mode = 135.76 units.
Thethree measuresare approximately thesameinthiscase.

2. x=8y=7
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Median age=35.76 years

Medianlength =146.75mm

Median life=3406.98 hours

Median =8.05, Mean = 8.32, Modal size=7.88

Median weight =56.67 kg
Exercise - 14.4

Dailyincome(ing) Cumulativefrequency
Lessthan 300 12
Lessthan 350 26
Lessthan 400 34
Lessthan 450 40
Lessthan 500 50

Draw ogive by plotting the points:
(300, 12), (350, 26), (400, 34),
(450, 40) and (500, 50)

Draw the ogive by plotting the points : (38, 0), (40, 3), (42, 5), (44, 9), (46, 14),

(48, 28), (50, 32) and (52, 35). Here

n_

17.5. Locate the point on the ogive whose

2
ordinateis17.5. Thex-coordinate of thispoint will bethe median.

Productionyidld (kg/ha) Cumulativefreguency
Morethan or equal to 50 100
Morethan or equal to 55 98
Morethan or equal to 60 90
Morethan or equal to 65 78
Morethan or equal to 70 54
Morethan or equal to 75 16

Now, draw the ogive by plotting the points : (50, 100), (55, 98), (60, 90), (65, 78),

(70, 54) and (75, 16).
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Note to the Teachers

Dear teachers,

The State Government of has decided to revise the curriculum of all the subjects based on
State Curriculum Framework (SCF-2011). The framework emphasises that all children must learn
and the mathematics learnt at school must be linked to the life and experience of them. The NCF-
2005, the position paper on Mahtematics of the NCERT and the Govt. of emphasise, building
understanding and developing the capability, exploration and inclination to mathematize experiences.
This would become more possible at the secondary level. We have consolidated the basic framework
of mathematics in class-1X and now we are at level of completion of secondary level of mathematics.
In previous classes, we have encouraged the students for greater abstraction and formal mathematical
formulation. We made them to deal with proofs and use mathematical language. It is important to
recognise that as we go forward the language- in which mathematical arguments and statements-
are presented would become even more symbolic and terse. It is therefore important in this class to
help children become comfortable and competent in using mathematical ideas. In class-X, we will
make all such idea at level of total abstraction.

It would be important to consider all the syllabi from class-VI to X while looking at teaching
class X. The nature and extent of abstraction and use of mathematical language is gradually increasing.
The program here would also become axiomatic and children must be slowly empowered to deal with
that. One of the major difficulties children have in moving forward and learning secondary mathematics
is their inability to deal with the axiomatic nature and language of symbols. They need to have an
apportunity to learn and develop these perspectives by engaging with, as a team. Peer support in
overcoming the difficulties is critical and it would be important to put them in a group to think, discuss
and solve problems. When children will learn such things in class-X, it will be helpful for them in future
mathematical learning also.

The syllabus is based on the structural approach, laying emphasis on the discovery and
understanding of basic mathematical concepts and generalisations. The approach is to encourage
participation and discussion in classroom activities.

The syllabus in textbook of Class-X Mathematics has been divided broadly into six areas
Number System, Arithmetic, Algebra, Geometry, Trigonometry, Statistics and Coordinate Geometry.
Teaching of the topics related to these areas will develop the skills such as problem solving, logical
thinking, mathematical communication, representing data in various forms, using mathematics as
one of the disciplines of study and also in daily life situations.

This text book attempts to enhance this endeavor by giving higher priority and space to
opportunities for contemplations. There is a scope for discussion in small groups and activities
required for hands on experience in the form of ‘Do this’ and ‘Try this’. Teacher’s support is needed in
setting the situations in the classroom and also for development of interest in new book.

Exercises in ‘Do This’ and ‘Try This’ are given extensively after completion of each concept.
The problems which are given under ‘Do This’ are based on the concept taught and ‘Try This’ problems
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are intended to test the skills of generalization of facts, ensuring correctness and questioning. ‘Think,
Discuss and Write’ has given to understand the new concept between students in their own words.

Entire syllabus in class-X Mathematics is divided into 14 chapters with an appendix, so that
a child can go through the content well in bit wise to consolidate the logic and enjoy the learning of
mathematics. Colourful pictures, diagrams, readable font size will certainly help the children to adopt
the contents and care this book as theirs.

Chapter-1 : Real number, we are discussing about the exploration of real numbers in which
the brief account of fundamental theorem of arithmetic, rational numbers their decimal expansion
and non-terminating recurring rational numbers has given. Here we are giving some more about the
irrational numbers. In this chapter, first time we are introducing logarithms in this we are discussing
about basic laws of logarithms and their application.

Chapter-2 : Sets, this is entirely a new chapter at the level of secondary students. In old
syllabus it was there but here we are introducing it in class X. This chapter is introduced with wide
variety of examples which are dealing about the definition of sets, types of set, Venn diagrams,
operations of sets, differences between sets. In this chapter we dealt about how to develop a common
understanding of sets. How can you make set of any objects?

Chapter-3 : Polynomials, we are discussing about the fact "what are polynomials?" and
degree and value of polynomials come under it. This time we look at the graphical representation of
linear equations and quadratic equations. Here we are taking care of zeros and coefficients of a
polynomial & their relationship. We also start with cubic polynomials and division algorithm of
polynomials.

Chapter-4 : Pair of linear equations in two variables, we start the scenario with discussing
about finding of unknown quantities and use of two equations together. Solution of pair of linear
equations in two variables with the help of graphical and algebraic methods has done. Here we have
illustrated so many examples to understand the relation between coefficients and nature of system
of equations. Reduction of equation to two variable linear equation has done here.

The problem is framed in such a way to emphasis the correlation between various chapters
within the mathematics and other subjects of daily life of human being. This chapter links the ability
of finding unknown with every day experience.

Chapter-5 : Quadratic equations, states the meaning of quadratic equation and solution of
guadratic equation with the factorizations completion of squares. Nature of roots is defined here with
the use of parabola.

Chapter-6 : Progressions, we have introduced this chapter first time on secondary level. In
this chapter use are taking about arithmetic progressions and geometric progressions. How the
terms progressing arithmetically and geometrically in progressions discussed. The number of terms,
nth terms, sum of terms are stated in this chapter.

Chapter-7 : Coordinate geometry, deals with finding the distance between two points on
cartesion plane, section formula, centroid of a triangle and tsisectional points of a line. In this, we are
also talking about area of the triangle on plane and finding it with the use of 'Heron's formula'. The
slope on straight line is also introduced here.
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We are keeping three chapters (8, 9, 10) in X mathematics book and all of them are having
emphasis on learning geometry using reasoning, intuitive understanding and insightful personal
experience of meanings. If helps in communicating and solving problems and obtaining new relations
among various plane figures. In chapter 9 Tangents and Secants to a circle, we have introduced the
new terms caked tangent and secant with their properties. We also discussed about the segment
and area of that which is formed by secant. Menstruations are presented in combination of solids
and finding of their volume and area.

We are keeping two new chapters (11 & 12) at second level for the first time. The applications
of triangles are used with giving relation with the hypotenuse, perpendicular and base. These chapters
are the introduction of trigonometry which have very big role in high level studies and also in
determination of so many measurements. Applications of trigonometry are also given with brief idea
of using triangle.

Chapter-13 : Probability, is little higher level chapter than the last chapter which we have
introduced in class IX. Here we are taking about different terms of probability by using some daily life
situations.

Chapter-14 : Statistics, deals with importance of statistics, collection of statistical grouped
data, illustrative examples for finding mean, median and mode of given grouped data with different
methods. The ogives are also illustrated here again. In appendix, mathematical modeling is given
there with an idea about the models and their modeling methods.

The success of any course depends not only on the syllabus but also on the teachers and
the teaching methods they employ. It is hoped that all teachers are concerned with the improving of
mathematics education and they will extend their full co operation in this endeavour.

The production of good text books does not ensure the quality of education, unless the
teachers transact the curriculum in a way as it is discussed in the text book. The involvement and
participation of learner in doing the activities and problems with an understanding is ensured.

Students should be made to digest the concepts given in “What we have discussed”
completely. Teachers may prepare their own problems related to the concepts besides solving the
problems given in the exercises. So therefore it is hopped that the teachers will bring a paradigm shift
in the classroom process from mere solving the problems in the exercises routinely to the conceptual
understanding, solving of problems with ingenity.

Teaching learning strategies and the expected learning outcomes, have been developed
class wise and subject-wise based on the syllabus and compiled in the form of a Hand book to guide
the teachers and were supplied to all the schools. With the help of this Hand book the teachers are
expected to conduct effective teaching learning processes and ensure that all the students attain the
expected learning outcomes.

“Good luck for happy teaching”
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Syllabus

|. NUMBER SYSTEM (23 PERIODS)
(@ Real numbers (15 periods)

More about rational and irrational numbers.

Euclid Division lemma

Fundamental theorem of Arithmetic - Statements.

Proofs of results - irrationality of \/5 , \/5 etc. and Decimal expansions of rational numbers
in terms of terminating / non-terminating recurring decimals and vice versa.
Properties of real numbers (after reviewing lookdone earlier and after illustrating and
motivating through examples)

Introduction of logarithms

Conversion of a number in exponential form to a logarithmic form

Properties of logarithms log, a=1;log,1=0

Laws of logarithms

X
log xy = log x + log v; Iog; =log x - log y; logx"=nlogx, a'°%N =N

Standard base of logarithm and use of logarithms in daily life situations (not meant for
examination)

(i) Sets (8 periods)

Sets and their representations

Empty set, Finite and infinite sets, universal set

Equal sets, subsets, subsets of set of real numbers (especially intervals and notations)
Venn diagrams and cardinality of sets

Basic set operations - union and intersection of sets

Disjoint sets, difference of sets

ll. ALGEBRA (46 PERIODS)
(1) Polynomials (8 periods)

Zeroes of a polynomial

Geometrical meaning of zeroes of linear, quadratic and cubic polynomials using graphs.
Relationship between zeroes and coefficients of a polynomial.

Simple problems on division algorithm for polynomials with integral coefficients

(i) Pair of Linear Equations in Two Variables (15 periods)

Forming a linear equation in two variables through illustrated examples.

Graphical representation of a pair of linear equations of different possibilities of solutions
/ in consistency.

Algebraic conditions for number of solutions

Solution of pair of linear equations in two variables algebraically - by Substitution, by
elimination.

Simple and daily life problems on equations reducible to linear equations.

(iii) Quadratic Equations (12 periods)

Standard form of a quadratic equation ax? + bx + ¢=0, az0.
Solutions of quadratic equations (only real roots) by factorisation and by completing the
square i.e. by using quadratic formula.
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* Relationship between discribomenant and nature of roots.
* Problems related to day-to-day activities.

(iv) Progressions (11 periods)
e Definition of Arithmetic progression (A.P)
e Finding nth term and sum of first nterms of A.P.
e Geometric progression (G.P.)
e Find nth term of G.P.

lll. GEoMETRY (33 PERIODS)
0] Similar Triangles (18 periods)

e Similarly figures difference between congruency and similarity.

e Properties of similar triangles.

e (Prove) Ifalineis drawn parallel to one side of a triangle to intersect the other two sides
in distinct points, the other twosides are divided in the same ratio.

* (Motivate) If a line divides two sides of a triangle in the same ratio, then the line is
parallel to the third side.

* (Motivate) If in two triangles, the corresponding angles are equal, their corresponding
sides are proportional and the triangles are similar (AAA).

* (Motivate) If the corresponding sides of two triangles are proportional, their corresponding
angles are equal and the two triangles are similar (SSS).

* (Motivate) If one angle of a triangle is equal to one angle of another triangle and the sides
including these angles are proportional, the two triangles are similar (SAS).

e (Prove) The ratio of the areas of two similar triangles is equal to the ratio of the squares
on their corresponding sides.

* (Motivate) If a perpendicular is drawn from the vertex of the right angle to the hypotenuse,
the triangles on each side of the perpendicular are similar to the whole triangle and to
each other.

e (Prove) In a right triangle, the square on the hypothenuse is equal to the sum of the
squares on the other two sides.

e (Prove) In atriangle, if the square on one side is equal to sum of the squares on the other
sides, the angles opposite to the first side is a right triangle.

* (Construction) Division of a line segment using Basic proportionality Theorem.

e (Construction) Atriangle similar to a given triangle as per given scale factor.

(i) Tangents and secants to a circle (15 periods)

e Difference between tangent and secant to a circle

* Tangents to a circle motivated by chords drawn from points coming closer and closer to
the point

e (Prove) The tangent at any point on a circle is perpendicular to the radius through the
point contact.

e (Prove) The lengths of tangents drawn from an external point to a circle are equal.

* (Construction) Atangent to a circle through a point given on it.

e  (Construction) Pair of tangents to a circle from an external point.

e Segment of a circle made by the secant.

*  Finding the area of minor/major segment of a circle.
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394 Class-X Mathematics

V. CooRDINATE GEOMETRY

* Review the concepts of coordinate geometry by the graphs of linear equations.
 Distance between two points P(x;, ;) and Q(X,, Y,)

BA — 2 2

PQ= \/(Xz =X%)" =(Y> V1)
e Section formula (internal division of a line segment in the ratio m : n).
e Areaoftriangle on coordinate plane.

e Slope of a line joining two points
V.  TRIGONOMETRY (23 PERIODS)

@ Trigonometry (15 periods)
e  Trigonometric ratios of an actute angle of a right angled triangle i.e. sine, cosine, tangent,
cosecant, secant and cotangent.
e Values of trigonometric ratios of 300, 45° and 60° (with proofs).
e Relationship between the ratios and trigonometric ratios for complementary angles.
e Trigonometric Identities.
() sin2 A+ cos?2A=1, (ii))1+tan?A=sec?A, (iii) cot? A+ 1 = cosec? A

(i) Applications of Trigonometry (8 periods)

* Angle of elevation, angle of depression.
e Simple and daily life problems on heights and distomces
* Problems involving not more than two right triangles and angles of elevation / depression
confined to 30°, 45° and 60°.
VI.  MensuraTiON (10 PERIODS)
(1) Surface Areas and Volumes
* Problems on finding surface area and volumes of combinations of any two of the following
i.e. cubes, cubiods, right cicular cylinders, cones spheres and hemispheres.
*  Problems involving converting one type of mettalic solid into anothers and finding volumes
and other mixed problems involving not more than two different solids.

VII. DATA HANDLING (25 PERIODS)
0] Statistics
* Revision of mean, median and mode of ungrouped (frequency distribution) data.
e Understanding the concept of Arithmetic mean, median and mode for grouped (classified)
data.
e Simple problems on finding mean, median and mode for grouped/ungrouped data with
different methods.
e Usage and different values of central tendencies through ogives.
(i) Probability (10 periods)
* Revision of concept and definition of probability.
e Simple problems (day to day life situation) on single events using set notation.
e Concept of complimentary events.
APPENDIX

Mathematical Modeling (8 periods)

e Concept of Mathematical modelling

e Discussion of broad stages of modelling-real life situations (Simple interest, Fair
installments payments etc. ....)
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Academic Standards - High School

Academic Standards : Academic standards are clear statements about what students
must know and be able to do. The following are categories on the basis of which we lay
down academic standards.

Areas of Mathematics Content

1. Problem Solving Using concepts and procedures to solve mathematical
problems like following:

a. Kinds of problems :

Problems can take various forms- puzzles, word

problems, pictorial problems, procedural problems,

reading data, tables, graphs etc.

* Reads problems.

Identifies all pieces of information/data.

Separates relevant pieces of information.

Understanding what concept is involved.

Recalling of (synthesis of) concerned procedures,

formulae etc.

 Selection of procedure.

 Solving the problem.

 Verification of answers of raiders, problem based
theorems.

b. Complexity :
The complexity of a problem is dependent on-

» Making connections( as defined in the connections
section).

* Number of steps.
* Number of operations.

» Context unraveling.

Nature of procedures.

2. Reasoning Proof » Reasoning between various steps (involved invariably
conjuncture).

Understanding and making mathematical
generalizations and conjectures
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396 Class-X Mathematics

3. Communication

4. Connections

5. Visualization &
Representation

Understands and justifies procedures
Examining logical arguments.
Understanding the notion of proof
Uses inductive and deductive logic

Testing mathematical conjectures

Writing and reading, expressing mathematical
notations (verbal and symbolic forms)

Example : 3+4=7
n+n= n,+n,
Sum of angles in triangle = 180°

Creating mathematical expressions

Connecting concepts within a mathematical domain-
for example relating adding to multiplication, parts of
a whole to a ratio, to division. Patterns and symmetry,
measurements and space.

Making connections with daily life.
Connecting mathematics to different subjects.

Connecting concepts of different mathematical
domains like data handling and arithmetic or arithmetic
and space.

Connecting concepts to multiple procedures.

Interprets and reads data in a table, number line,
pictograph, bar graph, 2-D figures, 3- D figures,
pictures.

Making tables, number line, pictograph, bar graph,
pictures.

Mathematical symbols and figures.
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